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Invariance of the naturally lifted metrics on linear frame
bundles over affine manifolds

By OLDRICH KOWALSKI (Praha) and MASAMI SEKIZAWA (Tokyo)

Abstract. The natural lifts from affine manifolds to linear frame bundles have
been classified by the second author in 1988. In this paper we prove the invariance
Theorem for these natural lifts. But, at the beginning, we insert a short survey about
some “prominent” natural lifts studied earlier by the present authors.

A short survey about some prominent natural lifts

This paper deals with the geometric concept of naturality. Our idea of na-
turality is closely related to that of A. Nijenhuis, D. B. A. Epstein, P. Stredder
and others. We have used for our purposes the concepts and methods mediated
by D. KrRupPKkA [21], [22] and D. KrRUPKA and V. MIKOLASOVA [23]. But there
is a standard monograph [12] by I. KOLAR, P. W. MICHOR and J. SLOVAK for
the full references about naturality. (See also the booklet by D. KRUPKA and
J. JANYSKA [24].) In this section, we shall make a short review of the earlier
results (from the eighties) and recent results of the present authors and other
geometers. For the sake of brevity, whenever we speak about natural lift, or na-
tural transformation, we always mean that of the first order in the sense of [12]

r [24]. (In the earlier papers of the present authors the term “of second order”
was often used, but this should not cause confusion.)
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(i) Let (M, g) be a Riemannian manifold. Then all natural lifts of (M, g) to
the tangent bundle TM (which are pseudo-Riemannian metrics on 7'M, possibly
degenerate), have been classified by the present authors in [14]. All such metrics
depend, in general, on six arbitrary functions of one variable. (cf. also [12] and [24]
for another exposition). It is easy to restrict the notion of natural lift to the unit
tangent sphere bundle T3 M, which is a hypersurface of TM. The natural lifts to
T1 M then depend on four arbitrary parameters. In the new millennium, many
papers appeared by M. T. K. Abbassi, G. Calvaruso, D. Perrone and others
studying geometric properties of natural lifts of a Riemannian manifold (M, g) to
T M, and also to Ty M. Some of these papers are related to contact geometry and
some of them to harmonic maps, which are both up-to-date topics. From a rich
bibliography we select just [1], [2], [3], [4], [5], [6], [7], [8], [9], [10].

(ii) In [13], the present authors have classified all natural lifts from (M, g) to
the frame bundle LM. These are pseudo-Riemannian metrics on LM, possibly
degenerate, which depend on n(n®+3n2+n+1)/2 arbitrary functions of n(n+1)/2
variables. The well-known example of such a lift is the so-called Sasaki-Mok
metric on LM (see [11] and the literature cited here). These natural lifts can be
easily restricted to the orthonormal frame bundle OM. The study of the geometry
of the restricted Sasaki-Mok metric gives interesting results about curvature (see
[18] and [19] as related papers).

(iii) In [27], the second author has classified all natural transformations of
affine manifolds (M, V) (with a symmetric connection) to the cotangent bundle
T*M, which are pseudo-Riemannian metrics of the balanced signature (n,n),
depending on two real parameters. The most important case of such a natural
transformation is the so-called Riemann extension, see e.g. [25], [26], [29], [30], [31].

(iv) Finally, in [28], the second author has classified all natural transforma-
tions of symmetric affine manifolds (M, V) to linear frame bundles LM. These
are again pseudo-Riemannian metrics on LM, possibly degenerate, depending on
n(n® + 3n? + n + 1)/2 arbitrary constants.

The authors have realized already in [14], that general naturally lifted metrics
should have the “invariance property”, i.e., the property that properly construc-
ted lifts of (local) isometries of (M, g) or (local) affine transformations of (M, V)
are (local) isometries of lifted metrics. This is based on the results published
in [21], [22], [23], [24] and, in a more modern and abstract form, in the mono-
graph [12]. Yet, only two decades later, the authors decided to publish indepen-
dent proofs of invariance for each particular case (i)—(iii) in [16], [17], [20]. There
were two motivations for doing so: 1) Each particular case offers a geometrically



Invariance of the naturally lifted metrics on linear frame. .. 237

interesting and meaningful independent proof. 2) The successful proof of the in-
variance is, in each case, a strong check of the correctness of the classification
result itself.

The proof of the invariance property in the case (iv) is the main topic of the
present paper.

1. Preliminaries

Let M be a smooth and connected manifold M of dimension n. Then the
linear frame bundle LM over M consists of all pairs (z,u), where z is a point
of M and w is a basis for the tangent space M, of M at x. We denote by p the
natural projection of LM to M defined by p(z,u) = =. If (U; x',22,...,2") is
a system of local coordinates in M, then a basis u = (uy,us,...,u,) for M, can
be expressed in the unique way in the form

- 0
——
P ozt )
for all indices p = 1,2,...,n, and hence (p~'(W); %, 22,..., 2" ul,u?,... ,u") is

a system of local coordinates in LM.

Let V be an affine connection of M. Then the tangent space (LM) ., of
LM at (x,u) € LM splits into the horizontal and vertical subspace H, ,) and
V(z,u) With respect to V:

(LM)(Lu) = H(az,u) S ‘/(w,u)

If a point (z,u) € LM and a vector X € M, are given, then there exists a unique
vector X" e H ;. such that P« (X") = X. We call X" the horizontal lift of X to
LM at (z,u). If wis a one-form on M, then ¢,w, p =1,2,...,n, are functions on
LM defined by (1pw)(z,u) = w(u,) for all (z,u) = (x,u1,u2,...,u,) € LM. The
vertical lifts X", k =1,2,...,n, of X € M, to LM at (z,u) are the n vectors
such that X" (1 w) = w(X)dy, k,p=1,2,...,n, hold for all one-forms w on M,
where 47 denotes the Kronecker’s delta. The n vertical lifts are always uniquely
determined, and they are linearly independent if X # 0. They are expressed in a
local coordinate system as

Xva;nu _ Z é—l ( ; )
() i=1 Ous, (z,u)
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forall k =1,2,...,n, where X = Y"1 | £(9/0z"), (cf. [11]).

