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Local distribution of the parts of unequal partitions
in arithmetic progressions I1

By CECILE DARTYGE (Nancy) and MIHALY SZALAY (Budapest)

1. Introduction

This paper contains the main parts of the proofs of the results announced
in [6]. We recall below some notations and the main result of this paper but we
recommend to the reader to study first [6]. Let d € N*, D a non-empty subset of
{1,...,d} and D° = {1,...,d} \ D its complement. Let Rp = {N, : r € D} be
a multiset of |D| non-negative integers. The main goal of our work is to obtain
an asymptotic formula for IT%(n, Rp), the number of unequal partitions of n with
exactly N, parts congruent to r modulo d for all » € D. We adopt the convention
IT5(0,Rp) =1 if Rp ={0,...,0} and 0 otherwise.

Recall that if n > 1 and IT};(n, Rp) > 1 then n satisfies

n=Rp (mod ¢), (1.1)

where Rp = ) 7N, and 0 is the g. c. d. of the elements of DU {d}. In the
introduction of [6], we observed that the N,., r € D may be expected to be close
to ko with

2v/3log 2
ko = 2v3log2 v/ (1.2)
T d
More precisely we suppose that for all » € D we have
1
1,/I
IN, — ko < — V08T (1.3)

— d1/3|D|2/3w(n) ’
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where w(n) is a non-decreasing function such that w(n) — oo if n — co. Let us
recall the main result of [6].

Theorem 1.1. Let ¢ > 0. The following two propositions hold.
(i) Let d < n'/*=¢, D = {1,...,d} and n = Rp (mod d). Let R = Rp =
{N1,...,Ng} be a multiset of integers satisfying (1.3). Then we have

/2
500, Rp) = (1 + o(1))g(n)——2 (d)

1 \2van
xexp{ e fﬁbg% (i(NrkoQ J‘%i(mm)"’}.

12(log 2)2
%)\/ﬁ r=1

(ii) We suppose now that d < n'/6=¢ and D C {1,...,d}. Then under (1.1) and
(1.3) we have

o I/2
M0, Rp) = an) 2t ()

/1 _ 12|D|(log 2)? V3n
dm?

com (- - 2 (S k) - e S ).

reD reD

First we complete the proof of Theorem 1.1 in the case D = {1,...,d},
after we will handle the complementary case when D¢ # (). The last sections are
devoted to the proofs of the different corollaries of [6].

2. The term S,

We begin to assume that

d<n> (2.1)
with some fixed positive £ and
|k — kol —0(\/dﬁ> . (2.2)
Let
* 2B
Then

kot = kod[ﬁo = IOg 2. (24)
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We also suppose that

|Nrk0|o<\/dﬁ> (r=1,...,d). (2.5)
In Section 4 of [6] we proved that as n — oo then we have
f[ (do) = exp [ + 182 oy (2.6)
LLINAEROT =P 1o, 20 ' '

According to the notations of [6] Sections 3 and 4, we have

d
d
|S2| < */ {
27 J3nao<|y|<n/d 1l

r=1

g, (d(zo + z‘y»} exp((n — R — Q)ro)dy.

The main part of this section is the following lemma.

Lemma 2.1. Under the notations and hypotheses (1.2), (2.1), (2.2), (2.3),
(2.4), and 3wz < |y| < w/d, we have

lx(d(x0 + iy))| < gr(dao) exp (—1+<1>> .

4d.’L‘Q

PRrOOF. This time we start out from the first expression of g; and develop
the logarithms:

v=1 v=1 m=1
oo 1 k
= exp ( Z — Z exp(—umw))
m
m=1 v=1
k e 1 k
= exp (Z exp(—vw) + Z o Z exp(—umw)) (2.7)
v=1 m=2 v=1

We take the moduli

k e} 1 k
lgi(w)| < exp <’ Zexp(—yw)‘ + Z - Zexp(—umt))
v=1 v=1

m=2

k k
= gi(t) exp (‘ > exp(—l/w)) -3 exp(—vt))
v=1 v=1
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B ox |1 — exp(—kw)| B 1 — exp(—kt)

=t (ot - 1)
1+exp(—kt) 1—exp(—kt)

Sgk(t)exp(|exp(w)_1| - per— )

When [Smw| < 7,

4|b?

)
7.‘-2

|exp(w) — 1|* = (exp(t) — 1) + 4e’ (sin(b/2))? > 4(sin(b/2))? >

thus

lg(w)| < gr(t) exp <1 + exp(—kt) 1= eXP(k’t))

21Smw| exp(t) — 1

if |Smw| < 7. Therefore, 3mxg < |y| < 7/d implies that

|gr(d(zo +iy))| < gr(dzo) exp (1 +exp(—kdro) _1- eXP(—kdl“O))

Zdly| exp(dzo) — 1
1+ exp(—kdxrg) 1 —exp(—kdzg)
< _
< gi(dzo) exp ( 6dxo exp(dzo) — 1

By (1.2), (2.1), (2.2), (2.3), (2.4),

3 +o(1) 3 +o(l) )

N < _
|9 (d(wo +i))| < gr(dzo) exp ( 6drg  exp(dzo) — 1

3 1
2+0(1) 35+0(1) 1+ 0(1)
= gi(d z -2 0(1) ) = gx(d - .
ntdam)exp (200 - 2220 o) ) = gyl (10
This ends the proof of Lemma 2.1. (Il

By (2.5) we obtain for Ss,

0 < 0 o (dzo) fexp (=2 Y exp( (0 - R - Q)

r=1 4$0
= exp (7:/; — g + 0(\/’71)) , (2.8)

by (2.6) and according to the estimates of @ and R obtained in Sections 2 and 4
of [6].
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3. The term S;

Next, we will try to give a similar and simple estimation for
n=iFe < Jy| < 3map.

Lemma 3.1. (i) Under the notations and hypotheses (1.2), (2.1), (2.2),

(2.3), (2.4), for =8+ < |y| < 372 we have

. ﬁn1/4+25
lgr(d(zo +iy))| < gi(dzo) exp < - 277r5d)

(ii) Under the notations and hypotheses (1.2), (2.1), (2.2), (2.3), (
n~it5 <|y| < n=¥t we have

- \/§n25/3
|9k (d(z0 +1y))| < gr(dzo) exp ( - m)

PROOF. First we prove (i). We suppose that n= 8¢ < |y| < 37wzo. By (2.7)
we have

2.4), for

w) = exp (Zexp(—vw) + Z — Zexp(—wnw)).
v=1 m=2 m v=1

We study again |g(w)|:

g (w)| < exp (3?6 (ieXp ) + mi:z % exp(—ymt))
k k
t) exp (;?Re exp(—vw)) — ;exp(—l/t))
t) exp <z:c —vt)(Re exp(—vib) — 1)>
t) exp (ie t)(cos(vb) — 1))
— gt exp( 2yilexp —vt)sin ( vib ))

LetKO::L3 5| Ik =ko+ o)

