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New classes of solutions
of an alternative Cauchy equation

By GIAN LUIGI FORTI (Milano) and LUIGI PAGANONI (Milano)

Abstract. In this paper we consider the alternative Cauchy equation

g(x +y) # g(x)g(y) implies f(z +y) = f(x)f(y)

where f,g are unknown functions from R into a group (S,-). Assuming a slightly
different hypothesis than in [1] we describe new classes of solutions.

1. Introduction

In previous papers we studied the alternative Cauchy equation

(1) g(x+y) # g(x)g(y) implies f(x +y) = f(z)f(y),

where f, g are unknown functions from R™ ([1]) or I := (0,1) ([2]) into
a group (9, -) (for general references about the problem see [1]). In both
cases we described the solutions of (1) under a suitable topological hypoth-
esis concerning the function g.

In the present paper we study equation (1) on R assuming a slightly
different hypothesis on g and we describe all solutions when the group S
has no elements of order 2. In the general case we describe some classes
of solutions and present open problems.

2. Notations and preliminary results

In this section we present the notations, some previous results and we
state the problem treated in the present paper.
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Denote by Z and Ny the classes of the integers and the non-negative
integers respectively, and by p; : R xR — R, ¢ = 1,2, 3, the maps given
by:

pi(z,y) =z, pz,y) =y, p3(z,y)=x+y.

Given an open interval £ C R and a function ¢ : E — S, we define

Q= {(z,y) € (Ex E)Np3 (E) : p(x +y) # o(x)e(y)}

and

Ay ={(z,y) € (Ex E)Np3 ' (E) : o(z +y) = p(x)o(y)}.

Ag, and €2, denote the interior of A, and 2, respectively.

A function ¢ : E — S is said locally affine in x € FE if there exists
a € Hom(R, S) such that ¢p(z+u) = ¢(z)a(u) for all u in an open interval
U 3 0 (Note that the homomorphism a may depend on the point z). A

function ¢ : E — S is said locally affine in an interval V' C F if it is locally
affine in each point of V.

We shall use the following simple properties:

Lemma 1([2]). 1) If (z0,y0) € A, then ¢ is locally affine in xq, yo,
Zo + Yo-
ii) If E C R is an open interval and ¢ is locally affine in each

point of E, then there exist a € Hom(R, S) and « € S such
that

o(x) = aa(zr), zekE.
iii) Let J, K, L be open intervals and

aa(z), x € J,
o(z) =4 pb(z), z € K, a,b,c € Hom(R, 5).
~ye(z), xeL

If there exists (zo,yo) € A, withxo € J, yo € K, zo+yo € L,
then

y=af and b(z)=c(z)=p "a(x)s.

For any function ¢ : R — S define
(2)  Hy:={teR:VzeR, o(t+1z)=0p(t)p(z) = p(z)e(t)}
=R\ (p1(2) Upa(9,)).
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Lemma 2 ([1]). The set H,, if not empty, is a subgroup of R.

Note that if QF # 0 then by (2) either H, = 0 or H, is a discrete
subgroup of R, i.e. H, = hZ for some h > 0.

Lemma 3 ([1], [2]). Let ¢ : R — S be any function with H, # (). For
every t € H, and for every m,n € Z

(z,y) € Qy, = (v +nt,y+mt) € Q.

In [1] among other results we described the solutions (f,g) of (1) on
R™, under the assumption

(3) pi(Qg) = pi(Qg), i=1,2.
In our case (i.e. n = 1), if QF, # ), we have three possibilities for H,:
H,=0, H,={0}, H,=hZ, h>0.

Without loss of generality we may always assume, and we do, that in
the last case the solution (f,g) is “normalized”, i.e. h = 1. Then (3) is
equivalent, by Lemma 3, to

(4) pi(QyNQ) =pi(;NQ), i=1,2,

where () is the open square I x I.
In [2] we solved the following local form of equation (1):

(5) Gz +y) #g(x)g(y) implies f(z+y) = f@)f(y), (z,y)€T

with £,§: I — S and T := {(x,y) € I? : z,y,x +y € I}, under the
corresponding assumption (3) for g; since Q3 C T' this hypothesis can be
written in the form

(3" pi(QaNT)=p(Q;NT), i=1,2.
Take now any solution of (1) satisfying (3) and having H, = Z (and
so satisfying (4)). If moreover p;(Q, NT) = p;(Qy N'T), i = 1,2, obviously

its restriction (f,g) to I belongs to the class of solutions of (5) described
in [2] (see Theorem 1 below).

