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The closedness of some generalized curvature 2-forms
on a Riemannian manifold I

By CARLO ALBERTO MANTICA (Milano) and YOUNG JIN SUH (Taegu)

Abstract. In this paper we study the closedness properties of generalized cur-
vature 2-forms, which are said to be Riemannian, Conformal, Projective, Concircular
and Conharmonic curvature 2-forms, associated to each generalized curvature tensors
on a Riemannian manifold. Corresponding to each curvature tensors, such generalized
curvature 2-forms are the associated curvature 2-forms.

In particular, we focus on the closedness of differential 2-forms associated to the
divergence of generalized curvature tensors, which is weaker than the notion of harmonic
curvature. In this case, we give an algebraic condition involving the Riemann curvature
tensor and the Ricci tensor arising from an old identity due to Lovelock.

1. Introduction

Let M be a smooth n-dimensional Riemannian manifold endowed with the
operator of covariant differentiation V with respect to the metric gi;. Let R;p™
the Riemann curvature tensor of type (1, 3). It satisfies the two Bianchi identities

Rju™ + Rp;™ + Rij™ = 0,
and
ViRju™ + ViRi™ + ViRii™ = 0.
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The previous identities are valid in a torsion-free connection [11]. In this paper
we define the Ricci tensor to be Ry = —R,u™ [21] and the scalar curvature
R = ¢¥ R;;. It is well known that in a metric connection the Ricci tensor is
symmetric [11]. Contracting the second identity, we get V,,,Rju™ = ViR; —
VR From this, a Riemannian manifold is said to have a harmonic curvature
tensor if V,, R;i™ = 0 [1], or if the Ricci tensor is of Codazzi type([1], [7]).

Now, in the language of differential forms, there exist a Riemannian cur-
vature 2-form associated to the Riemann curvature tensor, precisely one defines
([, [11)):

Q;n = —%Rjklmdmj A\ diL‘k. (11)

Moreover, we may define another curvature 2-form associated to the divergence
of the Riemann curvature tensor, that is [12]:

II; = Vijklmdxj A dz®. (1.2)

Finally, a Ricci 1-form associated to the Ricci tensor may be defined in the follo-
wing way [18]:
Al = Rkldl'k. (13)

Now we consider the class of curvature tensors Kj;;™ with the usual symmetries
of the Riemann curvature tensor satisfying the first Bianchi identity. Specifically,
we admit a generalized curvature tensor satisfying the following relations (see [12]
and [19]:

a) K™+ K™ + Kijjp™ =0, Kjg™=—-Kga™,

b) ViK™ + VK™ + ViK™ = Biji™, (1.4)

where B;;;"™ is a tensor source in the second Bianchi identity. Moreover, we may
define also a completely covariant (0, 4)-type tensor K with the following further
properties [18]:

Kjkim = —Krjim = —Kjrmi, Kkim = Kimjik. (1.5)

In this way the contraction Kj; = —K,,1;™ defines a symmetric generalized Ricci
tensor [18]. It is worthwhile to see that in this general case the second Bianchi
identity admits a nonzero source tensorial term B. An n-dimensional Riemannian
manifold is said to be K flat if K™ = 0, K-symmetric if V;K;;™ =0, and
K-harmonic if V,, K™ =0 ([12]).
Now the curvature 2-form associated to this tensor may be defined in the
following manner:
Q(K)lm = jklmdxj A da®. (1.6)
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Consequently, the 2-form associated to the divergence of this tensor is defined as:
My = Vi K™ dz? A da®. (1.7)

If we consider the symmetric contraction Ky = —K,,1;"™ a generalized Ricci
1-form may be defined [18] as:

A(K)l = Kkldl‘k. (18)

Among the tensors K, for example we may consider the conformal curvature
tensor [13] whose local components are given by:

1
Cit™ = Rjm™ + m((s;anl — 0 R + R g1 — Ry gj1)
R

TS Dm =) % 9k O (1.9)

It can be easily seen that the Weyl tensor vanishes identically for n = 3 [13]. A
Riemannian manifold of dim n > 3 is said to be conformally flat if Cj™ = 0
[13] , conformally symmetric if V;Cj,™ = 0 [17], and has a harmonic conformal
curvature tensor if V,,Cj™ = 0 [1]. Because of the general definitions the
following conformal curvature 2-form associated to the conformal curvature tensor
can be defined on a Riemannian manifold as follows:

Qoy™ = Cjw™da? A da”. (1.10)

Obviously, the 2-form associated to the divergence of the conformal curvature
tensor becomes:
ey = Vi Ciw™dz? A da”. (1.11)

In the same way, we may consider other well known curvature tensors such as
the projective curvature tensor Pji;™ (see [8] and [17]), the concircular curvature
tensor Cj™ (see [16] and [20]) and the conharmonic curvature tensor Nj™ (see
[9] and [17]).

