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A new class of projectively flat Finsler metrics in terms
of hypergeometric functions

By LIBING HUANG (Tianjin) and XIAOHUAN MO (Beijing)

Abstract. In this paper, we study a class of Finsler metrics in the form F(x,y) =

lylo (||, <T;|’> ). We obtain the second-order differential equation for F' to be projectively
flat and manufacture new projectively flat Finsler metrics on an open subset in R™ using
hypergeometric functions. We also express F' in terms of elementary functions in some
special cases.

1. Introduction

Hilbert’s Fourth Problem (characterize the distance functions on an open
subset in R™ such that straight lines are shortest paths) is particularly attractive
[8], [13]. Distance functions induced by Finsler metrics are regarded as smooth
ones. Thus Hilbert’s Fourth Problem in the smooth case is to characterize and
study projectively flat Finsler metrics on an open subset in R™. In general, pro-
jectively flat Finsler metrics are characterized by vanishing Douglas curvature and
Weyl curvature. A Randers metric F' = a + 3 is projectively flat if and only if «
is projectively flat and § is closed. Randers metrics are simplest (c, 8)-metrics.
Apart from some special case, Z. SHEN have obtained the equations which cha-
racterizes projectively flat («, 5)-metrics [5], [12]. One of them is ¢ satisfying
ODE

[1+ (k1 + kas®)s® + k3s®] ¢ (s) = (k1 + kas®) [6(s) — s¢/(s)] (1.1)
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where k1, ko and k3 are constants. Recall that an («, 8)-metric is a Finsler metric
in the form F = ad)(g) where « is a Riemannian metric and g is a 1-form with
|8z]la < bo and ¢ = ¢(s) is a C™ positive function on an open interval (—b,, b,).
By using SHEN’s equations, many Finslerian geometers manufactured explicitly
or classified projectively flat Finsler metrics on an open subset in R™ [7], [10],
[12]. For instance, the second author constructed projectively flat («, 8)-metrics
with k2 # 0 by using hypergeometric functions (see (1.1)) [6]. Hypergeometric
functions are solutions of hypergeometric differential equations, which include
binomial functions, logarithmic functions and arctangent functions. Lately, a
Finsler metric in the form F = a¢(p,s) was studied in [14] (see Section 2 for
details). These metrics not only include Randers metrics and (a, §)-metrics, but
also include a Bryant metric which is projectively flat on the standard unit sphere
S™ with constant flag curvature K = 1.

In fact, the following projectively flat Finsler metric is also general (a, f3)-
metric

F.(z,y) :% { \/(1 — |x|2)|?|2_{|_x<|£2r7y>2 + (z,y) }

1 {em — 2Py +e?<x,y>2+e2<x,y>}

2 1—e2|z|?
where € < 1. It is easy to see that

I, = Ol¢e(ﬂ, 5)

where

1
a=ly|, ¢>s(p,5)2{

1—(p—82)+s ¢ 1—52(,0—32)4—525}

1—p 1-¢2p
where
p=laf, o= 00
|l
We know that F' is of constant flag curvature K = —1. This example was disco-

vered by Z. SHEN in 2002 (see [1], [9] and [11, Example 2.5]). In particular, F_;
is the famous Klein metric on the unit ball B". In [14], a sufficient condition on
¢, o and B for the general (o, §)-metric to be projectively flat was obtained.

In this paper, we study general («, §)-metrics in the form

ren=afors ()

where € > 0, p = ||8]|o and s = 8/a. We obtain the ordinary differential equation
on f for F to be projectively flat (see Theorem 3.1 below). Furthermore, we give
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the solutions of this ODE in terms of hypergeometric functions. Precisely we
prove the following:

Theorem 1.1. Let f(\) be a function defined by

f(A) = dA + hypergeom <[—;, _lﬂ , B] ,)\2>

where § and p are constants (i > 0). Then the following general («, §)-metric on
an open subset in R™\{0}

=ty {etlors (201

Recall that for a,b,c € R, the hypergeometric function is defined by

is projectively flat.

hypergeom([a, b], [c], t) := Z (a)?(b)nt" (1.2)

where a,b,c € R and

1 itn=0
(@) = {d(d+1)...(d+n—1) itn> 1. (13)

From Theorem 1.1, we construct explicitly a lot of new projectively flat Finsler
metrics. In addition, we give the elementary function expression of F' for some
special p (see Proposition 4.4 and Proposition 4.5 below).