It is so natural to ask whether there exist solutions of (5) satisfying
(3") which can be extended to solutions (f, g) of (1) on the whole R, having
H, = Z but not satisfying (4). The problem can be reformulated as follows:

Describe, if there are, the solutions (f, g) of equation (1) such that:
(6) Hg=7Z andso g(1+z)=g(l)g(z)=g(x)g(1), v €R,
(7) pl(ﬂgﬂT) :pZ(QZﬂT), 7= 1,2,
(8) pi(Q2y N Q) # pi(; N Q) for at least one index i = 1, 2.
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We are obviously interested in “non-trivial” solutions, i.e. solutions such
that f is not a homomorphism of R into S.

Remark 1. Instead of condition (7) concerning the triangle 7" one can
equivalently assume

(7') pi(QgNT) =pi(QNT"), i=1,2,

where T := {(z,y) € R? :x,y € I, z+y € (1,2)}. Actually, by Lemma 3,

(7") is equivalent to

(7) pi(Qy N (=T)) = pi(Qy N (=T)), i=1,2,

and (f,g) is a solution of (1) under (7”) if and only if (f,g) given by
fl@) = f(—a), g@) = g(~a)

is a solution of (1) satisfying (7).

In order to solve our problem we use the following result proved in
2].
Theorem 1. Let (f,§) be a solution of (5) satisfying (3') and define
W =1\ (p1(€25) Up2(Q3)).

If W =0 [W = I] then f[j] is the restriction to I of a homomorphism
of R into S. -

If ) # W # I then W has a minimum 7(> 0) and either f is the
restriction of a homomorphism or the pair (f,§) has one of the following
forms:

r T az—!—l alx

9) {Jj( )= ( if xe€ir,(i+1)7)NI, o,y #e, i€ Ny,
g(z) = ~'c(x)

(10) { Jj(x) o Ex) if e (ir,i+1)7]NI, o,y F#e, i€ Ny,
g(x) =+

(f(x)=a(x) if zeI\E, f(z)#a(x) if z€FE
where ) # E C TNgN I

(11) and g satisfies the conditions

(z+7) =9(2)g(7) = 9(7)§(x), = € (0,1 — )
(1) = g(x)g(r — ), z € (0,7),

Qz

Qz
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(f(z) = a(x) ifx € I\ {¢}, F(&) # a9
with £ € W\ 7Ng, max{r,1 —7} < { <1

and ¢ satisfies the conditions

(12)
9(x +7) = g(x)g(7) = g(7)g(x), re(0,1-7)
9(z + &) = g(x)g(§) = 9(£)g(x), z € (0,1-¢)
L 9(8) = 9(x)g(§ — ), z € (0,8),
where a,c € Hom(R, S) and in cases (9), (10) a and ¢ commute with «

and vy respectively.

3. Thecase W = Qor W =1

Let (f,g) be a non-trivial solution of equation (1) satisfying (6)—(8).
Obviously if f = f;; and § = g|; then (f,g) is a solution of (5) satisfying
(3") and so it has one of the forms described in Theorem 1. We refer to

the pair (f,g) as the solution on T associated to (f,g). In this section
we show that f on R\ Z cannot equal a homomorphism and that for the
associate solution the cases listed in Theorem 1 relative to W = () and
W = I cannot appear.

Lemma 4. Let (f,g) be a non-trivial solution of equation (1) satisfy-
ing (6)—(8). Then there exists ty € R such that

g(to)g(—to) # g(0) (=) ie (to,—to) ¢ Ay
PROOF. Assume

(13) g(t)g(=t) = g(0) (=e¢), tER.
By (13) we have

g(—y—z)=gx+y)~" g(-y)g(-z) =g(y) g(z)"",

thus (z,y) € Qg if and only if (—y, —z) € Q, or, equivalently, (1—y,1—x) €
2,. This means that the set {2, is symmetric with respect to the diagonal
y=—x+1.

