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Conformal invariances of two-dimensional Finsler spaces
with isotropic main scalar

By GUOJUN YANG (Chengdu) and XINYUE CHENG (Chongging)

Abstract. In this paper, we study the conformal invariances of the two-dimen-
sional Finsler spaces with isotropic main scalar. In particular, we prove that a two-
dimensional Finsler space with isotropic main scalar is locally conformally flat if and
only if the main scalar is constant.

1. Introduction

Compared with higher dimensional Finsler spaces, two-dimensional Fins-
ler spaces have many special features. A fundamental fact is that any two-
dimensional Finsler space is of scalar flag curvature. L. BERWALD made some
important pioneering work for two-dimensional Finsler spaces (see [5]).

In this paper, we mainly study the conformal invariances of the two-dimen-
sional Finsler spaces with isotropic main scalar. The main scalar is a very impor-
tant geometric quantity defined on two-dimensional Finsler spaces, which charac-
terizes many geometrical properties of two-dimensional Finsler spaces ([1], [4], [5]).

In Finsler geometry, there are several important classes of Finsler metrics:
locally Minkowski metrics, Berwald metrics, Landsberg metrics and Douglas met-
rics. Many Finsler geometers have studied these Finsler metrics ([6], [8], [12]). In
two-dimensional case, it is proved that a two-dimensional Finsler space (M, F)
with isotropic main scalar I = I(z) is a Berwald metric or Landsberg metric or
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Douglas metric if and only if I(z) = constant (see [4], [5]. Also see Lemma 3.1
below).

Tt is well known that all Finsler metrics with isotropic main scalar I = I(z) on
a two-dimensional manifold can be expressed as one of the following cases ([1], [5]):

F? = g0 (s =s(x) 0, s(x) #1), (1)
F2 = 27, (2)
F2 _ (62 +72)e2r~arctan (%)7 r= ’I"(:L‘), (3)

where 3 = p;(z)y* and v = ¢;(2)y® are two independent 1-forms. Their isotropic
main scalar I = I(x) are given respectively by

o (2s(x) — 1)
L= @@ 1) @
I? =4, (5)
9 4r(z)?
= 1+(<l>2 ©)

where € in (4) is the index of F' satisfying that e = 1 if s(x) > 1 or s(z) < 0 and
1

€ = —1if 0 < s(z) < 1. If the main scalar I = 0, which is equivalent that s = 3
in (1) or r =0 in (3), then F is a Riemann metric.

Further, based on the classification of two-dimensional Finsler spaces with
isotropic main scalar as above, L. BERWALD classified all two-dimensional pro-
jectively flat Finsler spaces with isotropic main scalar ([5]). In this paper, we
further characterize the locally conformal flatness and other conformal invarian-
ces of two-dimensional Finsler spaces with isotropic main scalar (see Theorem 1.1
below). It is well known that any two-dimensional Riemann metric is locally con-
formally flat. However, by our Theorem 1.1, this conclusion is no longer true for
two-dimensional Finsler metrics.

For the related definitions and fundamental properties in Finsler conformal

geometry, see [3], [7], [9], [10]. Our main theorem is as follows.

Theorem 1.1. Let F(x,y) be a two-dimensional Finsler metric with isotro-
pic main scalar I = I(x). Then the following conditions are equivalent:

(a1) I = constant.
(a2) F(x,y) is locally conformally flat.

(a3z) F(x,y) is locally conformal to a Finsler metric of zero flag curvature.
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(aq) F(x,y) is locally conformal to a Berwald metric, or a Landsberg metric, or
a Douglas metric.

(as) F(z,y) is a Berwald metric, or a Landsberg metric, or a Douglas metric.

The equivalence of (a;1) and (a5) in Theorem 1.1 has actually been proved (see
[4], [5]). To simplify the proof of Theorem 1.1, we note that the independent 1-
forms B and v in (1), (2) and (3) can be rewritten in the forms 8 = p(z!, 22)y!,v =
q(x!, 2?)y? in some local coordinate system, because of the existence of an integral
factor for any 1-form a(x!, 2?)dz! + b(zt, 22)dz?.