2. Preliminaries

A Finsler metric F' = F(x,y) on an open subset &Y C R"™ is said to be
projectively flat if all geodesics are straight in U, equivalently, it satisfies the
following system of equations [3],

Consider Finsler metrics defined by a Riemannian metric o = /a;;(2)y'y?
and a 1-form with ||8;|la < bo. They are expressed in the form F = ag¢(p, s),
o= Bella, s = g, where ¢ = ¢(p, s) is a C° positive function on an open interval
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(=bo, bo). It is known that F = a(||8z|a; g) is a Finsler metric for any o and /8
with ||Bz]la < bo if and only if

3(s) = 56s(s) > 0, d(s) = s¢s(5) + (p* = 5*)bss(5) > 0, |s| < p <o

where n > 3 or

¢(S) - S¢s(3) + (p2 - 52)¢ss(8) >0, |3| <p< bo

where n = 2 [14]. Such a metric is called a general («, 3)-metric.
A function ¢ defined on TU can be expressed as &(zt, ..., 2™yt ..., y"). We
use the following notation

o
a (‘3xiy

i

€o
By (2.1), we obtain the following

Lemma 2.1. A Finsler metric F' = F(x,y) is projectively flat if and only if
it satisfies the following system of equations

(Fo)yi = 2F. (2.2)

3. Reducible differential equation

Consider the general (o, 8)-metric F = a¢(||Bzlla, %) on an open subset
U C R, where ¢ = ¢(p, s) is given by

¢:e+p“f<s>
p

a=lyl, B=(x,y).

and

In this section, we are going to find a necessary and sufficient condition on f for
F to be projectively flat.

Lemma 3.1. Define

F(z,y) = F(z,y) — €ly|. (3.1)

Then F = F(x,y) is projectively flat if and only if F' satisfies the following system
of equations
(Fo)yi = 2F,.
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PRrROOF. By (3.1), we obtain

It follows that
Fo=Fo, (Fo)yi = (Fo)yi-

Together with Lemma 2.1 yields Lemma 3.1.

We rewrite our general («, §)-metric as follows:

F(z,y) = |y[{e+ [z["f (A)}
where

o (Zy)
=] [yl
Direct calculations yields
oot = 2 ol = L
Tlgpi = 7, Yyt = 77
N Tyl

It follows that

i

i

IRTRNE yl |2 oyl
Similarly, we get _ _
\ o et = (e gy
Yyt 3
e

By (3.1) and (3.2), we have

3 = |y| |z|* _{wy
Py =Wl f ), A=

Together with (3.4) yields

F— <'T7y>$Z

~ _ . gj2y
Fu = ol (et 4 fape
Ul

= ple*2lyla’ f + |2 (|2 Py — (@ y)at) f

where we have used the following

=% =

2 i a
(|$|'u)zz = [(|$‘2)“Lﬂ = ,u|.13‘“_2.1:l’ f/ _ l _ f/ <

1 ((x,y)) i_1mlyi—<w,y>”;| _ ey — @y’

425

(3.2)

(3.3)

(3.6)
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It follows that

Fy = Foy' = plal"lyl(z, 9)f + |2 (2 Plyl? — (@, 9))
= plz "2yl y) f + |2 HyP (= A f (3.7)

A simple calculation gives the following formula:

; 2(z,y)a’
2 2 _ 1 )

Together with (3.5) and (3.7) we obtain
(o), = sl (ol ) D)y + Lol (12— 22)7],,

2.1 7
— ) Yy — T, Y)Y
— lal 2{xyf+y|xf+<x e — @y’ f’}
|y |z| |yl

rp fa-

= plx|* 3 (Iy:v 4+ 2L ) f

2
Tl [w o), yw n (2|x|2 u ﬁjﬁ ) y} Iz
a1 = W)y (3.8)

)f P20y |

By (3.6), (3.7) and Lemma 3.1, F = F(x,y) is projectively flat if and only if

{&,y)
lyl

et [l = 2w e + (21 - L) ] 5

= 2pla" Plyla’ f + 2027 2Py’ — (@, y)a) £ (3.9)

ulal (yw’ ; yi) £+ 12l P = M)A

By (3.5), (3.9) holds if and only if

= Ty P = M)y f7 = plal T )N,

+ plaF Ay

—0. (3.10)

By the definition of A, (3.10) holds if and only if

ol yPAy [(AF = 1) = pAf’ + uf] = 0. (3.11)
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Plugging (3.5) into (3.11) yields

|x|u—2M [(,\2 — 1) f" —pu\f’ +uf] =0.

|yl

Contracting (3.12) with z* yields

21:27 T 2
m#ﬂw [()\2 — 1)f”_u,\f’+uf] =0.