So we have
pz(Qg ﬂT) =1 —pg_i(Qg ﬂT'), pz(Q; ﬂT) =1 —pg_i(QZ ﬂT/), 7, = 1, 2

and by (7) p;(QyNT') = pi(Q2,NT"), i = 1,2. Since by (13) and Lemma 3
{(t, 1 —1t),t € R} C Ay, it follows p;(2, N Q) = pi(Q; N Q), i = 1,2,

contrary to the assumption (8).

—1
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Proposition 1. Let (f,g) be a non-trivial solution of equation (1)
satisfying (6)—(8). The function f cannot be of the form
(14) f@)=a(z), zeR\Z
for any a € Hom(R, 5).

PROOF. Assume f of the form (14) and let ng € Z such that f(ng) #
a(ng). Then by (6), {(z,no —x),x € R} C A, and, by Lemma 3, the same
holds for the set {(x, —x),z € R}, contrary to Lemma 4.

Proposition 2. Let (f,g) be a non-trivial solution of equation (1)

satisfying (6)—(8) and let (f,§) be its associate solution on T. Then the
set

W =1\ (p1(2) Up2(Q)) = I\ (p1(Q NT) Upa(y N 1))

is a proper non-empty subset of I.

PRrROOF. Assume W = I. Then, by Theorem 1, there is a € Hom(R, S)
such that

By (6)
g(x) = g()g(z — 1) = g(1)g(x — 1) = g(V)e(=1)e(z), =€ (1,2).

If g(1)e(—1) = e, then Q C Ag; if g(1)c(—1) # e, then Q,NQ =Q\T. In
both cases we have p;(€2, N Q) = p;(Q; N Q), i = 1,2, contrary to (8).
Let now W = (). By Theorem 1 we have

f(z) = a(x), z € (0,1) for some a € Hom(R, S).
For each k € Z \ {0}, let Ty, :== T + (k, k); by (7) and Lemma 3 we have
pi(QyNT) +k=pi(QyNTy) =pi(QNTy) =pi(QyNT) + k

and so
pl(Q; N Tk) Upg(Q; N Tk) = (k, k + 1).

This relation, by Lemma 1 and the property A% D €7, implies f locally

g7
affine in (k, k + 1), i.e.
f(x) = arar(x), = € (k,k+ 1) for some a;, € Hom(R, S) and ay, € S.
Let (z,y) € Qg, x € (k,k+1),y € (0,1), z +y € (k, k+1): we have

arag(r)ag(y) = arar(r +y) = f(r +y) = f(2)f(y) = arar(z)a(y),
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and so ax(y) = a(y) in an interval, this implies a; = a for all k € Z \ {0}.
By Proposition 1 we cannot have oy = e for all k € Z\ {0}, so there exists
k for which aj, # e and let k be the smallest, in absolute value, of these
integers k. If we take the triangle

T'={(z,y) e R%a,y € (0,1), z+ye(1,2)},
then it is immediately verified that
T+ (k—1,0) C A, when k> 0 and T" + (k,0) C A, when k < 0

and so, by Lemma 3, we get 7" C A,. Lemma 1-i) implies that g is locally
affine in (0,1) and so, by Lemma 1-ii), g(z) = Be(z), € (0,1) for some
c € Hom(R, S) and 8 € S. We have 8 # e otherwise " C A; and this
implies W = (0,1). So T C Qj; from this we get

(0,1) D pi(Q N Q) D (N Q) D (S NT) = ps(22) = (0,1);

thus p; (2, N Q) = pi(2; N Q), contrary to condition (8).

4. On the representations (11) and (12)

From the results of Section 3, we obtain that, if (f, g) is a non-trivial
solution of (1) satisfying (6)—(8), then f cannot equal a homomorphism on

R\ Z and moreover for its associate solution (f,§) on T the set T satisfies
0 # W # I and has a minimum 7 > 0. In the present section first we show
that do not exist non-trivial solutions (f,g) of our problem with f = a
on I, a € Hom(R, S). Furthermore we prove that, if S has no elements of
order 2, then the associate solution of a non-trivial one must have one of
the forms (9) or (10).

Define

I, :=(n,n+1), neZ (Iy=1I)
Jp={x el kr<z<(k+1)1}, keNg
n{jiz{(may)ET:xEJi,yEJj,:c+yeJi+j}
Tfj ={(z,y) €T :z€J;, yeJj, t+y € Jitjs1}
V::{ max{k € No: (k+1)r <1},  if7<1/2
L, if 7> 1/2.