First, the local components of the projective curvature tensor are defined as
(see [8] and [17]):

1
ijlm = jklm + m((s;anl - 5]’?le) (112)

As a second, the local components of the concircular curvature tensor can be
defined by (see [16] and [20]):

~ m m R m m
Ciu™ = Rjm™ + m(‘% g1 — 01 Gj1). (1.13)
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Finally, the local components of the conharmonic curvature tensor are defined by
(see [9] and [17]):

1
Nijp™ = Rj™ + m(é;anl — 0y R + R gr1 — RE'gj1)- (1.14)

It is worthwhile to note that all the previous tensors are built from the Riemann
curvature tensor and the Ricci tensor. Consequently, we may define the associ-
ated curvature 2-forms (py™, Q(é)lm, Q(ny™, which are said to be projective,
concircular, conformal and conharmonic curvature 2-forms respectively, and the
corresponding 2-forms associated to the divergence of such tensors Il py, H(é)l,
[Ty The closedness of such forms gives a great geometric importance which of
makes specific restrictions on the Riemann curvature tensor and the Ricci tensor.

In Section 2, we will examine the closedness conditions of such forms. Speci-
ally, we quote some known results about the closedness of the projective, concircu-
lar, conformal and conharmonic curvature 2-forms. We will show that particular
differential structures built from the generalized tensor K give rise to the closed-
ness of the form Q k™. Moreover, concerning the closedness of II(x);, we give a
general algebraic condition involving the Riemann curvature tensor and the Ricci
tensor that arises from an old identity due to Lovelock. Thus the closedness of
the form Il k), is weaker than the notion of harmonic curvature.

2. Closedness properties for curvature 2-forms

In this section the closedness of the previously defined curvature 2-form will
be investigated. The coefficients of such forms are, in usual, the components of
a general tensor. Now let us recall some facts for the differentials of a general
2-form as follows:

1 )
O = 5 A" da? A dx®. (2.1)

Let M be an n-dimensional Riemannian manifold. As is well known to us, one
can consider two kinds of the differentials acting on the previous form. The first
one is the exterior covariant derivative D defined in [1], [2] and [11] as follows:

1 . ,
DO = S ViAjy"da' A da? N\ dz®. (2.2)

The form is said to be closed if D®;* = 0. The second differential is said to be
codifferential and is given by [1] and [2]:

SO = —VI A dat. (2.3)
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The form is said to be coclosed if §®" = 0. It is interesting to note that D?®!"
is non zero in general unlike the case of the ordinary exterior differential (see [1],
page 24). A form which is closed and coclosed is said to be harmonic [2]. Thus
it is easy to verify that the second Bianchi identity for the Riemann curvature
tensor represents the closedness of the Riemann curvature 2-form (1.1) in the
absence of torsion (see [1] and [11]).

In fact, if the operator of exterior covariant derivative is applied to (1.1), we
obtain (see [11] Section 5.2):

1 ) . 1 i
DO = =S ViR da' Ada? Adat = — o= ViR ™6 da” A d® A dat
1 .
=3 Z ViRjkzmcS,Z’:de Adz® Adxt, (2.4)

r<s<t
where we have used da’ A da? A da® = 26075 dx" A da® A dat.

Now it may be scrutinized (see [11], Section 5.1) that DQ* = 0 if and
only if V;R;™6 7% = o[V, Rey™ + Vo Ri™ + ViRpy™] = 0. In fact, the basis

g ijk
m S
5rst

elements ds” A dx® Adx? with r < s < t are linearly independent and ViR
is completely skew-symmetric in such indices. From this, we assert that the
curvature 2-form Q" is always closed.