Theorem 1.1 does not hold if the main scalar is not isotropic. For example,
there are many Randers metrics which are Douglas metrics but not Berwald
metrics. In this case, (a5) does not hold. We also see the following example:

Example 1.2. Consider an n-dimensional Randers metric F' := « + 3, where
a = 6;(z)y'y? = Y1 (y")? is a Riemann metric and 8 := b;(z)y’ is a closed
1-form with |||l < 1. Then F is a Douglas metric. If F' is locally conformally
flat, then there is a local function c(z) such that e*® F is locally Minkowskian.
We get that e°®) 3 is parallel in e“(*)a, that is,

(e”bi) 3 =0, (7)

where the covariant derivative is taken with respect to e“(*)q.. Since 3 is closed,
it is easily verified that (7) is equivalent to

0b; 1
Cibj = Cjbi, 78334' = —ibrcréij, (8)
where ¢; := g;i. By (8) we get
0b; L,
=0 (i) (9)

Thus there are many 1-form ’s which are closed but do not satisfy (9). So we can
find many Randers metrics which are Douglas metrics but not locally conformally
flat. When n = 2, their main scalars are not isotropic.

For any two-dimensional Riemann metric, the main scalar I = 0. Hence, we
have the following well-known result in Riemann geometry.

Corollary 1.3. Any two-dimensional Riemann metric is locally conformally
flat.
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2. Preliminaries

Let (M, F) be a Finsler manifold with the fundamental function F defined
on the manifold M. In this paper, the Finsler metrics that we consider may not
be positive definite.

The geodesic z = x(t) of a Finsler metric F' is characterized by the following
system of 2nd order ordinary differential equations:

d*z'(t)
dt?

+2G" (x(t),(t)) =0,
where 1
¢ = 39" 2.0y - o), (10)

where 9; = aors 0i = g0, Gij = 9;0;(F2/2) and (g%) := (gu)~'. G* are called
the geodesic coefficients of F.
The Riemann curvature R, = R, dz* @ %

p: TpM — T,M is a family of
linear transformations on tangent spaces, which is defined by

R} :=20,G" —y"0,G +2G"GL, — GG, (11)

where G;k = (%-GZ.

For a two-dimensional plane P C T,M and y € T,M \ {0} such that P =
span{y,u}, the pair {P,y} is called a flag in T, M. The flag curvature K(P,y) is
defined by

gy (u, Ry (u))
9y (Y, Y) gy (u, u) — gy (y, u)?
We say that F is of scalar flag curvature if for any y € T,M\{0}, the flag curvature

K(P’ y) =

K(P,y) = K(x,y) is independent of P containing y. If K(P,y) = constant, we
call F(z,y) is of constant flag curvature. In the case of F(x,y) being of scalar
flag curvature we have ‘

R,
—t 12
(n—1)F? (12)

There are many interesting non-Riemannian quantities in Finsler geometry.

K(iﬂ,y) =

The Cartan torsion is defined by

1.
Cijk(z,y) == Eakgij(xvy)~

For a non-zero vector y € T,,M, the Berwald curvature B, = Bﬁjkdxh ® dr) @
dz* ® 0; is defined by
By = 0n0;0,G".
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F is called a Berwald metric if B = 0. The Landsberg curvature L, = L;;,dz’ @

dz? ® dz® is defined by
1 T
Lij, = *iyr ijk>

where y; := g;-y". F is called a Landsberg metric if L = 0. The Douglas curvature
D, = D;ljkdxh ® da? ® dx* ® 0; is defined by

i NP I % 1 T
Dhjk = 3h8]8k (G - mGry ) 5

where Gf = 9;GI. Fis called a Douglas metric if D = 0. Further, F is called a
locally Minkowski metric if F'is a Berwald metric (B = 0) with zero flag curvature
(K =0). It is known that a Finsler metric F' is a Berwald metric if and only if

Cijkn =0
and F' is a Landsberg metric if and only if
Cijkjo = 0,

where “|” denotes the h-covariant derivative with respect to Cartan connection
(or Chern connection) and Cyjxj0 := Cyjr)ry” ([1], [11]).