Let (f,g) be a non-trivial solution of (1) satisfying (6)—(8). If f does not
equal a homomorphism on I, then, by the proof of Theorem 1 in [2], we
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have :

(f,3) of the form (9) if Q5N Too =0,

(f,g) of the form (10) if QznN TOQ’O =0,
or (12) if Q3NT5,# 0 and Q3N T5, # 0.

(f,g) of the form (11

Proposition 3. Let
satisfying (6)—(8) and let

f g) be a non-trivial solution of equation (1)

)

)

(

(f,g) be its associate solution on T'. Assume
eithel‘ Qg N TO,O - Q) or Qg N T0,0 - @.

Then f cannot be a homomorphism on I and (f,§) has the form (9) or

(10) respectively.

PROOF. By the proof of Theorem 1 in [2], the hypothesis on 2 as-
sures that ¢ has the form given in (9) or (10), independently on the form

of f. Assume f = a € Hom(R, S). By Lemma 1, on all intervals
(n+ir,n+ (i+1)7)NI,, n€eZ, ieN

the function f is locally affine. Let F' := {z € R\ Z : f(z) # a(x)}; by
Proposition 1, F' # (). First we assume that F N RT =: F'* £ () and we
define xg = inf F'* (o > 1). Note that zg is a point of the form ng + ig7,
with ng € Z \ {0}, 19 > 0.

i) zo is a limit point of F'*.
In this case f is locally affine on (xg,x¢ +9) with § = min(7, 1 —ig7),
and so

f(z) = ab(z), © € (vo0,20+9), flz)=a(z), z € (0,z0)\Z
where either b # a or a # e. Thus
{(z,y) 12 € (0,20), y € (0,z0), x+y € (xo, 0 +9)} C A,.
By Lemma 1 it follows
g(z) = ve(z), c€ Hom(R,S), x € (0,z29) DI,

a contradiction
ii) xo is not a limit point of F*.
We have xo=ng+ioT, ip > 0 and {(z,no+io7—) : £€(No, no+ipT)}C
A,. It follows {(z,io7 — x) : x € (0,7o7)} C A, : a contradiction.
In the case FNRT =0, i.e. F C R™, we define o = sup F.
i) xo is a limit point of F.
Then {(z,y) : x € (xo — d,20), y€ I, x+y>x0, x+y ¢ Z} C A,.
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By Lemma 1 it follows that g is locally affine on I, contrary to (9)
and (10).

ii) xo is not a limit point of F.
We have z¢ = ng +io7, ip > 0 and {(z,z0 —x):x € (0,7)} C A,. By
Lemma 3 it follows {(z,ig7 — ) : x € (0,7)} C Ay, again contrary to
(9) and (10).

Lemma 5. Let (f,g) be a non-trivial solution of equation (1) satisfy-
ing (6)—(8) and let (f,g) be its associate solution on T'. Assume

Q;NTyo#0 and QzNT5, # 0.

Then there exists a € Hom(R, S) such that f has one of the following
forms

(15)  f=aonl,\ E,, n€Z with E,, Cn+ (tNoN1I)
(16) f=aonl,\E,, n€Z with E, C{n+¢}, £€ W\ 71Ny
where E,, # ) for at least one n € Z.

PRrROOF. By the meaning of W and 7 and by Lemmas 1 and 3, f is
locally affine in all intervals

(17), (n+ir,n+(+1)71), n€Z 0<i<v-—1.
In all cases, f equals a homomorphism @ on the intervals (17)o; moreover
f(@) =inain(z), z€n+ir,n+(i+1)r), neZ, 0<i<v-—1,

with a;, € Hom(R,S) and «;, € S. Now, by Lemma 1-iii) a;,, = a;
moreover by Lemma 3 and the properties of W (see [2]), it is
Qy N (T} + (n,0)) # 0 and so we obtain «;, = e. Thus

(18) f(x) =a(x) on the intervals (17),,.