Now we recall that when the manifold has harmonic curvature tensor, that
is, Vi Rji™ = 0 [1], the form )" becomes coclosed (see [18] and [19]). If we
focus now on the closedness condition for the Ricci 1-form, it is not difficult to
find:

. 1 ) .
DAy = V;Ryda' A da* = EviRkléﬁﬁd;ﬂ Nda® = ViRydikda" Adz®. (2.5)

r<s

So DA; = 0 if and only if ViRkldffg =V,Rgq — VsR, =V, Rs™ =0, that is, if
and only if the Ricci tensor becomes a Codazzi tensor(in this case the manifold
has a harmonic curvature tensor [7]). Then we have the following

Lemma 2.1. The curvature 2-form )" is coclosed if and only if the Ricci
tensor is of Codazzi type.

Obviously we have DA gy, = 0 if and only if ViKkl(Sffg =V,Kq—V K, =0,
that is, if and only if the generalized Ricci tensor is of Codazzi type.
It might be realized that for a generalized curvature tensor the presence of a

m

source term Bj;x;™ in the second Bianchi identity prevents in general the corres-

pondent (g™ to be closed. In this way the 2-form is not closed unless we have
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B;jri™ = 0. This may happen for example when the manifold is endowed with
some differential structures. Thus if the manifold is K symmetric V;K;,™=0
([10], [12] and [17]), we have simply B;jr;™ = 0. This may happen also with more
involved differential structures such as pseudo K-symmetric manifolds, in which
the tensor K satisfies [5]:

ViKju™ =2A,Kju™ + Aj K™ + Ae K™ + AlKGe ™ + A" K. (2.6)

If the previous equation holds for K;;,;™ = R;i;™, then the manifold is called
pseudo symmetric [3], if it holds for Kji;"™ = Cji™, then the manifold is called
pseudo conformally symmetric [6](or conformally quasi recurrent [14]), if holds
for K™ = Pjp™, then the manifold is called pseudo projective symmetric [4].
The covector A; is said to be an associated 1-form. From the equation (2.6) it
may be easily verified that Vinklm + Vij“m + VkKijlm = Bijklm =0, and so
that the symmetric generalized Ricci tensor Ky, satisfies VK™ = Vi K —
VK, that is, a second contracted Bianchi identity for the Ricci tensor. Thus
the closedness condition of the form Dk, represents a proper generalization
of a K symmetric manifold. Obviously, when V,,, K;x,™ = 0 the form g),™is
said to be coclosed ([18], [19]). In particular, for a pseudo conformally symmetric
manifold, we get V;Ci™+V;Cry™+ViCiji™ = Byjii™ = 0 and by a contraction
Vi Cir™ = 0. Accordingly, in this case the form Q(cy,™ is harmonic. In general
the value of D) (x),"™ depends strongly on the feature of the source term and so
on the K tensor.

Nevertheless, it is quite simple to give a closedness condition for the 2-form
Qry™ associated with the projective, conformal, concircular and conharmonic
curvature tensors. To get the expression for the source term B we take the
covariant derivative V; to the local components of such tensors and sum over
cyclic permutations of indices i, j, k.

First, the local components of the second Bianchi identity for the projective
curvature tensor can be given by

ViPjw™ +V;iPe™ + Vi Pijy™
1

T -1 [(%mvak“p + 6" VpRjw® + 65" VpRiiP | (2.7)

As a second, the local components of the second Bianchi identity for the
conformal curvature tensor are given by:

ViCit™ + V,;Cra™ + Vi Ciji™
1

= n_2 5;”(V1'Rkl - VkRil) + 5;’”(ka]} — Vijl) + (5;?(VjRil — Vile)
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+ gil(Vijm - VkR?L) + gjl(VkR? - V,R) + gkl(viR;n - Vlem)

1 m
- m 5j (ViRgr — Vi Rgir)
+ 67 (Vi Ryt — V;Row) + 07" (V;Rgu — ViRg)] (2.8)

As a third, the local components of the second Bianchi identity for the con-
circular curvature tensor could be

b
n(n—1)

+ 5;”(Vkjol — Vjngl) + (5;?(VjRgil - Vijol) . (2‘9)

ViCin™ + V;Cra™ 4+ ViCis™ = {5?(%391«1 — ViRgir)

Finally, the local components of the second Bianchi identity for the conhar-
monic curvature tensor are given by

VilNj™ + ViNga™ + Vi Ny ™
1
=——3 67" (ViR — Vi Rir) + 67" (Vi Rji — VjRy)