A Finsler metric F(z,y) is said to be locally conformal to another Finsler
metric F (z,y) on the same underlying manifold M if there exists a scalar function
c¢(z) on M such that F(z,y) = e“® F(z,y). The scalar function ¢(z) is called a
conformal factor. If F is locally Minkowskian and F' is locally conformal to F ,
then F is called locally conformally flat.

In two-dimensional Finsler spaces, we define the main scalar I = I(z,y) by

FCijk = Imimjmk, (13)

where (I, m) is the Berwald frame with l'=y'/F(z,y) and g;;m'mi=¢, g;;I'm7=0.
We say a two-dimensional Finsler metric has isotropic main scalarif I(x,y) = I(z)
is independent of y.

3. Some basic properties of the main scalar

In this section, we introduce some basic properties of the main scalar I in
2-dimensional Finsler spaces and prove the relations (a;) <= (a4) < (as) in
Theorem 1.1
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Lemma 3.1 ([4], [5]). For two-dimensional Finsler spaces with isotropic
main scalar I = I(x), we have

B=0<«<—L=0<«—= D =0<«= I = constant.

Lemma 3.2. For two-dimensional Finsler spaces with isotropic main scalar,
the main scalar is a conformal invariant.

PROOF. Let F be one of the metrics in (1), (2) and (3) and F = ¢“® F be
conformal to F' for some conformal factor ¢(z). It is easily seen that F is just the
Finsler metric obtained from F by replacing 8 by e¢®)3 and ~ by e“*)y. Hence
the main scalar I = I(x) is conformally invariant. O

PROOF OF (a1) <= (a4) <= (a5) IN THEOREM 1.1. By Lemma 3.1, it is
easily seen that (a1) < (as). It is also obvious that (a5) = (a4). Now we
assume that (a4) holds. Then by definition, the Finsler metric F := ¢“@F for
some conformal factor c(x) is a metric of Berwald, or Landsberg, or Douglas type.
By Lemma 3.2, the main scalar of the metric F is isotropic. So F has constant

main scalar by Lemma 3.1. So F also has constant main scalar by Lemma 3.2. [

4. Two-dimensional Finsler spaces with constant main scalar

For convenience, we first make a convention in this and the next section: for
an arbitrary function f(x!,2?), define

0 0 0?
fi:= @f(mlax2)a fo = wf(xlaxQ)a fi2 = Wf($1,$2),€tc.

In this section, we study two-dimensional Finsler spaces with constant main
scalar and prove in Theorem 1.1 that (a1) = (a2) = (a3).

Lemma 4.1. Let F' be a two-dimensional Finsler metric with constant main
scalar. Let B = e“®p(z)y' and v = e“®q(z)y?. Then we have
(i) If F is in the form

F? = g?42(1=%) (5 = constant, s # 0, # 1), (14)

then the flag curvature K is given by
—2c
e Y\2s—1 [ 9912 — q192 PP12 — P1P2
_ c12+ (1 —3) + s . (15)
s(s—1)pg (3) PE p?

B
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(ii) If F is in the form
2y
F? = ﬁ267,
then the flag curvature K is given by

_x_
e B 2c

K= —W{pgq@z — p*(pga — qpa)ca

+ p*(qpaz — p242) — P*(aq12 — 1162) + ¢* (pp12 — p1p2)}.

(iii) If F is in the form
F?=(p*+ 72)62T'amtan (g) (r = constant),

then the flag curvature K is given by

672r-arctan (%) —2c

K=— RS {pq3611 +p qeas + ¢ (pqr — qp1)en

+ p?(qp2 — pga)ca + pa(pp2s + qq11) — ¢*P1ar — P*P2ge

+ T[pQ(qmz — q132) — ¢*(pp12 —p1p2)] }
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(16)

(17)

(19)

PROOF. The computations for (15), (17) and (19) are direct, which are from

(10), (11) and (12). We just give the main details.
First we prove (15). We get by (10) and (11) that

= 1pgs+ (= s)pa +pger 1y
=5 )7,
2 pgs
G2 = Lpeas £ (1= 9)paz + paca oy
2 pq(l —s) ’
1 - _
Rl = - [012 + 37%2])# +(1— S)qquq#]nyQa

1
R, = — [
2 1—s Crz + s p?
Then we get by (12) that
RY + R?
K=—%

which is reduced to (15).