We remark that the proof of Theorem 1 concerning the cases (11) and (12)

shows, by an iterative procedure, that f = a on I except for the points of
a finite set F/, where

EctNgNnI in case (11)
E={¢}, €W\ 7Ny in case (12).
This procedure depends only on the properties of Q25 and works as follows:

if f=aon (0,A4,)\F, (F, a finite set), then we have f = a
on (0, Ap11) \ Fry1 where A, 1 > Ay, Fry1 D Fy,, Fpy1 finite.
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By Lemma 3 and (18) we can apply the same procedure to f on all intervals
(n,n+1) and we get (15) and (16) in the cases (11) and (12) respectively.

Since by Proposition 1 f is not equal to a on R\ Z, there exists an
interval I,, where f is not identically equal to a and so it must have one
of the forms (15) or (16) with E,, # 0.

Lemma 6. Assume (S,-) has no elements of order 2. Let (f,qg) be a
non-trivial solution of equation (1) satisfying (6)—(8). Then there exists
no interval I,, where f has the form (15) with E,, # .

PROOF. Assume on the contrary there exists n such that f has the
form (15) on I; with E; # 0, i.e.

f(x)=a(z), z€lz\FEn, FEncCn+ (tNoNI), FE;+#0.

It is always possible to find a pair of consecutive intervals I,,,, I,;, 11, m € Z,
such that E,, # 0 and either E,, 1 = () or min(E,, — m) < min(E,,+1 —
(m+1)). Let k7 = min(F,, —m), and so f(m + k1) # a(m + k7). We
show that

{(kr,y) :ye I} C Ay, {(z,kr):xel} CA,.

By Lemma 3 this implies k7 € H,, contrary to the assumption (6).

— The points (m+ k7,y) with y € (0,1 —k7) are in A, by the definition
of 7.
— The points (m + kr,y) with y € (1 —k7,1), y # it € E are in Ay
sincem+kr+y ¢ Epyq.
By Lemma 3 it follows
{(kr,y) :y € (0,1 =kr)yU{(kT,y) :y € (1 —k7,1)\ E} C A,.
It remains to show that {(k7,i7), it € E, (i+ k)7 > 1}U{(kT,1—kT)} C
Ag.
First we prove that either all points (i, r7), (it,1 —i7), (1 — iT,i71),
with (i +7)7 > 1 are in A, or none of them is in Ay, i.e. all are in Ay.
— (it,1 —it) € Ay if and only if (1 —ir,iT) € Ay
g(1) = g(iT)g(1 — iT), or equivalently g(1 — it) = g(7)"‘g(1) =
g(D)g(7)~%, if and only if g(1) = g(1 —iT)g(7)" = g(1 — i7)g(iT).
— (it,1 —ir) € A, if and only if (it,r7) € Ay, (i +7r)7 > 1:
by the last equation in (11),
g(rm) =g((r+i)Tr—1)g(1 —ir) i.e. g(1 —it) = g(rm)g((r+i)7 — 1)_1;
by the definition of H,,

g((r+i)7) = g(Dg((r+i)7=1), Le. g((r+i)7—1)" =g((r+i)7) " g(1).
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It follows g(i7)g(1—i1) = g(iT)g(r7)g(r+1i)7)"1g(1) and this relation
implies
g(1) =g(iT)g(1 —it) if and only if g((r +4)7) = g(iT)g(r7).

Assume 1 = (v+1)7 and consider the point (k7,1—k7) = (k7, (v+1—k)7).
For all y € (0,7) we have:

g(1+y)=g(1)g(y)
g(kT)gl(v+1 — k)7 +y] = g(kT)g[(v + 1-k)T]g(y).

It follows ¢g(1)g(y) = g(kT)g(1 — kT)g(y), i.e. (k7,1 —kT) € Ay. So
{(kt,iT), it € E, (i + k)T > 1} U{(kT,1 —kT)} C A,.

g(km)g(1=kT+y) = {

Let now 1 ¢ 7Ny. If there is no it € E with (k +¢)7 > 1, then
L:={(kr,y):ye (1—kr,1)} C A,.

Since there exists at least a point (k7,r7) € L, then (k7,1 — kT) € A, as
well.