)] < ayesp ( - 2ZeXp s (Y21

< gu(t) exp (_ 2§exp(—kot) sin2 (”;') > — gu(t) exp ( Zsm (”Z)') >

then k > K for n large enough:
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Writing w = d(x¢ + iy) and using the inequality |sint| > % for [t| < w/2 , we
obtain

|9k (d(zo + 1y))| < gr(dzo) exp < f: (Vd|y>2>

v=1 ™
since
K
vd|yl| < od3mxTo < kodmzg m

2~ 2 — 2log2  2°

. K K}
Since Y-,% v? > 52, we have

. d 2 g3 V/3nl/4+2e
|lgr(d(zo +iy))| < g(dzo) exp (‘ (lﬁ”) 30) < gr(dzo) exp (‘ 71'533d>
(ii) can be obtained similarly. O

By (2),
d
d _ .
. { T ow(dteo + i) fexot(n = 7= @)oo + i)
21 Jn R re<yl<smae L
d d
=l 11 9. (d(wo + iy))| exp((n — R — Q)ao)dy
T Jn=8%e<|y|<37zo r—1
d 1
\/§n1+25
< d _vent o “R- .
< {le[lgNr( xo)} exp ( 533 > exp((n — R — Q)xo)

We have to stop here since the previously error term o(y/n ) is rough. Otherwise
the above proof can be applied, e.g., for n=its < ly| < n~8%¢ and results that

d
% /ni+§gy|gn§+s {E 9w, (d(zo + iy))} exp((n — R — Q) (w0 +iy))dy

d n2s/
< {H JN, (dmo)} exp (—%) exp((n — R — Q)xo).

Finally we obtain for S;:

d n25/3
|S1| < { H gN,,,(dxo)} exp (—%) exp((n — R — Q)xo). (3.1)

r=1
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4. The function g in the range |y| < y1

Let |y| <y =n~ 15, w=t+ib=dro+ idy. Now ‘bl = O(n—i‘*‘%).

In this section we Work with a general subset D C {1,...,d}. Instead of (2.2)
and (2.5), we suppose that

1 1

14/1 14/1
w and [N, —ko| < — VOB Dy (4.1)
d'/3[D/3w(n) d'/3|D>Pw(n)
where w(n) is a non-decreasing function such that w(n) — oo if n — co. The aim
of this paragraph is to obtain an asymptotic formula for gi(z¢ + iy) for |y| < ;.
Instead of (2.1), we suppose that

|k — kol <

d<ni—?, (4.2)
Thus (4.1) implies (2.2) and (2.5). We will prove the following Lemma:

Lemma 4.1. Under (4.1) we have

c k—ko)*t log2
avtw) = lupesp { -2 4 (1~ ko tog2 - B Jl L 18

Cy ko 10g 2 2 Cy ko log 2 ]{33 n-¢
b —ko(k —k b — — .
+i ( +— of 0) | + BTty ) to D]

We have again by Lemma 4.1 of [6]

gk (w) = f(w exp{ % Z k‘mw)—l—% Zlnllexp(—kmw)—&—O(k_l)}.

By (1.2) and (2.2),

Then + = O(n™2¢/d) and I—ZZ‘ = o(n=5d™1). Since now |y| < yi, it is possible to
replace w by t in the different exp(—kmw), in cost of an admissible error term:

Lemma 4.2. (i) We have

=1 1 |b|
n; - exp(—kmw) = mZ:1 p- exp(—kmt) + O (t> .
(ii) We have
I o 1 1 1 kb & L,
E2? B
o 2 1exp( kmt) + O ( ol ) mZZl7nexp(—l<:7mf).
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PRrOOF. By standard approximations we have

Z (1 — (1 — exp(—kmib))) exp(—kmt)

Mg
3=

(—kmw) =
1

3
I

lexp(—/Wmf)O(k:m|b|)
" m

NE

exp(—kmt) +

Il
Mg S\H
3=

3

I

3
I

— 1
exp(—kmt) + O k‘b| ) Z Eexp —kmt) + O <| |)
m=1

I
M8
3=

3
ﬂ‘

This proves (i). Next we prove (ii). We have

I 1 I 1
— Z — —kmw) = — — exp(—kmt) exp(—ikmb)
w = m?2 w = m?
I 1 kmb)?
= mzz:l — exp(—kmt) {1 — ikmb — ( Tg ) + O((km|b)3)} .
It remains to develop to end the proof of Lemma 4.2 O
We also have
= exp(—kt) 1 1
—kmt) = = <
2 mesp(—hint) = 7 T = e ht) — D~ exp (kD) = (7
since for u > 0,
e’} u” e u™ .
thus (1 —e™*) > ue /2 and (e* — 1)(1 —e™") > u?.
This gives for g (w):
I 1 ikb 1
nw) = fwyep{ - 13 L exp(rmn) + 2 > L exp(tomt)
m=1 m=1
k2% & 11 n=¢ |b]
Wmﬂexp(—kmt)—i—in;%exp( kmt)+o< 7 )+O( ( ) )}
The next step of the proof of Lemma 4.1 consists of “replacing” % by % and
omputing the terms arisen by this manipulation. We use the formula
1 1 1 b v |b]?
e = (1-i-——40()]. 4.3
w t(l—(—i%)) t < A= " (td )) (43)
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This gives for gg(w)

gr(w) = f(w exp{ Z_ —kmt) + tZ,nzl 5 exp(—kmt)
=1 |b]3 ikb = 1
+t73m 1Wexp( kmt)+0< ) Tmz: exp(—kmt)
kb? o= 1
+T22;E (kmt)+0( 1+ ))

(1
B S < k2|b|3 >
r)o(w)}

tm:l m=1
1 — 1 k= 1
+ Zb(tz mzzjl poec exp(—kmt) + n mzz:l - exp(—kmt))
+ v? 1i 1e (kmt)—l—kile (—kmt)+ 2ie (—kmt)
— — exp(— - — exp(— — xp(—
t3 m=1 m2 P t2 m=1 m P m=1 P

Now we compute the different summations over m. By (4.1), exp(—kmt) is
close to exp(—komt) if m is not too large, but we have again some computations
to do to control this approximation. For s =0,1,2:

— 1 1
— —kmt) = — —komt —(k — ko)mt).
mzzlms exp(—kmt) mzzlmsexp( omt) exp(—( 0)mt)
. " M
Since e” = " T D M1 n,,we have

Mxn
"2

n=0

e ‘x|n_M_1
< |.7J|M+1 Z = < |x\M+1e‘”|.
n=M+1 :
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Thus we obtain
i iexp(—kmt) = i iexp(—k‘ mt){l — (k= ko)mt + = (k‘ ko)*m?t?
e e 0 0 0

m=1 m=1

1
E(k ko)2m3t® + O(|k — ko|*m*t* exp(|k — ko|mt)).
<e

By (2.2), exp(|k — ko|mt) < exp(mkot/2).Next we use the fact that kot = log2 :