+ 05" (ViR — ViRj) + gu(V; R — Vi RY")
+ g (Ve R = ViR") + g (ViR — V;R{")|. (2.10)

Now we recall that DA; = 0 if and only if the Ricci tensor becomes a Codazzi
tensor. Then in such a case we say that M is of harmonic curvature, because
—VmRyji™ = VipR;j; — VjRy; from the 2nd Bianchi identity. If the Ricci tensor
could be of Codazzi type, then the scalar curvature should be covariant cons-
tant.Thus the Bianchi identities of projective, conformal, concircular and conhar-
monic curvature tensors are satisfied with vanishing in the right side. Moreover,
under these conditions according to the successive equation (2.20) we can assert
that Vijklm = O, vajklm = 0, Vméjklm =0 and vajklm = 0. So we give
a more general Theorem than [18] as follows:

Theorem 2.1. Let M be an n-dimensional Riemannian manifold with har-
monic curvature tensor. Then the curvature forms Qpy™, Qcy™, Q(é)lm and
Qny™ are closed and coclosed. Thus all tensors P, C, C and N are harmonic
generalized curvature tensors.

Remark 2.1. A deep result about the properties of harmonic generalized
curvature tensors is given in Theorem 3.12 of BOURGUIGNON’s paper [2]. If C' is
a curvature tensor field, the following statements are equivalent:
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i) C is harmonic,
ii) The irreducible components of C' under the action of the orthogonal group
O(n) are harmonic.

From this we get a quick proof of Theorem 2.1: one just notes that the O(n)
components of the tensors P, C, C' and N are the same(up to scalars) with those
of R.

On the other hand, let us focus on the closedness of the IT; = Vij;clmdxj A
dx® associated to the divergence of the Riemann curvature tensor.
Using the above arguments, we know that the form is closed if and only if

ViV Rj ™00k = 2[V,. Vi Ret™ + VoV Rint™ + ViV Reg™] = 0. (2.11)

This condition was stated in the paper [12]. Now an old differential identity due
to Lovelock (see [11] and [12]) is pointed out in the following Lemma:

Lemma 2.2 (Lovelock’s identity). Let M be an n-dimensional Riemannian
manifold. Then the divergence of the Riemann curvature tensor satisfies the
following identity:

ViV Ri™ + ViV Rieia™ + ViV R ™
= —(RimRjui™ + RjmBRri™ + RemRiji™). (2.12)

This identity and its various generalizations are referred as “the Weitzenbock
formula” for curvature-like tensors (see equation (4.2) in [2]). It appears as the
second Bianchi identity with source term for the divergence of the Riemann cur-
vature tensor. We may thus state the following Theorem already quoted in [12]:

Theorem 2.2. Let M be an n-dimensional Riemannian manifold. Then the
2-form II; = Vijklmdxj A dx* is closed if and only if

RimRji™ + Rjm Bea™ + Rikm Riji™ = 0. (2.13)

When the previous equation is satisfied, the divergence of the Riemann cur-
vature tensor satisfies the second Bianchi identity without source term. Obviously
when V,,R;i;™ = 0, that is, M is with harmonic curvature, the Riemann cur-
vature 2-form is closed. In paper [12] the authors pointed out other interesting
cases of closedness. For example we may consider a nearly conformally symmetric
manifold (NCS),, i.e. a manifold in which the following condition is satisfied:

ViRy — ViR = V;iRgr — ViRgji |- (2.14)

Tl
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This condition was introduced and studied by ROTER [15] and SuH, KwON and
YANG [19]. In [12] it was proved that for such a manifold equation (2.13) is
verified, thus the 2-form II; = Vijklmdxj A dz* is closed. So the closedness
condition of II; represents a proper generalization of the concept of harmonic
curvature. It is worthwhile to note that equation (2.14) is equivalent to the
closedness of the 1-form defined in [18] as follows:

— R l
Zk = <Rkl - mgkl)dfﬂ . (215)

When the Ricci tensor satisfies equation (2.14), it is said to be a Weyl tensor
([18], [19]) and the corresponding form is called Weyl form. In this case by virtue
of (2.8), a more refined version of Theorem 2.1 (see [18], Lemma 7.2) can be stated
for the conformal curvature 2-form as follows:

Theorem 2.3. Let M be an n-dimensional Riemannian manifold with closed
m

Weyl form DY, = 0. Then the conformal curvature 2-form Q(C)l is closed.