Conversely if there exists 77 € E with (k+ )7 > 1, then at least one
of the numbers r7, k7 is greater than 1/2. To conclude the proof it is then
enough to show that it € E, it > 1/2 implies (ir,i7) € A,. If not, we
have (i7,i7), (it,1 —i71), (1 —it,iT) € Ap. Put f(it) = ~va(it), v # e. We
have:

~va(l) =ya(l —iT)a(it) = va(iT)a(l —it) = f(ir)f(1 —iT) = f(1) =
=f(1 —in)f(iT) = a(l — iT)va(ir),
and this implies
(19) va(l —it) = a(l —iT)y.
By Lemma 3, (it,2 —i1), (2 —i7,i7) € Ay as well; so
a(l)ya(1) = a(1) f(1) = a(V)a(l —i7) f(iT) = f(2 — i) f(iT) = f(2) =
= f(ir)f(2 — i) = f(iT)a(l —ir)a(1) = f(1)a(1) = ya(1)*;

this implies
(20) va(l) = a(1)y.
From (19) and (20) we get

(21) ~va(iT) = a(it)7y.
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Since (it,i7) € Ay,

a(ir)? = al2ir) = (2ir) = f(i7)* = yalir)a(ir) 2 y%a(ir)?,

i.e. 72 = e; a contradiction since S has no elements of order 2.

Lemma 7. Assume (S,-) has no elements of order 2. Let (f,g) be
a non-trivial solution of equation (1) satisfying (6)—(8). Then there exists
no interval I,, where f has the form (16) with E,, # (.

PROOF. Assume on the contrary there exists n such that f has the
form (16) on I; with E; # 0, i.e. B = {n+ &}, € € W\ 7Ng. We shall
prove that the segments

{(&y)yelt and {(z.§),zel}
are in Ag; this implies £ € H,, contrary to the assumption (6).
By Proposition 3 it must be Q3NTy o # 0 and QzNTF # 0. Therefore,
by Lemma 5,
f(z)=a(x), z€lnt1\ Ent1, Bny1 C{n+1+¢E}

It follows immediately that {(n+&,y) :y € I\ ({1 —&tU{¢})} C 4, and
so, by Lemma 3, {(&,y) :y € I\ ({1-¢}U{&})} € Ay. Now we prove that
either the three points (&,¢), (1 —¢,€) and (§,1 —¢) are all in A, or none
of them is in A,. By the last equation in (12), g(§) = g(26 —1)g(1 — &) =

g(1 —¢&)g(2£ — 1), and so
9(6)* = g(2¢ = 1)g(1 — €)g(&) = 9(&)g(1 - )g(26 — 1).
By the definition of H, we have
9(28) = g(26 — 1)g(1) = g(1)g(2§ — 1).
These relations immediately imply
9(1) = g(1 = €)g(&) <= g(28) = g(¢)* <= g(1) = g(§)g9(1 - &).

If £(€) = a(€), we have (7+€,€) € Ay and so (€, ), (6, 1-8), (1-£,€) € A,.
Assume f(&) # a(§) and let f(&) = va(&), v # e. Suppose that one of the
points (§,€), (1 —&,€), (§,1—&) is not in A, then all three are in Ay and
moreover (2 —&,§), (£,2 —¢&) € Ay. This implies
a(l = &)ya(§) = fF(L =) f(&) = f(1) = F(E)f(1 = &) =ra(§a(l &) =
= 7ya(l = §a(§) = ya(l),

SO

(22) a(l = &)y =~a(l =),
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and

a(1)ya(1) = a(1)f(1) = a(l)a(l = §)ya(§) = f(2 - ) f(&) = f(2) =

FF(2 =€) =ra(§)a(l)a(l - &) = f(1)a(l) = a(1)?;

thus we have

(23) va(l) = a(1)y.
From (22) and (23) we obtain va(§) = a(€)y. Then

a(2¢) = f(2€) = f(§)* = ya(¢)va(§) = 7a(2€),

i.e. 72 = e : a contradiction since S has no elements of order 2.
We have so proved that {(£,y) : y € I} C Ay; in a similar way we
may obtain {(z,&) :z € I} C A,.

We summarize the results of this section in the following

Proposition 4. Assume S is a group without elements of order 2. Let
(f;g) be a non-trivial solution of equation (1) satisfying (6)—(8). Then its
associate solution on T', (f, g), has one of the forms (9) or (10).

5. New solutions

A) S has no elements of order 2.