— 1 — 1 1 2 9.2
Z poas exp(—kmt) = Z ——— <1 — (k — ko)mt + 5(19 — ko) m=t

m=1

m=1

1
*(k k()) m3t3 + O(|k - k0|4m4t42m/2)>

6
0 9—m 0 9—m
- Z 92m k ko ¢ Z ms— 1 k ko
m=1 m=1 m=1
(k—ko)® 5~ 2~ b - 272
6 ms—3 |k k0| t Z ms—4
m=1 m=1
We obtain for the function g
R | =1 (k — ko 2t &
= —_ = — 2—7)7
av(w) = S esp{ 5 32 Ca e (k) Y >
O(\/~:—/~so|3t2)+1 3 %+O(|k—ko|t)
2 £« m2
I 1 (k—ko) 1 )
#ib(g 3w = E LS O~ o)
m=1 m=1
fZ——kk k022m O(kt|k — k0|)>
| |k — kol E s 1 Elk — ko
2 — —
(5 X 0 () v X0 (15
+k—2 3 27 + O(K*|k — ko) | +o(n~¢d™') + O k+1 bl
2t = 0 t] 3 :

Next we compute the different sums on m:

C: E—Fko)%t 1
gi(w) :f(w)exp{ — 72+(k;—k0)log2— %—i—ﬁlogQ
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L (Co (k—ko) klog2
+ b (tQ_ ; log 2 4 7

463

C k k2
_ _ 2(>2 & M
k(k ko)> +b (t3 ta log2 + 2t>
k — kolb?
+O<|kk0|3t2+kk0|t+|kko|2|b|+tQO|>
n¢ 1Y |o]?

Then by (4.1) the above error terms give o(n~¢|D|~!) and we can replace —k(k —
ko) with —ko(k — ko) in the coefficient of ib and analogously in that of b?. Finally,

& k—ko)*t  log2
gk(w)—f(w)exp{—;+(k_k0)log2_( 20) +0§

ko log 2 kolog2 k2 —
+ib<f;+ O:g ko(kko)>+b2(c2+ 098° 4 0>+o<n )},

3 2 2 D]

as claimed in Lemma 4.1.

O

5. The term Sy, end of the proof of Theorem 1.1
in the case D = {1,...,d}

As a special case of Lemma 4.1 applied with D = {1, ...,d}, we remark that

C k — ko)%d log 2 —€
gk (dxo)=f(dzg) exp {—d;O—I—(k—ko)logQ—( 0)”dao + o8 (n )},

2 2 d
and

d d
C
T] o (do) = f (o) exp { S (N~ ko) og2
r=1

r=1

d
dzxg 9 dlog2 e
- ;_ZI(NT — ko) + 5+ o(n )} (5.1)

Since f(w) = exp (% + 4 log 2= + O(|w|)) for w — 0 in |argw| < & < 7/2 and
Rew > 0, we have for |y| <y < n~=1T5:

F(d(o + i) = exp (m # g 1ow (M) 4 o).

FU(d(wo + i) = exp (w + o () 1 otan))
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2 d d
:exp(ﬂ<1 w—-i—O(y' ))—l—log(%)
6o Zo 1:0 ;EO 2 2w
d .
+%0g (1 + ”’) n O(d2m0)>
2 i)

w2 w2 2y d dxg
- Ty - L log ((£20 ).
P (63:0 WoaZ  6u3 28 ( o ) +oln ))

We obtain for the integrand

d
Pi= { TLox.(dtoa + i) exp((n — R~ @)fao -+ i)

2 72 242 d dxg
= - —Y— —1 _— —€
exp{% WoaZ  6ad 2 °g<2w>+o(" )

d d
1
+(n— R = Q)(xo +1y) —*‘i‘z r — ko) 10g2—§Z(Nr—k‘o)2d$o
r=1 r=1
L d Co  kolog2 4
2 0
log2+zdy<d 5 + o —k‘o;(NT—ko))
Cy ko log 2 k2
d2 2 —e )
Tey (d%‘% N da3 T 220 2z +o(n™)
We collect terms in iy, y2:
2 d d
P:exp{g-i-log(;:)) +(n—R—Q)xo
d
1 dlog 2
+Z . — ko) log2—§;(]\fr—ko)2dx0+ g
2 Cy dkolog2 d
. I N O] B N
+zy<n R-Q e R dkog( . k0)>
L - G dholos2 | dRGY o(n™?)
Y 63 3 z3 2z '

As a special case, we obtained that

{ﬁmdxo)}exp((n—fz Qo) = oxp { =+ o (52) 4 (0= Qo

d
1 dlog?2
—|— E — ko) log2 — 3 g (N, — ko)?dxo + (;g + o(ng)}. (5.2)

r=1
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Consequently,

d
{ T ox.(dtao + i) exol(n ~ 7~ @)oo + i)
r=1
d
—{ TLox. (@) pexp(n - R = Qo

. 2 11 dko log 2 d
X exp {zy(nRQ o + 2 mzzl gt e T dko ;(N,, - ko))

2 00 27.2
9 7r 1 1 dkolog2  d°k; e
- —+ = E . 5.3
+y ( 623 + e 2 agm + p + 50 +o(n™°) (5.3)

The coefficient of y? in (5.3) is

1 2 2 og?2 d?k2 a2 2 1210g? 2
(7T T - 08 +dk0(£010g2+20x0) \/g g(102g>,
s

3
Lo

5 12 2

121og? 2
7T2

™

where < % < % < 1.
The coefficient of iy in (5.3) is
d

1 /m? X 1
n—R—Q—x%(6—;W—dkoxolog2) —dkO;(Nr—ko)
log? 2 4 4 3_9c
=—-R-Q+ BT dko Y (N, — ko) = —2dko Y (N — ko) + O(n3 ).
r=1 r=1

Since |y|O(ni~2¢) = o(n=°) we infer from (5.3) that
d
{ TLom (dtea + i) f s = 7= @)oo + i)
r=1
d
—{ TLow (@) pexp(n R = Qo
r=1

d 3 2
2 1210g2 2
X exp{ iy2dko S (N, — ko) — 3 \/i” (1 _ 2298 > +0(n5)}. (5.4)

2
™
r=1

3
Let A — 282 (1 _ 1218%2) (4 5 () and B = 2dko 3%, (N, — ko). Then,
from (5.4)

v1 d
so-5- [ { [ o + i) fexp(n R = Q)an + i)y

r=
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d Y1
= ;i{ EQNT (dxo)} exp((n — R — Q)xo) / exp(—iyB — Ay? + o(n"%))dy.

—Y1

Lemma 5.1. We have:

Y1
/ exp(—iyB — Ay® + o(n"%))dy
—%N

= \5ew (i) {1+ ooy <fj> b 69

PrROOF. These are standard manipulations on Gaussian integrals thus we
won’t write all the details. Let I45(y1) be the integral of the left hand side of
(5.5). Since for |y| < y1, exp(—iyB — Ay* + o(n")) = (1 + o(n"¢)) exp(—iyB —
Ay?)), we have:

+oo
Ta(y1) :/ exp(—iyB — Ay*)dy

o0

¥ o( / +°° exp<—Ay2>dy) +ou) [ " exp(—Ay?)dy.