Now it is worthwhile to point out that in [12] the authors proved that Love-
lock’s identity is left unchanged if the divergence of the Riemann tensor, that is,
VmRij™ is replaced by the divergence of any curvature tensor K™ with the
property

ViK™ = AV Rju™ + B [(ij)akz - (VW)ajl], (2.16)

where A, B are non zero constants,  is a real scalar function and ag; is a symmet-
ric (0, 2)-type Codazzi tensor, i.e. V;ar = Viay (see [1], [2] and [7]). Specifically,
we have the following Theorem (see [12] Proposition 2.4):

Theorem 2.4. Let M be an n-dimensional Riemannian manifold having a
generalized curvature tensor K ;™ with the property (2.16).Then

ViV K™ + ViV K™ + ViV K™
= —A(RimRjui™ + RjmRra™ + RemRiji™).  (2.17)

This conclusion also follows from formula (4.8) in [2].

Remark 2.2. The existence of non-trival Codazzi tensor has some important
geometric and topological consequences. In particular in [2] the author pointed
out strong restrictions imposed on the curvature operator due to the existence of
Codazzi tensors. Moreover, in [7] the authors proved that any manifold carries
a C° metric gg; such that (M, g)admits a non-trivial Codazzi tensor ag;. Now
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m

given a non-trivial Codazzi tensor we may exhibit a tensor K;;;™ satisfying the

equation (2.16) as follows:
K(a)jklm = ARjklm + B<p(6;-"akl — 5,?@]‘1).

If the operator V,, is applied on this tensor, it is easy to see that the condition
(2.16) is satisfied. On the other hand, by a straightforward calculation based on
the properties of Codazzi tensors it is interesting to note that:

ViK™ + ViKara™ + ViK™
- B [Vigo((?;nakl — 5az) + V(0 an — 0 ar) + Vi (67 aj — 5;7%11-1)} .

Thus if V;p = 0, the second Bianchi identity for such a tensor is satisfied with
null source term, that is, DQ (g™ = 0.

From Theorem 2.4 the following results naturally arise:

Corollary 2.1. Let M be an n-dimensional Riemannian manifold having a
generalized curvature tensor K i, with the property (2.16). Then

DIk, = A(DIL). (2.18)

That is, the value of the exterior covariant derivatives of these forms are
proportional. We have also:

Corollary 2.2. Let M be an n-dimensional Riemannian manifold having
a generalized curvature tensor K;,™ with the property (2.16). Then Il gy is
closed if and only if 11 is closed.

Finally we can easily state a remarkable result that links the closedness of
the 2-form I xy; to a simple algebraic condition involving the Riemann curvature
tensor and the Ricci tensors:

Theorem 2.5. Let M be an n-dimensional Riemannian manifold having a
generalized curvature tensor K™ with the property (2.16). Then the curvature
2-form Il gy, = Vijklmdxj A dx* is closed if and only if

RimRji™ + RjmBRra™ + RimRiji™ = 0. (2.19)

The algebraic condition (2.19) was used to give the closedness of the form II,
in Theorem 2.2. In Theorem 2.5 it was also used to give the closedness of IIx;.
In this case, the divergence of the generalized K tensor satisfies the second Bianchi
identity. We have also the following useful:
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Corollary 2.3. Let M be an n-dimensional Riemannian manifold having a
generalized curvature tensor Kjj;™ with the property (2.16). If DA; = 0, then
DIl gy = 0.

PROOF. In fact, from the 2nd Bianchi identity and the definition of the Ricci
tensor we have
—VuRii™ = ViR — V;Ry.

On the other hand, the Ricci 1-form DA; = 0 if and only if the Ricci tensor is of
Codazzi type. From this, together with the above equations (2.12) and (2.13), it
follows that DII; = 0. Then by Corollary 2.2, we get our assertion. O

Some curvature tensors K™ with the property (2.16) and trivial Codazzi
tensors (i.e. constant multiple of the metric) are well known. The projective
curvature tensor Pjp™ ([8], [17]) the conformal curvature tensor Cjp™ [13], the
concircular curvature tensor Ci™ ([16], [20]) and the conharmonic curvature
tensor Njp™ [17].