PP12 — P1D2 4912 — q192
PP PP (1 — ) T BB 12
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Next we prove (17). We have

2
c _
al =P + pp2 + qp1 — pq1 (y")2,

2pq
plgcr —pea +q1 — p2 pca + P Pq2 — qp2
G2 _ ( - )(y1)2 + ( )y1y2 4 ( )(y2)2’
2q q 2pq
1,2
Yy
RY = - {p3q022 — p*(pg2 — qp2)c2
p2q
+p2(QP22 — P2g2) — p2(qq12 —q1q2) + 42(pp12 — plpz)}a
1 1 2
y (py —qy
R% = vy —ay) e ){p3q622 —p°(pg2 — qpa)c2

+ p?*(qpaz — p242) — P*(aq12 — 1102) + ¢* (pp12 — plpz)}a

Then by (12) we get (17).
Finally we prove (19). We have

ot _ PacL —p’res — (pa — qpy)r® — ppar + qp ()2

2(1 4+ r2)pq
grei+pea +qir +p2 4 o gicr = pgres — q(par — ql)< 2)2
(14+72)p vy 2(147r2)p?
o2 — _Pare+pie +plar +p2)( e g T pres = par a0
2(1+72)q? Y (1+7%)q Y
L @'ren £ paes = (aps = paa)r? + i + pa ()
2(1+72)pq ’

Rl _ _la —pry)y?
b )i

+ p?(qp2 — pgo)ca + pa(pp2o + qq11) — *pPraa — P*p2go

{pq3011 + p*qeas + ¢ (par — gp1)er

+ T[Pz(qlhz — q142) — ¢*(pp12 — p1p2)] },

1 2\,,1
Py +aqry’)y
R% = oy tary)y T rz)pgég, {pq3611 + p*qeas + ¢ (pgr — qp1)cr

+ p%(gp2 — pga)ca + pa(pp2e + q11) — ¢*p1ay — P*Page

+7[p*(aq12 — 1a2) — ¢* (pp12 — P1p2)] }

Then by (12) we get (19).
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Ezample 4.2 ([2]). For a constant A > 0, define a Finsler metric F(z,y) by

-

2)1+x 1 2 1,2
F(x,y) _ (y e~ 1T +(A+1)asz“+azz @

(y1)x

By (4), the main scalar is given by

I? = M
oA+l
By (15), the flag curvature is given by
2 1, 22
K(I,y) = 1{;_7)\063{%} A 62(0‘11’1*()\+1)a2127043x1x2)'
Y

Ezample 4.3 ([2]). Define a Finselr metric F(x,y) by

a?+a2 o —a
F(.T, y) = (y1)2 + (y2)2@2011a§ (041331-‘1-(12:82)-"-#0; arCtan(yl/y2) '
By (6), the main scalar is given by
2 2(an — az)?
rP==—"—
ai + a3

By (19), the flag curvature K(z,y) = 0. So F(z,y) is locally Minkowskian.

PROOF OF (a1) = (a2) = (a3) IN THEOREM 1.1. First (a2) = (a3) is
obvious. We consider the proof of (a;) = (a2).

Let F be a two-dimensional Finsler metric with the main scalar I = constant.
Then F is given by (1), or (2), or (3) (in which we put 8 = p(z)y?,v = q(z)y?).
Consider the following conformal transformation

F=¢WFR
such that for some c(x), F is of zero flag curvature. Note that, corresponding
to (1), or (2), or (3), F is in the form of (14), or (16), or (18) respectively. Then by
Lemma 4.1, the conformal factor ¢(x) must satisfy the following three differential
equations respectively:

4912 — q1G2 PpP12 — P1p2
2 +s 2
q p

c12 + (1 — S) = 07 (20)

pPqeas — p? (pg2 — qp2)c2 + p2(QP22 — P2q2)
— p*(qq12 — q142) + ¢*(pp12 — p1p2) =0, (21)
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pgierr + pPacas + ¢ (pg1 — qpi)er + p*(ap2 — pg2)c2 + pa(ppaz + qq11)
- q2plql - P2P2Q2 + T[Pz(qihz - q1q2) — qz(ppm - p1p2)] =0. (22)