Y1 —0o0
The main term is a Gaussian integral:

+oo 2
—iyB — Ay = | = exp (-2
/OO exp(—iyB — Ay®)dy = a1 exp( 4A> .

For the error terms we have

+oo 1 “+o0 1
exp(—Ay?)dy < — exp(—Ay?) and / exp(—Ay?) € —,
/yl p(—Ay~)dy A p(—Ayy) N p(—Ay”) 7i

the Lemma follows.
Furthermore

4%21 -0 (n—§ (\/ﬁdWY) = o(logn).

Thus the error term in Lemma 5.1 is:

o(n™) exp (432) = o(1).
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Therefore

S0= (o) T e (-5 ) o= {HgN (dao) pexp(( — = Q)ao).

Adding the estimates for the trivial parts (see (2.8), (3.1)) we obtain that for
n = R (mod d),

I (n, R) { HgN dzo) }exp((n — R—Q)xo)
o +o<1>>\/j o (< 22) 4.0 (o (- 120
+0 <exp (- 77\5/3371411”8)) +0 <exp ( - ;fin%/‘”’)) }

=1+ 0(1))\/jexp ( - i) ;i{ f[lgNr(de)} exp((n — R — Q)zo). (5.6)

To end the proof, it remains to insert the classical formula

a(n) = (1+0(1)) - 31/14n3/4 exp (”jgﬁ) | (5.7)

and our previous results on the gy, (dzg) (see (5.2)), and to do the convenient

computations. We obtain

/2 9
I(n, R) = (1 + o(1))4 - 3"/4¢(n) L d ( d ) ep( fA

/1 o 12(105;2)2 2\/531/4 24/3n

log? 2 1 &
+ 3 (N, — ko) log 2 — g (R +Q -5 ) ) > (N, —ko)?dao | . (5.8)
0

r=1

r=1
By formulae (2.11) and (2.12) of [6] and by (2.4), we have:

d d

R+Q—loi2 2o +dkoZ(Nr—ko)+gZ(Nr—ko>2+0<\/ﬁ>-
0

2
r=1 r=1

Thus the argument of the exponential in (5.8) is

B? B?  log?2
exp(—4A+ )Zexp<—4A— g —dx OZ - —ko)? (1))

Inserting this in (5.8) ends the proof of Theorem 1.1 for D = {1,...,d}. O
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6. First steps of the proof of Theorem 1.1 for D # {1,...,d}

Like in Section 3 of [6], we apply Lemma 2.1 of [6], the Cauchy formula and
write z = xo + 1y:

IT)(n,Rp) = / {Hh xo+zy}

reDe

X { H gn, (d(xo + zy))} exp ((n — Rp — Qp)(zo +iy))dy, (6.1)

reD

with

o0

he(z) = [T(1 + exp(=(r + jd)z)).

Jj=0

When D¢ # () and D¢ # {d}, the functions h, are not 27 /d-periodic but we
still split the integral in intervales of length 27/d in order to use our previous
work on the functions gy.

2
d_,’_)\‘rr

1

27w
A<t )T At

with
0 if d is odd

B: —7T+% ﬂ— 7T+%
/ _|_/ ..:/ if d is even.

P
NeXl we dO some Convenienl Change Of \/ariables .

us
d

more - £ {0 (e B w0

reDe reD

say. We will write the splitting
S(A) = So(A) + S1(A) + S2(A),

where in Sy(A) the range of integration for y is |y| < yp, in S1(A) it is for y; <
ly| < y2 (with yo = 3mrg) and in So(N) we take yo < |y| < 5 (cf. (4.11) of [6]).
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7. Upper bounds of S1(A) and S2(A)

To obtain a convenient upper bound of these terms we first remark that

hy (:,;0 iy + 2?)’ < hy(x0). (7.1)

Let j € N. To prove (7.1) it is enough to prove that each T; < 1 with

T -— |1+exp(* (r + jd)(xo + iy + %m
i’ |1+ exp(—(r + jd)xo)|

By a simple computation we have

2 dexp(—zo(r + jd))sin® (L(r + jd) + Z3°)
Ti=1- . <1.
’ (1 + exp(—zo(r + jd)))?

By Lemma 2.1 we have

52001 < { T o o) {{ T ot}

reD reDe

x exp((n — Rp — @p)zo) exp ('DKHO(U)) .

4d$0

By Lemma 3.1 we also have

51001 = { TLow (o) {{ TT it |

reD reDec

2e/3
x exp((n — Rp — Qp)o) exp (—M> |

27m5d

If |D| is small, i.e., if |D| < dn=5/3 this last estimate for S;()\) is not sufficient.
However, by Lemma 3.1 (i), the contribution of the range n=5/8%t¢ < |y| < 3w
to S1(A) is

nl/4+2e
< { ggm(dffo)}{ rgc hr(ffo)} exp((n—Rp—Qp)xo) exp <—|D|2\/§ﬂ5d> .

Thus it remains to handle the case |D| < dn~°/3 in the range y; < |y| <
—5/8+¢
n :
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e First we study the case A = 0. We use a similar argument as in the proof
of Lemma 3.1.
For any 1 <r < d, let J, denote the set of the integers j such that

Then for j € J, we have

exp(=zo(r +4d)) 1
(14 exp(—xo(r + jd)))? ~ e(l1+e71/2)2"

(7.3)

This gives for the correspondent Tj :

4 y
2< o s2 (Y . )
TP <1 Ao 1) sin (2(T+]d))

Next, quite like in the proof of Lemma 3.1, we have for n large enough

A PN
h, iy)| < h, 1-—
e+ i) < helan) (1~ o )

2 \/§n2€/3
< he(x) exp ( - 487321d:c3> < hy(x0) exp ( o >
0

This upper bound combined with Lemma 3.1 is sufficient to obtain

5101 < { TLaw o} { TT oo} expin-Ro-Qopan)exp (- Yoro-)

reD reDe

e Now we suppose that A # 0. We write % = ;l\—: with (\,d’) =1 and d’ > 0.
First we suppose that d’ > n*/%. Since (X', d’') = 1, there are %—&—O(l) integers
ro € {1,...,d'} such that 27¢ mod 1 € [4,1]. Thus there are %JrO(%) integers

d 402
r€{1,...,d} such that 27 mod 1 € [}, 1] (again for n large enough).