In fact taking the covariant derivative V,, of the local components of such
tensors we have:

Vi Pin™ = Ziivajklma

m n—3 m 1
ViCim™ = - [vajkl + =1 {(ViR) g — (ka)gjl}}v
N om m 1
ViCi™ = Vi Rju™ + Py {(VjR)gkl - (ka)gjl}u

n—3
Vi Nj™ = p— vaRjklm +

ﬁ{(ij)gkl - (VkR)gjl}_ (2.20)

We have thus shown that the closedness of any curvature 2-form
My = Vi Kju™dz? A da®

with the tensor K satisfying (2.16) depends on the same algebraic condition which
gives the closedness of the form II; = Vijklmda:j Adz®. From the results repor-
ted in [12] we may state that the closedness of 2 form IIxy; implies the closedness
of the associated covectors in a Weakly Ricci Symmetric manifold [5]. Moreover,
in a paper [18] due to SUH, KwoN and Pyo, the importance of the closedness for
the associated curvature-like 2 forms corresponding to each concircular, projec-
tive and conformal curvature-like tensors defined on a semi Riemannian manifold
was remarked respectively.



324 Carlo Alberto Mantica and Young Jin Suh

Finally, we may see that the differential structure (2.6) makes, in particular
conditions, the closedness of the vector valued 2-form Il ). We write such a
differential structure for the Riemann curvature tensor as follows:

ViRjklm = QAZ-Rjklm + AjRikzm + AkRjilm + Alekim + Aijkli~ (2.21)

In this case a manifold is called Pseudo Symmetric (PS),, [5]. Now if we put
i = m and sum, the following expression easily comes out:

Vi Rjr™ = 3AmRjp™ + ApRji — Aj Ry (2.22)

The covariant derivative V; is thus applied to the previous expression, and then
a cyclic permutation over indices i, j, k is performed. The resulting equations are
added to obtain:

ViV Rj™ + ViV Ry™ + ViV Ryt ™
=3[ViAnRju™ + VjAnReu™ + Vi AnRiji™

+ 34, [ViRju™ + VjReu™ + Vi Riji™]

+ Rji(ViAr — Vi A;) + Riu(V;A; — ViAj) + Ry (Vi Aj — V,Ag)

+ Ak(VZ-le — Vijl) + AZ‘(V]'RM — Vkle) + Aj(kail — ViRkl)- (2.23)
Now using (2.22), the second Bianchi identity and V,,,R;u™ = ViRj — VR,
we easily obtain:

ViV Rj™ + ViV Rea™ + ViV R ™
= 3[(V1‘Am — A An)Rj™ + (VjAm — AjAL)Rea™ + (ViAm — ApAm)Riji™
+Rji(ViAk — ViA;) + R (VA — Vidy) + Ru(ViAj — VAg).  (2.24)
Now let us consider a concircular associated covector A;, which satisfies the con-
dition V;A,, = A; A, + Ygim, being v an arbitrary scalar function. Then we

obtain that:
Vivajkgm + VijRkilm + VkaRijlm =0. (2.25)

In this way the vector valued 2-forms II; and so II(ky; is closed. We have thus
proved the following:

Theorem 2.6. Let M be an n-dimensional pseudo symmetric Riemannian
manifold with the property V;A,, = A;Ay + Vgim. Then DII gy = 0.
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It is easy to see that the previous Theorem is still valid for a pseudo K-
symmetric manifold. In this case (2.21), (2.22), (2.23), (2.24) and (2.25) can
be written for the tensor K™ and for the symmetric generalized Ricci tensor
satisfying the second contracted Bianchi identity. In particular, (2.24) takes the
form:

ViV K™ + ViV K™ + ViV K™
=3 |:(viAm — AiAn)Kj™ + (VjAm — Aj AL K™ + (ViAm
— A Ap) K™ | 4+ Kji(ViAg — Vi 4;)
+ Ki(VA; = Vidj) + Ki(ViAj — Vi Ag). (2.26)

Now let us consider again a concircular associated covector A; satisfying V;A,, =
A; Apy + YGim- Then one easily get:

Vivajklm =+ Vjvak-ilm + Vkvaijlm =0. (2.27)
Then we can assert the following

Theorem 2.7. Let M be an n-dimensional pseudo K-symmetric Riemann-
ian manifold with the property V;Ap,, = A;Am + Ygim. Then DIl = 0.

We have thus shown that the closeness of Il x); is a proper generalization of
the concept of K-harmonic curvature.
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