From the results of the previous sections we know that, when S has no
elements of order 2, the only possible non-trivial solutions of our problem
must have on I one of the forms (9) and (10) of Theorem 1.

Now we prove that actually such solutions exist.

Theorem 2. Let S be a group without elements of order 2. The func-
tional equation (1) under the conditions (6)—(8) has non-trivial solutions
if and only if (v 4+ 1)7 = 1 and, in this case, the pair (f,g) has one of the
following forms:

(24) { f(x) = Oé”(”“)ﬂﬂa(az) . zelntinnt(i+1)7)
g(z) =y Fic(x) , TE€[n+ir,n+ (i+1)71)
f(z) = a™Ta(x) , z€m+ir,n+ G+ 1)71|NI,

(25) ¢ g(z) =" title(z) | ze(n+in,n+ (i+ 17101,

f(n) = o™ a(n) , g(n) =" e(n)
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where i = 0,...,v, n € Z, « # e, v # e, a,c € Hom(R,S) and a,c
commute with o,y respectively.

PROOF. Let (f,g) be a non-trivial solution of (1). By the results of
the previous sections we have () # W # I and the pair (f,§) has one of
the forms (9) or (10) of Theorem 1. Assume (f,§) has the form (9); then
Too C Ag and T§ ) C Q. By the definition of Hy, we have

gn+x)=g9(1)"g(x), xz€l, neZ, and g¢g(0)=e.
Denote p = ¢g(1)c(—1); we immediately have
gin+x)=p"ye(n+z), x€lir,(i+1)7)N[0,1), i=0,1,....

Consider now the function f in the interval I;. It is locally affine in all
subintervals (1 +i7,1+4 (i +1)7)N1I;,i=0,1,... and so

f(x) = Biai(z), ze(l+ir, 1+ (i+1)7)N I,

for some a; € Hom(R, S) and ; € S. By Lemma 1-iii) we have a; = a for
all i. Let us denote By = na. by the properties of ©, (and so of Ay) and
by Lemma 3 we get 3; = na‘tt.

Now we show that (v + 1)7 = 1. Assume the contrary and let 1 =
oT + p where 0 < p < 7 and

{y+1 it 7<1/2
o =

2
(26) 1 if 7>1/2

Consider the three sets

Ur={(z,y):(c—1)r<z<or,0<y<T, x+y>1}
Us={(z,y):o1<zx<1, 0<y<T, x+y>1}
Us={(z,y):o1<zx<1l, 7<y<2r, z4+y<l+r7}

and let (z;,y;) € U;. We have the following possibilities:

a) (r1,71) € Ay thus 7! = p. Since S has no elements of order 2
and v # e, both points (z2,y2) and (z3,ys) are in Ay. This implies

a’tl =n=a""ie. a=e; a contradiction.

b) (x1,y1) € As: thus a” =n. So (z2,y2), (x3,y3) € A, and this implies
v+l = p =47 ie. ¥ = e; contradiction.
We prove that (1,v7) ¢ A,. On the contrary we get v* 71 = p and it
follows

{(ryy) vt <y<1}U{(z,7):v<z <1} CA,.
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Thus 7 = VLH € H,: a contradiction. So (7,v7) must belong to Af N,

and this implies f(1) = a”*3a(1). From this we have
{(z,1—=2):2€[0,1], x ¢ NT} C A,

and this implies p = 4”. So g has the form described in (24). Take now
(x,y) withvr <z <1, 7<y<2r,1<z+y<1+7;since (z,y) ¢ A,
we must have (z,y) € Ay and this implies n = o2

By induction we easily obtain

f(x) = a2 +iHg(2), v e n+ir,n+ (i+1)7), i=0,1,...,v:n € Z.

In the case (f,§) of the form (10), in the same way we obtain the
solutions given by (25).
A simple check shows that (24) and (25) are solutions of (1).

B) S has elements of order 2.

We examine the role of the assumption that S has no elements of
order 2. This hypothesis appeared in Section 4 and it has been used in
Lemma 7 in order to assure that (£,§) € A,, in Lemma 6 to prove that
(i1,i7) € Ay for all it € E and so to exclude the case 1 ¢ 7N. Again it has
been used in Theorem 2 to prove that (v + 1)7 = 1. In this last case, that
is when () 2 W # I and the associate solution has one of the forms (9) or
(10) of Theorem 1, it is possible to describe the solutions of our problem
in the case S has elements of order 2.