Since |D| < dn=¢/® < 4 4+ O(&) for n large enough, there exists r; € D¢

such that ’\;7,'1 mod 1 € [+, 1]. For j € J., |(r + jd)y| < n~'/8%<. Thus
2 1

sin? ((ry + jd) % + 2437) > sin® £ = 1.
This gives
[T |
11 ! 1
Ti(r))? < [ = < —
II mer < (12> _exp( 30dm0>,
JEJ'rl

which is a sufficient upper bound.
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Now we suppose that 2 < d’ < n¢/4. There are d — —, integers 7 such that
d' {r. For these integers r and j € J,., we have

1.2 .Y AT 2 7 1
—+ Zt+— | > — ) > —.
sm ((7 ]d) ) sin ( ,) 5

Since |D| < dn~°/3, there are at least d/3 such integers € D¢ such that d’ {r.
Thus we have:

|hr (o + iy + 22| ( ) ( d )
< 1— — ¢
H=w—= 1 1 P |~ 5z, )
r#0 (mod d’)

which is a sufficient upper bound when d < n'/4-2¢,

8. The terms Sp(A) for A # 0

We have to consider the integrals
1

So(A) = — I1 » (xo—i-iy—I— ’“) }{ IT 9. (d(xo +iy))}

2m Iy\éyl {T‘EDC reD

26T
X exp ((n—RD - Qp) (xo—l—iy—i— ZZ;)) dy.

e First we suppose that there exists r € D¢ such that Ar #Z 0 (mod d). In
the previous section we remarked that

. 26T\
hr o + 1y + d

4exp(—zo(r + jd)) sin (%(T-l—jd) ”)‘T) Yz
r(@o [I( (1+exp(—= ) '

o(r +jd)))?

We work again with the sets J, defined by (7.2) in the previous section. For
j € Jr, Ar =a (mod d),1 <la| <d/2 and |y| < y1 we have:

TAT

sin? (Z(r +jd) + d>

o (mla |yl o (7lal Lo (T Y 3
= sin (d:I: 2( +jd)>>sm (d_:co > sin i Zﬁ’
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for n large enough (We recall that d < pl/A=2%),

Since |J;| = 7=+ O(1) = 3dr , we have:
2imA 12 bz
. ) —_ < h,. 1—
he ($0+zy+ P >‘ < hv(xo)jel Jl < ed2(1+e_1/2)2>

1 12 2
<h, g1 ——— )\ <h, - .
= (zo)eXp<6d:vo °g< ed2(1+el/2)2>)— (xO)eXp< ed3z0(1+el/2)2>

Thus if there exists ro € D¢ such that Arg # 0 (mod d) then

1So (X {HgM (dxo) }{ IT 2o }exp (n— Rp — Qp)o)

reD reDe

2
- . (8.1
X exp ( ed3zo(1 + e1/2)2> (8.1)

This upper bound is sufficient only for d < n'/6-¢.
o We suppose now that

Ar=0 (modd) forall re D" (8.2)

If D¢ = {d} then by (1.1), n — Rp — Q@p = 0 (mod d) and So(\) = Sp(0) for
all \.

In the general case, if (8.2) holds then we must have (/(%d)h". Thus (%1)'5
and again by (1.1), we have n — Rp — Qp = 0 (mod ﬁ). Thus exp ((n — Rp —
Qp)2F2) =1 and So(N) = So(0).

For D¢ given, there exists § integers A modulo d such that A = 0 (mod d)
for all r € D°.

We summarize these observations in the following lemma.

Lemma 8.1. For d < n'/%~¢ we have:

S So(N) = 5u(0)(1 +o(1)).

d
—g<a<d

9. The function h ! in the range |y| < y;

oo .
The generating function associated to unequal partitionsis h(z) = [] (1+27).

For Sp(0) it remains to handle the integral

% /h(exp( (zo+iy)) {HQN x:(:z;y))}exp((n—RD—QD)(%Hy))dy'

[y|<y1
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In this section we will state an asymptotic estimate related to h, ! in the
range [y| < 1.

The following method looks like the general method of MEINARDUS [7] for
studying generating functions associated to partitions (this method is presented
in details in the book of ANDREWS [1]). In fact we were also inspired by the
chapter on the application of saddle point method to the partitions function in
the Master course of TENENBAUM [§].

In Lemma 4.1, we obtained an estimation of gx(dw) in function of f(dw).
This leads us to try in fact to obtain an estimation of U,.(z) := f(dz)h, '(z) for
ly| < 1 instead of A 1(z). This change will make some computations easier.
Thus we consider

U, (2 {Ul—exp( jdz))~ }{]:[ (14 exp(— r+jd)z))_1}.

The main result of this section is the following lemma.

Lemma 9.1. Let n > 0. For |y| < y; and 1 < r < d, we have

2

N ™ r d 1+n,.—n —1 —25
U,.(z)—exp(12dz+(d 1)10g2+ log< )+O(d r~"z])+0(d ).

In the next section we will apply this lemma with n > 0 small enough such
that d?*7|z| < n~e.

PROOF. If r = d, there are quite no work to do since

Ua(2)= | [ (1 +exp(—jdz)) " (1 —exp(—jdz)) "'= | [ (1 — exp(—2jdz))~'=f(2d2).

—

I
-

_,:18

<
I
—

J

2 1 2dz
Ua(z) = exp (12dz + 3 log (%) + O(dz|)> .

Now we suppose that r # d. We prefer to work with

Thus

H (1 — exp(—jd2)) "' (1 + exp(—(r + jd)z)) ™!

= Ur(Z)(l + exp(—r2)) = Ur(2)ur(2).

We easily see that
ur(z) = (2+ O(r|z]))- (9.1)

Let F(v,s) =Y 70, exP . If Rev > 0, then s — F (v, s) is analytic on C.
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The first step of the proof is the following result.
Lemma 9.2. Forr #d,n >0, z =z + iy with |y| < y1, we have

log(U,(2)) = é (7;2 + F(rz + m,2)> + 5 log (;lz)

1 dz
—§F(rz—|—z7r 1)—|——

1
15 (— + F(z + i, O)> + O(|z|r—nda**m).

2

The last term €2 (— 3+ F(z+1m,0)) in the above formula could be removed
because it is O(\z|r ”d1+’7). The following proof uses Mellin formula and looks
like the general method of Meinardus for studying generating functions associated
to partitions.

We begin by some standard manipulations

Ur(z) = exp { Z (log(1 4 exp(—(r + jd)z)) + log(1l — exp(—jdz))}

= exp { Z M((—l)k exp(—krz) + 1)}

Jik>1

Let us write

log(U Z plm) exp(—mdz),

m
m=1

with

B(m) = Z F(=1)F exp(=krz) + 1).

jk=m

By the Mellin transform formula we have:

6 1 /2+ioo F(S)
I — d
o8l Z 9—ico (Md2)* °
But the Dirichlet series is

1 1+ (=1)* exp(—krz
Z ms+1 - Z PE Z ( ( )ksilp( ))

m>1 j>1 k>1

=((8)(C(s+ 1) + F(rz 4 im s +1)).