]
Taking = and y with z Ay # 0. Then

(A2 = 1) — puAf’ + uf =0.

Thus we have the following

427

(3.12)

(3.13)

Theorem 3.1. Let F(z,y) := |y|{e + |=|"f( {2.) )} be a general (o, 3)-

[z [y]

metric on an open subset U C R™. Then F = F(x,y) is projectively flat if and

only if f satisfies (3.13).

Note that (3.13) is the Gegenbauer-type ordinary differential equation.

4. Solutions

In order to find projectively flat general (a, §)-metrics we consider the follo-

wing ordinary differential equation:

{(1 = A2 f"(\) = ulf = Af)
FO)=1, f/(0)=4.

Lemma 4.1. The solution of (4.1) is
A T u
Tu(X) :1—1—6)\—1—,u/ / (1— 0% 2 tdodr.
0o Jo
Furthermore, if g = g(\) satisfies

{g"m = p(1 = N5
g0)=1, ¢(0)=5

Then g =1+ 0\ + fo)\ Jo (1 =022 dodr.
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PROOF. When p = 0, our conclusion is obvious. We assume that p # 0. We
have the expansion

k=0
where
Rt VN (B
N k!
By simple calculations, we have
é— 1 ] tkAQk—‘rQ
k+1C5 1 =G Sl _1+5A+Z 2k+1 )(2k +2)’
Mck £k \2k+1 L
—5+Z — T O =p-ahE
where £ = &, ¢ = —1. Thus we have
fu@) =1,  f(0)=2¢
and
CE_ t* Ck_ tk
L) — -1 _ g1 2k+2
Tu) +Z“ 2k+1 J2k12) 2k +1
Ck (R \2k2 < _
—1+Z— 1+ CL(ta?y
E+1 =
= (14+822)¢ = (1-A2)*
1 1 L 1 1
= )\2> — Azl <A2>f“)\.
<M [ wll =X weoop n)
It follows that f, satisfies (4.1). O

Lemma 4.2. Suppose that f is given in Lemma 4.1. Then

d(p,s) =e+p'f (;) >0

satisfies

B(s) = 505(s) > 0, d(s) = sps(s) + (p* — 5%)bss(5) > 0, |s] < p.
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PROOF. Direct computations yield

Ps = pli—lf/ <S> ) ¢ss = p#_2fﬂ <S> .
p p

¢(s) — sps(s) = e+ p*Hpf —sf') = e+ p"(f = Af') (4.3)

It follows that

where we used \ = %. Similarly, we get

B(5) = 50s(s) + (p° = 8%)Pss(s) = € + P (f = Af") + p"(1 =N 7. (44)
Assume that p = 0. In this case
FA) =1+

Then
O(s) = 505(5) = B(5) — shs5(s) + (p° — 8")Pss(s) =1 +€>0

from (4.3) and (4.4).
Assume that p > 0. Direct computations yield (cf. proof of Lemma 2.2 in [7])

FOV=AF) = (=%, 1) = (1 = )£
It follows that
B5) — 595(s) = e+ p"(1 = N = e+ (* — 57)
and

B(s) = sbs(5) + (p° — 57 bss(5) = e+ (1 + p)p"(1 = X*)
—e4+ (14 p)(p? —s¥)% >e>0, Is] < p. O

Lemma 4.3. If 4 = 2n, n € N, then the solution of (4.1) is

n—1
B (—1)kCﬁ,1>\2k+2
FN) = 1+6)\+2nkZ:0 TSR

PROOF. Similar to the proof of Lemma 4.1 in [7]. O
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Proposition 4.4. Let f()\) be a polynomial function defined by

n— 1( )kck 1>\2k+2
f()\)—1+6)\+2nz TSR

Then the following general («, B)-metric on an the open subset at origin in R™\ {0}

= e ()

PrOOF. Combine Theorem 3.1, Lemma 4.2 and Lemma 4.3. (]

is projectively flat.