It is easily seen that there is a local solution c(z) satisfying (20) or (21). Then
we consider (22). This equation is a 2-order PDE which is linear, elliptic and in
which, the coefficient of c¢ is zero. Now according to the theory of PDEs, there
exists a local solution c(z) satisfying (22). Thus for such a solution ¢(x) of (20),
or (21), or (22), the corresponding Finsler metric Fin (14), or (16), or (18), is of
zero flag curvature. On the other hand, it is easily seen that F is also a Berwald
metric by Lemma 3.1 and Lemma 3.2. So Fisa locally Minkowski metric. Thus
the Finsler metric F is locally conformally flat. (]

5. Two-dimensional Finsler spaces with isotropic main scalar

In this section, we study two-dimensional Finsler spaces with isotropic main
scalar and prove in Theorem 1.1 that (a3) = (a1). After this is proved, the
proof of Theorem 1.1 is completed.

Since the metric in (2) has constant main scalar I? = 4, we only consider in
the following the metrics in (1) and (3).

Lemma 5.1. Let
F2(z,y) = p7°7207), (23)
where
B=pla)y', v=q@)y’, s=s(z) (s#0,s#1).
Then the flag curvature K (x,y) is given by

B /8_23723_2 y2
K(z,y) = [23(s—1)pq]2{ [A11(y1)2 + Apyty? + A22(y2)2]1n’;

+ B11(y")? + Biay'y® + 322(212)2}, (24)

where
A =2p°¢* (s — 1)(s1)%, Az = 2p*¢%s(s2)?,

A1y = —4p**[s152 — s(2s152 + 512) + 57512)

B pq{—pq[l +2s+2(s— 1)ln‘§“ (s1)?

+2(s — 1) [pgss11 — pq1s1 + (q1p — qp1)ss1] }
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p
By = 4pq{q[ —ps2 — sp2+p- ln‘g’(l — 25)s3]s1 — pq1(s — 1)s2
p
+ pgln . s(s—1)s12
+4s(s — 1)[s¢*(ppr12 — p1p2) — (5 — Dp*(qq12 — q1g2)],
p

Byy = p*q® (25 —3—2sn ‘ . D (s2)% + 2pgs|[(s — 1)pgz — sqp2] s

— 20%¢%s(s — 1)s99.

PROOF. This proof is a direct computation, similar to that in Lemma 4.1.
We only give the results of G and G? as follows:

(y')? — 2Zyly?

o P [In] 2] = 1] + s(ap1 — par) + par
- 2s

2pqs

1, PO [In] 2] + 1] + s(ap2 — pa) + pao
2s—1)7 Y 2pq(1 — s)
Lemma 5.2. Let

G2 = 2. O

F2(z,y) — (BQ + 72)62T(I) arctan (%)’ (25)

where
2

B=pla)y', v=aq@)y*
Then the flag curvature K(x,y) is given by
672r-arctan (g)
1+ r2)2p3g3(B2 + 12)

+ D11 (y")? + Dioy'y® + D22(92)2}7

K(z,y) =

{ [C11(y")? + Ci2y'y® + Ca22(y?)?] arctan (5)

where
Cii = p2{ —pq(1+ 7’2)(6127"11 +P27”22) + pqr [3(]2(7”1)2 +P2(7‘2)2]
+2p°¢*r1re + (1 + r)[¢* (p1q — par)r1 — p*(qp2 — pa2)r2] }
Ciz = 2p°¢° (p2(r2)2 + 2pgrriry — q2(7"1)2),
Cop = qz{ —pq(1+ 7”2)(l127”11 +P2T22) + pgr [qz(rl)z + 3102(7"2)2]

—2p*¢*rira + (1 + ) [¢*(prg — pa1)r1 — p*(qp2 — pg2)r2] }
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and
Dyy = —p*'*(1 + r)riz + 29°¢* (1) + p*aPrrars
+p%q[3q(rq1 + p2)r1 + p(rp2 — q1)r2]
—pq(1+ %) (pp22 + qqu1) + p*qr(1 +7%) (qp12 — pa12)
+ (1 +r*)p*(rp’qige — ra®pip2 + Pp2a2 + ¢ p1q1),

Dis = p**(1 + 7*)(¢®r11 — pra2) — p*q*r(r1)?