Thus we have

1

24100 s s s s i s
log(U,(2)) = 7/2 L(s)C(s)(C(s+ 1) 4+ F(rz +im, s + 1))

—ico (dz)°

ds.
2im 5
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Let n €]0,1[. We move the integral until the line fe s = —1 — 7. This gives

J T T(s)¢ (s S rz +1im, s
log(Uy(2)) = 1/ D(s)C(s)(C(s + 1) + Flrz +im,s + 1))

= — d
2im 1—-n—ico (dz)s ’
+ Res(1) + Res(0) + Res(—1) + E,
where E is the error term arising from the horizontal branches.
For Re s € [-1 — 1, 2] we have:
Flzr+im,s+1) = Z e 2t2r L e
’ N (20)st1 (20 —1)5+1
1
1 1 e—2€7“x0
_ —20zr
=D e ((Qg)sﬂ T (2= 1)s+1) +O(T|Z2 gl+§Res>'
>1 £>1

When £ is small, the term e=*"%¢ is O(1). Thus for —1 —n < Res < 2, we
have :

—24rxg

Z%H%ES < D Y e & (rag) T,

>1 £<100/rzo £>100/rzo

since for the second sum we have

1-n
Z Enefﬂrzo < Z ée*%?”fﬂo (Tﬂio)lin < (7’1’0) 5.
(1 — exp(—2rxp))
£>100/rzq £>100/rzq

For the other term we have

1 1 e~2rzo 14 |s]
—2rz
E — 1 E .
>1 ) ((2£)hLS (20— 1)1+S) ’ <k = 0 < (rxo)m

Thus for —1 —n < Re s < 2, we have
|F(zr +im, s+ 1)| < |s|(rzo) ™" + r|2|(rao) =171, (9.2)
We will also use the following classical results for the functions ¢ and T' in

vertical strips:

— there exists H > 0 such that |((s)| < [Sm s|f for —3 < Res < 3 (in fact

more generally for Re s € [01,03]) and [Sms| > 1 (cf. [2] Theorem 12.23 p. 270
for a more precise formulation);
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— for =3 < Res < 3 (or Nes € [01,02]) and [Sms| — +oo, ([9] Corol-
laire 11.0.13 p. 182) we have

I(s) = (14 O(|Sm s|~))V2r|Sm s|§]['\:e3_%63_7”‘0””s‘/zem(s)7

with a(s) = (Sms)log|Sms| — Sm s+ 3m(Res — ) sgn(Sm s).

With this two formulae and by (9.2) we easily see that

i /H” LECEEs+D + Firztims+ D), 0o (03)

T—4o0 J_1_pair (dz)s

ds| < r71d"™|z|.  (9.4)

and
‘ / I'(s)¢(s)(C(s+ 1)+ F(rz+im, s+ 1))
Res=—1—n (dz)s

Now we compute the different residues:
We have

Res(1) = L@ —i—i(rz +im2)) = é (7;2 + F(rz +1m, 2)) . (9.5)

In s = 0, we have two poles, one from T', the other from the function s — ((s+1).
We use the well known results IV(1) = —v, ((s5) = - + v+ O(|s — 1])).

s—1
Thus Res(0) is the coefficient in s~! in the following formula:

(1 — s+ O(ls]*)

S

) €0+ 50 + 0(1s7)
X [i +v+0(s]) + F(rz+ im, 1)] (1 —slog(dz) +O(|s]?)). (9.6)
Since ¢(0) = —3, ¢(0) = —4 log(27), we find

Res(0) = % (log (;ﬁ) — F(rz+1m, 1)) . (9.7)
In s = —1, I" has a simple pole with residue —1 thus we have:
Res(—1) = =¢(-=1)(¢(0) + F(rz + im,0))dz.
Since ((—1) = —15, we obtain

Res(—1) = % (—; + F(rz +im, 0)) . (9.8)
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Formulae (9.5), (9.7), (9.8), (9.3), (9.4) end the proof of Lemma 9.2. O
Now we have to study the terms F'(x, s) with s = 0,1, 2. First we have

N _ 1 _ 1 ~1/2
F(rz+im,0) —mz:l ™ exp( mrz)——HTp(m)——i—l-O(rn ),

for |y| < y;. For the contribution of F(rz + im, 1) we have

0 _1\ym+1
Z % exp(—mrz) = %log (1 + eXp(TZ)) = %bg? +O(r[z]).  (9.9)

m=1

The contribution of F(rz + im,2) is more difficult to handle because of the factor
(dz)~1. We will prove the following lemma

Lemma 9.3. For |y| < y1, we have for d < nl/4-—2e

2

+1 log2 + O(d~'n=2).

1 T
—F ir.2) = —
(rztim2) = -prty

dz
PROOF. Let M be an odd integer. We have
1 1 & ™ exp(—mrz) ™ exp(—mrz)
—F(rz+im,2) = — Z p + Z p( =T +15,

2
dz dz — v dzm

say. We begin with T5. Since the sum is absolutely convergent, we can regroup
the terms m = 2¢ with the terms m =20+ 1

+o0 too
1 1 exp(-rz) 1 1 1+0(r|z])
Ty < — —Wrp) |— — < — — =/
Tl = 5 XN: xp(=26x0) |\ 77 ~ ez | S a7 2. |im 20+ 1)2
2272‘*'1 = 1\/I+1
—+oo
1 4041 r|2| 1 T
<— N (g 1O o .
ERA (4@2(2“ e ((2€+ 1)2)> S T an
=32

This leads us to choose M the smallest odd integer > n'/4*t¢. For T) we use the
fact that exp(—mrz) is near 1 if M is not too large. Let J € N to be specified
later:

+0(m7r”|2]7)).
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By the same type of argument as for 75 (which are standard manipulations on
alternating series) we show that

C;f:(_,igm:;f(_l)erO( 1 )Z_WQ ( 1 )

L v of—
P FEIE 12az O\ ape

res (CD)™ o (=
- - O(-) ==Slog2+0 ().
dZ: md2e m O \a 3182+ 0 (557
Next, for each 2 < j < J — 1 we have (recall that r < d < n!/47%)
Iz | & _ J1pi—1 ppi—2 —(2+)e
P S (| o M
m=1

d

Finally for the last error term we have:

J|Z|J L= IZmJ 2 M|Z|)J 1.7 =1 <<TL4 Jeq— 1
m=1
which is small enough for J = [27.

This ends the proof of Lemma 9.3.