Remark. When § = 0, then
FO) = (@2n+ 1) Ha(=N?)

1
Ho(2) =% | 57— o
n(2) <2k 051G >

These general (a, §)-metrics, up to a scaling, were constructed in [4, page 70,
Example 4.48].

where

Proposition 4.5. Let f(\) be a function defined by

7 = ox 4 2D

l\/l—)\Q—i-)\arcsm Z (2k = 2)! )\2)%;1] .

(2 £ (2k+1)!

Then the following general («, 3)-metric on an open subset in R™\{0}

UG Cr))

PROOF. Lemma 4.2 tells us F is a general (o, §)-metric. Similar to proofs of

is projectively flat.

Lemma 5.1 and Theorem 5.4 in [7] where we take g = 2n — 1 in Lemma 4.1. O

5. Hypergeometric functions and proof of Theorem 1.1

In this section, we are going to give the solutions of (4.1) in terms of hyper-
geometric functions and manufacture new projectively flat Finsler metrics.
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Lemma 5.1. Let p be a real number. Then

T b 1 3
/0 (1 — 2%)2~'dx = Thypergeom ([2, 1-— g} , [2} 77'2> .

PROOF. The hypergeometric function is given in (1.2) and (1.3) (see Sec-
tion 1). In particular,

hypergeom([—a, b],b, —t) = (1 4+ t)*. (5.1)

where a,b € R. From (5.1) and (1.2) we have

! 1_TOo nzn _Oo(l_%)nTQn
/0(1 dzx = /OZ dw-ZTox dx

n=0 n=0
> 1-— E 2”+1 0 1_En 2n
=2 Sk )1 0T T gy
n! 2n—|—1 n!l  2n+41
n=0 n=0
By using (1.2), we have
(3, 3G+ (G+n-1 _ } .
(2), 3C+1...E+n-1) Z+4n-1 2n+1

Plugging this into (5.2) yields

/OT(l e _TZ In (5) (T2>n _ TZ (E)n(ll_ 5)”(T2)n

()., = @G,
_ 1 i 3 9
—Thypergeom({Q, 2],{2},7 ) (5.3)

Lemma 5.2. Let p be a non-zero constant. Then

A
1 W 3 2

hy - 1—-=1,|z d

A T nypergeom (|:2, 2:| ; |:2:| s T ) T

1 1 1 1
= m + ;hypergeom <[—2, —lﬂ , [2} 7)\2) .
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PROOF. By (5.3) we obtain

A 1 oo 1 _ E)n
/ 7 hypergeom ({2, 1—- ] [ } ) dr = / 2 \2)p " T2 ond1
0

= (2), 1= 5)n (%) (1**) >\2”+2
_ Z n - / 2n+1d _ Z
D o

—= oy n!(2)n on+2

Taking m = n + 1 we obtain

A
1 i 3 9
h - 1—-=
/0 T ypergeom(b, 2},[2} T )dr

()™, (54)

By straightforward computations one obtains

(3) = (D) (B =2,
@)m_l - @ (5.5)

Substituting (5.5) into (5.4) yields

A
1 I 3 9
h; - 1-=1,z d
/o T ypergeom<[2, 2},[2 ,7'> T

33 T e 5 e ey
— i+ %hypergeom ([ ;,_lﬂ 7 [ﬂ 7/\2) ' -

PROOF OF THEOREM 1.1. From Lemma 4.1, the solution of (4.1)

f()—1+6)\+u// 1 0%)5Ldodr,

Combining this with Lemma 5.1 and Lemma 5.2 we obtain

A 1
fo) = 1+5)\+u/ 7 hypergeom ({2,1 - g] , {3] ,7'2> dr
0

2
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=1+6\+u [1 + lhypergeom ({1 M] , {1] ,)\QH

pop
=0\ +h N (5.6)
- YPergeoin 27 9 ’ 2 ’ .

for arbitrary nonzero p. When p = 0, (5.6) is automatically true. Lemma 4.2 tells
us that F' is a general (o, 8)-metric when p > 0. By Theorem 3.1, the general

=ty {e+lors (201

is projectively flat. O

(a, B)-metric
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