Assume (f, §) has the form (9) and o7 < 1, where o is given by (26).
Consider the sets Uy, Us, Us defined in the proof of Theorem 2 and let
(zi,y;) € U;, 1 = 1,2,3. We have two cases:

) (x1,91) € Ay: then v7~1 = p. Since 7y # e, it is (z2,y2) € Ay and this
implies a”t! = 7. Moreover (z2,y2) € Ay implies (z3,y3) € Ay, i.e.
7?2 = e. Looking to the diagonal {(z,1 — z) : z € I} we immediately
realize that a”*2a(1) = f(1).

II) (x1,y1) € Ay: then a” = 1. Since a # e, it is (z2,y2) € A, and this
implies v7 = p. Moreover (x2,y2) € A, implies (x3,y3) € Ay, i.e.
a? = e. Looking to the diagonal {(z,1 — z) : z € I} we immediately

realize that a®3a(1) = f(1) = a”*la(1).
In the same way we argue when (f, §) has the form (10).

Summarizing we have the following.
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Theorem 3. If S has elements of order 2, the functional equations (1)
under the conditions (6)—(8), besides the solutions described in Theorem 2,
has the following ones, with o < 1:

f(z) =a™etV Tt (2),  zen+ir,n+ (i+1D7)N[n,n+1)
{ g(x) :7”(0—1)“0(@, zen+ir,n+(+1)71)N[n,n+1)
where 72 =e, v #e, a # e;
{ f(z) =" a(z), wen+tir,n+GE+1)T)NN,n+1)
g(x) =" Te(), re€n+ir,n+ (i+1)7)N[n,n+1)
where o =e, v #e, a #e;
f(z) =a" T a(x), x € (n+ir,n+ i+ 7] N(n,n+1]
g(x) ="t e(z), zem+ir,n+ (i+1)7]N(n,n+1]
f(n) =a"""ta(n), g(n) =~"7c(n)
where v2 =e, v #e, a #e;
f(z) =a™o"V+ig(z), z € n+ir,n+ (i+1)7]N(n,n+1]
g(z) = n(0+1)+z+1 o(z), TE (n+ir,n+ (i+1)7]N(n,n+1]
f(n) =a"" D Ha(m),  g(n) =7""e(n)

where a® = e, v # e, a # e.
In all cases a,c € Hom(R, S) and commute with «,~y respectively.

6. Open problems and final remarks

About the results of Section 4, the following example shows that the
condition on S is essential. Let S = R/2Z and 7 € (1/2,1) and define
g : R — R/27Z as a periodic function of period 1 given on [0,1] by

{ 9(0) = g(1) = g(1) = 0

g(x) =1 elsewhere.
So Hy =7 and A, NQ is the set
{(z,7—2):2€ (0, 7)}U{(z,14+7—2):2€(1,1)}
r,l—x):xel\{l—-71,7}}

{(
U{(ry)rye I\N{1l —7,7}}
U{(z,7):xel\{l—71,7}}
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Thus ¢ satisfies conditions (7) and (8). If we take f : R — R/2Z periodic
of period 1 and given on [0,1] by

f0)=f(r) =1
f(z) =0 elsewhere,

the pair (f,g) is a non-trivial solution of our problem and the restriction

(f,g) on I has the form (11) of Theorem 1 with 1 ¢ 7Nj.

It seems that the existence of such special solutions depends not only
on the fact that S has elements of order 2, but also on what group S is. So
it remains open the problem of describing all solutions in this latter case.

As proved in Lemma 4, all non-trivial solutions of equation (1) sat-
isfying (6)—(8) does not satisfy (13), i.e. g is not odd. Note that starting
from an arbitrary solution (f, g) of (1) on R (without any other condition)
it is always possible to construct another one (f1,¢g1) in the following way:

[ f), x>0 2y — g(z), x>0
f1(x)—{ [f(=2)]7Y <0 91() {[g(—x)]_l, <0’

Observe that since either f(0) = e or g(0) = e, then either f; or ¢; is odd.
So in this way it is possible to obtain new classes of solutions (f, g) where
at least one of the functions f; and g; is odd.
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