If we insert (9.9) and Lemma 9.3 in Lemma 9.2 and don’t forget (9.1)
obtain Lemma 9.1 in the case r # d

(]
10. The term Sp(0), end of the proof of Theorem 1.1
Recall that

2

h(exp(—z)) = exp (17; - = log2 + O(|z|))

if z — 0 with |argz| < kK < 7/2. By Lemma 9.1 we have for |y| < y;

D log 2
h(exp(— HU exp(;; <1+| >+|2|logz 8

d 2
reD

3 (51 oe Bhog (£) + 0679,
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As in the case D = {1, ...,d} we insert above the two formulae:

1 1 ; 3
:_zy2_y3+0<;;/;L> and logz—logxo—l—O(';J'),
0 0

1 Y1 -

So(0) = */ exp(Cp +iyBp — y*>Ap)dy,
—Y1

with

2 |D| |D| log 2 T |D| d
- 1+ 20+ Elog g — (771)1 P log (&
Cp 12x0<+d)+2 080T Ty +§ d g2t °g<7r>

C2|D|  |Dllog?2 dzo 9
- “ko)log2 — ZEONT (W, —
e + 5 + Z( ko) log 5 Z( ko)

reD reD
+(n—Rp—Qp)xog+0(n"°), (10.1)
- 72 |D| C2|D|  |Dlko log2
Bp=— 14+ = -
D 12x3<+d>+dx%+ dké ko)
+n— Rp — QD, (10.2)

Ap =

2 D D Dlkolog2  d|D|k2
s <1 ||)_CQ|_|OOg_|O' (10.3)

12z3 d dxzd z3 2z
Since kodzg = log 2, and Cy = (1°g2
fied:

, Ap, Bp and Cp may be simpli-

A _ ™ [Dllog2)* _ _2v3n? (- 12|D|(log?2)?
P 1243 dz3 m dn? '

1
Recall that ko = % and |N, — ko| < W%'

By Lemma 2.2 of [6], for |y| < y1, we have

yBp = ~2ydky 3" (N, — ko) + O(n"*/%) = yBp + O(n~*/%),

reD
say.

We end the computations as in the case D = {1,...,d}. Finally we obtain

IT;(n,Rp) = (1 + 0(1))%1 /Ai exp (CD - 4?42) . (10.4)
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To simplify Cp we need some more precise estimations of Rp and Qp:

.’EQRD = .’I?Qko Z r+ O(d2/3|D‘1/3n_1/4+5)7

reD
Qoo = 0 SN, — ko)? + kodzo S (N, — ko)
2
reD reD
n ;L‘Od];grD‘ _ d"D|2]€OCL'O + O(dn_1/4+5).

It remains to insert these different formulae in (10.4) to finish the proof of Theo-
rem 1.1.

11. Local stability of IT;(n, Rp)

In this section we settle a result analogous to Corollary 9.1 of [5]. If Rp =
{N, :r € D} and R}, = {N, : r € D} are two sets and such that N is near N,
on average then in the estimation of II’(n, Rp) given by Theorem 1.1, we may
replace the N, by N. Like in [5] this corollary will be useful for the proofs of the
different corollaries announced in the introduction of [6].

Corollary 11.1. Let 0 < & < 1072, n > ng, d3|D| < nl/2=3¢ and two sets
Rp = {N,:r € D} € ZIPI, R%, = {N; : r € D} € RIP! such that

(i) (1.1) is satisfied for Rp;
(i) |Ny — ko| < % g}gi’(’n) for all r € D where w(n) is a non-decreasing

function such that lim,_, o, w(u) = oo;

(i) Syep [Ny — N2 <6+ D] = 1, Xrp [Ny — N2 <62+ D] - 1.

Then we have

5(1+o(1)) ( d )'D/2
| _ 12/Dl(0g2)? 2+/3n

dm2

X exp (— e fﬁ%fg:)ﬁ(z:(zv — ko) ) 2\/%;) Nt k0)2).

reD

II3(n, Rp) = q(n)

PROOF. By (iii), >,cp [Nr — N;| < 2d and we have

(T —ko)>2 (X —ko)>2

reD reD
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< (T - wi) (230 Mol + 1 - 1)

reD reD reD
nt/%/logn
= O<d2/3|D|1/3w(n) - d2> = o(nl/?).

Similarly we have using also § < |D| + 1 (since § < mingepe a if D¢ # ()

Z(Nr —ko)® — Z(N: — ko)?

< >IN, = N7|(2IN, = ko| + [N, — N7)

reD reD reD
Znt/A/1
< (64 |D| — 1)|D|"2/3q~ /3L V08T | 52 |
1/4 1l
< D313V OB 52 pl = VaaY O
w(n) d

This ends the proof of Corollary 11.1.

12. On the normal order of the numbers of parts:
proof of Corollary 1.2 of [6]

Lot Op = [0 — coumfins|d and Dp = |2/50e2 0y
n1/4\/10gn Jd
D w(my ) &
To prove Corollary 1.2 of [6], it is sufficient to show that

S* = Z IT;(n, Rp) = q(n)(1 + o(1)). (12.1)
N, €[Cp,Dp|

reD
Rp=n mod

As in [5] p. 82, we have to remove the dependence between n and the N, given by
the congruence condition modulo d. If 1 & D then § = 1, there are no difficulty
and we take N; = N, for all 7 € D. If 1 € D we write N = [1]6 and N} = N,
for r € D\ {1}. Now we will suppose that 1 € D, the proof of the other case
being similar. Next we apply Corollary 11.1 with these two sets:

5° = (14 oV)aln) e (5 )D'/z

/1 _ 12|D|(log2)? \ 24/3n
dm?

2v/3(log 2)? 2
X Z exp <_ (1- 12|D\(10g2)2)\/> 0Ny — ko + Z (N = ko)
Cp<N16<Dp ™ dn? n reD\{1}

NTG[CD,D'D[
reD\{1}
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_ 2\7;‘?% ((51\71 R+ S (M- k0)2>).

r€D\{1}

We apply again Corollary 11.1 with N} = ¢; so that |t; — N;| < 1 for i € D, we
easily see that

|5t/1_6N1‘2+ Z (tr_NT)2S52+|DI_1'
reD\{1}

Thus we have (after replacing §t}] by t; in the integral):

1
1_ 12|D(\1(712g 2)2

(o) L bR ()

reD
- % ( Z(tr—ko)2>> gdtr.

reD

5% = (1+o0(1)g(n)

Lemma 12.1. We have

1

1 _ 12|D|(log 2)?
dm?

) <2\;137n>o|/2/:°._./:0exp ( 0 f\{%)ﬁ<2(trko)>z

—2\7;%<Z (t —ko) >)rel_£dt

S* = (1+0(1))g(n)

reD
D 5/3 d1/31
+O<q(n)wl<n>lexp (_ ﬂogn»
dl/6\/logn 2v/3|D[4/3w2 (n)

PRrOOF. We have to consider the contribution of terms of type f;j) f(?DD .
fCI?D .... Clearly it is less than
D

o e (- (e w2 T

reD reD

But

Do d Hoo dt? 2V/3
/ exp ( _T (tr — ko)2>dtr < / exp (— Ty )dtr = n’
Cp 2v3n o 2v/3n d
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and

/DO: exp (- 2\7;;%(% - ko)Q)dtr < /DO: exp (— 2\77;7”(DD — ko) (ty — k:o))dtr
- 2 e (- S (Do - h?).