+ pg® [4p°r2 + (r*par — r’qp1 + 2rpps — pay — p1g)] 1

+ 0 (r2)” + pPa(r’pa2 — r2qpa + paz + qp2 + 2rqqi)r,
Day = p*q* (1 +12)r12 + 20°¢3 (r2)? — p2q*rrirs,

+ pq* [q(rqr + p2)r1 + 3p(rp2 — q1)r2]

— pg®(1+ %) (ppaz + qqu1) + pg°r(1 +1°) (qp12 — pg12)

+ (L+ ) (rp° Qg2 — r¢’prp2 + P°paga + praa).

PRrROOF. This proof is a direct computation, similar to that in Lemma 4.1.
We only give the results of G' and G2 as follows:

1 B
1 1\2 1,2 2\2
= t —_
2p2q(1+rg){[a11(y )° + a1y Yy + ax(y”)”]arctan (7)
+ b1 (y")? + bray'y® + b22(y2)2},
G = L {[011(91)2 + c12y'y® + c22(y?)?] arctan (B>
2(1 4 r2)pg? v

+di1(y')? + dioy'y® + do2(y*)?},
where
a1 = p*(qri — prra),  ar =2pq(pra + qrry),  ase = —q*(qr1 — prra),
b1 = plgp1 — pq)r* — p(p2 + qr1)r + qp1], bz = pa(2p2 + 217 — prry + qr1),
baa = —112((]1 —par —pra2), c11 = —pZ(qTﬁ +pra2), ci2 = 2pq(qr1 — prra),
oo =@ (pra+qrr1), dia = pq(2q1 — 2par — pra — qrry),
diy = —p*(qir +p2 +qr1),  doa = q[(pg2 — qp2)r* + q(q1 — pr2)r + pga]. O

Lemma 5.3. Let F' be a two-dimensional Finsler metric with isotropic main
scalar I = I(x). If the flag curvature K(x,y) = 0, then I(z) = constant.



Conformal invariances of two-dimensional Finsler spaces. . . 339

PROOF. By assumption, the flag curvature K(z,y) = 0.
If F' is given by (23), then by (24) we have

A1 =0, A12 =0, A2 =0, By1 =0, Bia =0, B =0.

Now it is easily seen that A;; = 0 implies that s; = 0 and Ays = 0 implies that
s2 = 0. Thus s(x) = constant and the main scalar of the metric in (23) is a
constant by (4).

Next we assume that F' is given by (25), then by (5) we have

C11 =0,C12 =0,C22 =0,D11 = 0,D12 =0, Dag = 0.
Now it is easily seen that
0=q*Cyy — p*Cay = p2q2{2pqr [@*(r1)? — p*(r2)?] + 4p2q2r1r2}
= 2p3q3{7’[q2(7“1)2 —p*(r2)?] + 2pqr1r2}.
Then we have

r[q*(r1)? = p*(r2)*] + 2pgrir2 = 0. (26)
Substitute (26) into Cio, then we have

2p°¢* (1 +r*)[p°(r2)®> — ¢°(r1)?] = 0.

Therefore,
p(r2)” = (1) (27)

Substituting (27) into (26), we get 11 = 0 or ro = 0. Then by (27) we obtain
r1 = rg = 0. This fact means that r(z) = constant and the main scalar of the
metric in (25) is a constant by (6). O

Now by Lemma 3.1 and Lemma 5.3 we easily get

Corollary 5.4. Let F' be a two-dimensional Finsler metric with isotropic
main scalar I = I(x). Then F is locally Minkowskian if and only if the flag
curvature K(x,y) = 0.

PROOF OF (a3) = (a1) IN THEOREM 1.1. Suppose that the Finsler metric
F is locally conformal to a Finsler metric of zero flag curvature. Then there is a
c(z) such that the Finsler metric F(z,y) := e“® F(xz,y) is of zero flag curvature.
Then we conclude from Lemma 5.3 and Lemma 3.2 that the main scalar I(z) of
the Finsler metric F' is a constant. g
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