In an obvious way we can define horizontal and vertical lifts of vector fields
on M. These are uniquely defined vector fields on LM. The canonical vertical
vector fields on LM are vector fields Uy, x,A = 1,2,...,n, defined, in terms
of local coordinates, by U = Y"1 | uld/0u’,. Here Uf’s do not depend on the
choice of local coordinates and they are defined globally on LM.

For a vector u, = Y i u,(0/0z"), € My, p=1,2,...,n, we see that

n . 9 h
h _ 1
(U’P)(r,u) - ;up (8331)(35’“) ) (11)

(up)(y = Db <(§; >M i (aw) = U’ (z,u). (1.2)

=1

For any functions f of M and vector fields X, Y tangent to M, we have
(FX)" = (fop) X",
X"(fop)=(Xf)op,
(fX)"" = (fop)X™",
X"*(fop)=0. (1.3)

2. The naturally lifted metrics and the invariance theorem

Let V be a symmetric affine connection of M. Then the metrics GV on
LM which comes from a natural transformation of V have been described by
the second author in 1988, see [28]. Each such metric GV is defined at (z,u) =
(x, (u1,ug,...,u,)) € LM, in terms of classical lifts, by

G(af u) angw w ( )
G(mu) Xh YU)\ anﬁw ( )?
Gy (X5 YY) =) Crjw® (X)w?(Y) (2.1)
o,

for all X,Y € M,, where (w!,w?,...,w") is the basis for the cotangent space M}
at x € M dual to u = (ug, ug,...,u), Cag, Cag and ng are constants satisfying
symmetry conditions Cn5 = Cga and Caﬁ = C’Agj forall o, 8, k,A=1,2,...,n
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Let ¢ be a (local) transformation of a manifold M. Then we define a trans-
formation ® of LM by

O(z,u) = (92, Puztn, Puzliz, - - - Puztin) (2.2)
for all (x,u) = (x,u1,us,...,u,) € LM.

Proposition 2.1. Let ¢ be an affine transformation (or, a local affine trans-
formation) of a manifold M with an affine connection V and let ® be the lift of
¢ to LM defined as above. Then we have

0.(X") = (X)), @L(XPF) = (9 X)" (2.3)

for all X € X(M) and all indices k = 1,2,...,n. In particular, for the canonical
vertical vector fields, we have

o, (UF) =U” (2.4)

for all indices k,p=1,2,...,n.

PROOF. We use the formula po ® = ¢ o p. For all X € X(M) and functions
f of M we calculate at (z,u) € LM:

(Paao () Pty X)) = Xy (fopo®) = X[y (fopop)
= Pate) X)) (f 00) = Xa(f 0 9) = (dra Xo) f.

Since @ preserves the horizontal distribution, we have

Next, using the formula ¢,w o ® = ¢, (¢*w) for all one-forms w on M and all
indices = 1,2,...,n, we calculate at (z,u) € LM for all X € X(M):

(Do) (X (35 )) (uw) = (X570 ((1uw) 0 @) = (X35 ) (1 (7 w))
— (8" w)a (X2)8% = Wo(a) (Gn Xa) 6 = (huw Xa) " (1)

Since ® preserves the vertical distribution, we have ®,, ., (ijz’nu)) = (¢>«ch)2{>’(N

z,u)
for all x = 1,2,...,n. In particular, we have ®, (4 ) (u,"") = (¢Pszu,)”" for all
k,p=1,2 ... n, that is, by (1.2), we have (2.4). O

Theorem 2.2. Let ¢ be an affine diffeomorphism (or, a local affine diffeo-
morphism, respectively) of a manifold M with a symmetric affine connection V.
Then the metric GY on LM which comes from a natural transformation of V is
invariant by the lift ® of ¢ defined by (2.2). In other words, ® is an isometry (or,
a local isometry, respectively) of (LM,GY ).
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PROOF. Now (wi,wa,...,wy) is the basis for the cotangent space M} at
x € M dual to a basis u = (ug,us,...,u,) for the tangent space M, at x. So,
for any (local) difeomorphism ¢ of M (o7 1) w1, (0~ H*wa, ..., (1) wy) is a
basis for M} 3() dual to a basis (¢uzU1, Pugliz, ..., Pszlin) for My,). Hence, by
Proposition 2.1, we obtain for all vectors X and Y tangent to M at x that

Gg(a: u)(é*(m u)(Xh)v(I)*(w u)(Yh)) <I>(3: u)((¢*x ) ,(d)*xY)h)
—anﬁ W) (60 X)((971) W) (902Y)

:ZCQQWQ(X)(JJ ( ) G(mu)(thyh)a

Gl (Pt mx’m <I>*<z W (Y) = Gy (600 X)", (60 Y)")
: Z Cod (671 w) (600 X) (6™ w) (60aY)

:angw“(X)w( ) = Gl (X" YY)

and

G o) (Pa(,) (X7, 0,0y (YD) = Gy (340 X) "7 (642 Y)"?)
=Y CE (07 w) (G X) (67 w?) (61aY)
a,B

= Cow™ (X)W’ (V) = G, , (X", YR,

This completes the proof. O
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