7d(Dp — ko) 2v/3n
We have d*/3|D|?/? = d%/6|D|'/2|D|'/6 < dg/("|D|1/2 (d3|D|)1/2 < n'/4=¢. Thus
the contribution of some term of type fD’D fC’D . fc ... to S*is
w(n)|D|?/? 7d'/3logn
Olqn)—r——exp| ———=——| |
d/6/logn 2v/3|D[4/3w2 (n)

Since there are 2|D| such error terms we obtain Lemma 12.1. It remains to
compute the main term to finish the proof of Corollary 1.2 of [6]. We remark that

2v/3(log 2)? < 2 wd 5
exp — (tr — ]{70) — (tr — ko)
< Tr(l - 712‘D(|1(;2g2)2)\/ﬁ ;D 2v3n TEZD
1
= oxp(— 5 T*MT), (12.2)
t1—ko
tz—k
with T' = ] €RIPl and M is the symmetric matrix M = (m;)1<i j<|D|
tD.—kJO
defined by
i 2v/3(log 2)* d
T+ e~V (1<i<ID)
2 n(1-2EE) R 2vEn
mij _ myi 2v/3(log 2)2

— — =V 1<i<j<|D).
2 2 ﬂ(lflz‘p(li(;ggmz)\/’ﬁ ( | |>

A classical result on determinant announces that

|D| 2\ —1
n

Thus the function (12.2) is proportional to the density of the law of a Gaussian
vector with covariance matrix M ~!. We deduce that

/_O; ' /_Z o ( T Qf)gj;gj;)\/ﬁ (é“’" ) k°)>2

d
- (t, — ko) d (2m)IP1/2y/det M1,
i (5t =) I e = o)

This ends the proof of Corollary 1.2 of [6]. O
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13. Unequal partitions with equilibrated residue classes:
proof of Corollary 1.3 of [6]

For 1 <a < b<d,let E*(a,b) denote the number of unequal partitions of n
such that N, = Ny:

E*(a, b) = Z HZ(naR{a,b}) = Z H;(TL, R{a,b})—&-o(q(n)),
Ngo=Np No=DNy
n=aNg,+bN, (mod §) N,€[C,D]

n=aNqg+bN, (mod §)
by Corollary 1.2 of [6] applied with w(n) = 2-2/3loglogn,

2v/3log2/n  n'/*/logn d and D — 2v/3log 2 f nt/4y/logn J
= = n .
T d?>  d*3loglogn 7 d4/3 loglogn

Next we apply Theorem 1.1 and Corollary 11.1. Here again we have to remove the
condition n = aN, 4+ bN,, (mod §) otherwise N,, Ny, n wouldn’t be independent.
If d > 5 then 6 = 1. For 2 < d < 4, the problematic cases are (a,b,d) €
{(1,2,2), (1,2,3), (1,3,4)}. We will handle these cases later. Suppose now that
6 =1.

* d
E(a,b)Q(”)\ﬁiW( \ﬁ>

[ o] e

=[5 + ofa).

As in the proof of Corollary 1.2 of [6] we show that the contributions of [ ;o ... and

dt + o(g(n))

LCOO are small enough. When 0 > 1, as explained in [5] we fixe some congruence
conditions on N, and N, and next do quite the same computations.

14. Comparison between the number of parts in two residue classes:
proof of Corollary 1.4 of [6]

We proceed in the same way as in the previous section. Le A € {0,1}. We
have to estimate

T*(a,b) = > I3 (1, Riapy)-
Nq ZNbJFA
n=R(qp} (mod ¢)
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We take A = 0 to examine the unequal partitions with N, > N, and A = 1
for the unequal partitions with N, > N,. In the same way as in the proof of
Corollary 1.3 of [6], we obtain

T*(a,b) = q(n) \/1;% <2\j%>

2\/§ log 2 2
/ / P 24((log 2))2 (ta + 1t = 2ko)?
b dm? )\/ﬁ

((ta — ko) + (s — k‘o)Ql dt,dty + o(q(n)).

wd

2\/ 3n

In the same way we find a similar formula for 7*(b, a). This proves that T*(a,b) =

q(n)/2 + o(q(n)).

15. On the d regularity of the unequal partitions:
proof of Corollary 1.5 of [6]

Now we suppose that d is fixed in order to use Corollary 1.3 of [6] uniformly.
We now study for A=0or1:

W*(a) := Z I (n, R).
Ni,...,Ng
n=R (mod d)
NQZA-‘,-maXb#a Ny
We proceed as [5] Sections 12, 13 and like the previous paragraphs of this present

paper:

W*(a)_o(q(n))+¢liw<2¢%>d/2/ /ftl,... a)dty ... dtg,

to>maxpq ty

with

2310 29 d 2 wd d 9
f(tl,-~-7td)=€Xp{—7T(1_ 12(1052)2>\/E(Z(t7"_k0)> —Wzg(tr—ko) }

71'2 r=1

By Corollary 1.3 of [6] applied d times (it is why d is fixed), we have

d
> W*(a) = q(n) + o(q(n)).
a=1
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Since f(t1,...,tq) is symmetrical the above terms are asymptotically equal:

W(a) = (§+ of1) o)

as it was conjectured in [4] p. 334 and in the introduction of [3].
The proof of the second assertion of Corollary 1.5 of [6] is similar. We have
only to replace the condition N, > maxpxq Np by Ny1) > Ny@2) > -+ 2 No(ay-

References

[1] G. E. ANDREWS, The Theory of Partitions, Cambridge University Press, 1984.

[2] T. M. AprosToL, Introduction to Analytic Number Theory, Undergraduate Texts in Mathe-
matics, Springer Verlag, 1986.

[3] C. DARTYCGE and A. SARKOZY, Arithmetic properties of summands of partitions, Ramanujan
J. 8 (2004), 199-215.

[4] C. DARTYGE, A. SARKOZY and M. SzALAY, On the distribution of the summands of unequal
partitions in residue classes, Acta Math. Hungar. 110 (2006), 323-335.

[5] C. DARTYGE and M. SzALAY, Dominant residue classes concerning the summands of partit-
ions, Funct. Approx. Comment. Math. 37 (2007), 65-96.

[6] C. DARTYGE and M. SzALAY, Local distribution of the parts of unequal partitions in arith-
metic progressions I, Publ. Math. Debrecen 79 (2011), 379-393.

[7] G. MEINARDUS, Asymptotische Aussagen iiber Partitionen, Math. Zeitschr. 59 (1954),
388-398.

[8] G. TENENBAUM, Analyse asymptotique et applications, (Notes de cours) Master de
Mathématiques (M2) de I’Université Henri Poincaré-Nancy 1 (2006/2007).

[9] G. TENENBAUM, Introduction & la théorie analytique et probabiliste des nombres, 3eme
édition, Collection E‘chelles, Edition Belin, 2008.

CECILE DARTYGE

INSTITUT ELIE CARTAN

UNIVERSITE HENRI POINCARE-NANCY 1
BP 239

54506 VAND@EUVRE CEDEX

FRANCE

E-mail: dartyge®@iecn.u-nancy.fr

MIHALY SZALAY
DEPARTMENT OF ALGEBRA
AND NUMBER THEORY
EOTVOS LORAND UNIVERSITY
PAZMANY PETER SETANY 1/C
1117 BUDAPEST

HUNGARY

E-mail: mszalay@cs.elte.hu

(Received September 12, 2011)



