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On the sign-changing solutions for strong singular
one-dimensional p-Laplacian problems with p-superlinearity

By HONG-XU LI (Chengdu) and Li-Li Zhang (Chengdu)

Abstract. We consider the one-dimensional p-Laplacian problem

{(wp(U'(t)))' +h()f(u®) =0, ae in(0,1), P)

where ¢p(s) = [s|""s, p > 1,h(t) > 0 and 0 < [, h(t)dt < oo for any compact
subinterval I C (0,1), and f € C(R,R) with f p- superhnear at oco. By applying
the global bifurcation argument and nonlinear eigenvalue theory, we establish an exis-
tence and multiplicity result of sign-changing solutions for (P). Our result generalizes
and improves some recent result from the case h € L'(0,1) to a strong singular case
he A2 {he LL,.(0,1): [)(s(1—s)P " h(s)ds < o}

1. Introduction

In this paper, we present an existence and multiplicity result of sign-changing
solutions for the singular boundary value problem

{(%(u/(t)))' + () f(u(t)) =0, ae. in (0,1),

u(0) =u(l) =0, #)

where ¢p(s) = [s|P72s, p > 1,h(t) > 0 and 0 < [; h(t)dt < oo for any compact
subinterval I C (0,1), and f € C(R,R). We assume that the basic conditions
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on h and f given here are satisfied in this paper without any specific mention.

Recently, many attentions are focused on the study of the existence, none-
xistence and multiplicity of positive solutions as well as sign-changing solutions
for one-dimensional p-Laplacian problems with Dirichlet boundary condition (see
e.g. [1], [4], [5], [9], [8], [12], [11], [20], [22], [23] and references therein).

Since our main concern is the sign-changing solutions for the problem (P)
with a nonnegative indefinite weight h in this paper, let us summarize the re-
lative results along this line in the literature briefly. For the continuous weight
case h € C'0,1], NarTO and TANAKA [17] established the existence of sign-
changing solutions to (P) for the case p = 2 by employing the shooting method
and Sturm’s comparison theorem. Then in [18], using similar arguments based
on the shooting method together with the qualitative theory for half-linear diffe-
rential equations, they extended their results to (P). When h € C*(]0, 1], [0, 00)),
MA and THOMPSON [13] and MA [14] showed the existence and multiplicity re-
sults of sign-changing solutions of (P) for the case p = 2 by using the global
continuation techniques.

For the singular weight case h € L*(0,1), LEE and SiM [11] gave an existence

and multiplicity result of sign-changing solutions for (P) under assumptions fo =
limy, o f(w)/uP™t =0, foo = limy o0 f(u)/uP™! = oo and
(F) sf(s) >0 for s # 0.
Moreover, similar result was presented for the case fy = 0o, foo = 0 with additio-
nal assumptions that h € C*(0,1) N L'(0,1), and lim;_,o4 th(t) and lim,_,;_ (1 —
t)h(t) exist. Their proofs are based on the global bifurcation theorem and deriving
the shape of the unbounded subcontinua of solutions for the auxiliary problem

{(%(U’(t)))’ + A(t)p(u(t)) + h(t) f(u(t)) = 0, ae. in (0,1), (APY)

where A € R. When h € L*(0,1), 0 < fy < oo, LEE and SiM [12] proved some

existence, uniqueness, nonexistence and multiplicity results of positive solutions

as well as sign-changing solutions with respect to given positive parameter A for

the following problem

(ep(u/()))" + Ah(t) f(u(t)) = 0, a.e. in (0,1),

(Px)
u(0) =u(l) =0,

For the strong singular weight case h € A £ {h € L} (0,1) : fol(s(l -

loc
5))P~Lh(s)ds < oo}, KAJIKIYA, LEE and SIM [8] gave some existence, uniqueness,
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nonexistence and multiplicity results of positive solutions as well as sign-changing
solutions of (Py) for the case 0 < fy < oo.

We note that, from Theorem 2.1 and Proposition 2.6 in KAJIKIYA, LEE
and SIM [7], the assumption h € A should be the weakest one to guarantee the
existence of nontrivial solutions in C[0, 1] because it is necessary for the existence
of nontrivial solutions having C'-regularity at the boundary. One may also refer
to [2] for more details of the class A of indefinite weights which is larger than
L'-weight.

The main purpose of this paper is to relax the condition on the indefinite
weight h in [11] from h € L'(0, 1) to the strong singular case h € A without losing
the existence and multiplicity result for (P) in the case fo = 0, foo = co. Proofs of
results in the literature mainly based on the unboundedness of continua Cy, k € N
of solutions for (AP;) (see [11], [12], [8]). However, we consider the special part
CY £ {(A\,u) € C : A > 0} instead, and then the unboundedness of the continua is
not indispensable. By using the Rabinowitz’s bifurcation argument and Picone’s
type identity, we get a result of alternative of the continua (see Theorem 2.1) and
some essential properties of CY) (see Proposition 3.1-3.3). Applying these results,
we prove the existence and multiplicity of sign-changing solutions for (P). Here
we state our main result in this paper.

Theorem 1.1. Assume h € A, fo = 0, foo = o0 and (F). Then for each
k € N, Problem (P) has two solutions uz and uy, such that u: has exactly k —1
zeros in (0,1) and is positive near t = 0, and u,, has exactly k — 1 zeros in (0,1)
and is negative near t = 0.

We shall set Cy[0,1] = {« € C[0,1] : (0) = z(1) = 0} with norm ||z| =
maxyeo,1) [#(t)] and C3[0, 1]= C*[0,1]NCo[0, 1] with norm ||z||;= max;eo 1) |2’ (t)].
By a solution (A, u) of (AP;) we mean a pair (\,u) € R x C}[0, 1] with ¢, (u) €
W11(0,1) satisfying (APy).

The paper is organized as follows. In Section 2, we transform the problem
(AP,) into operator equation, then show a bifurcation result of solutions for (AP;)
by employing the global bifurcation theorem. In Section 3, we prove Theorem 1.1
by making use of the properties of Cg and the bifurcation result obtained in the
previous section.

2. Bifurcation

In this section, we transform the auxiliary problem (AP;) into operator equa-
tion on Banach space C}[0,1], then present a bifurcation results of solutions for
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(APy). We assume that fo = 0 and h € A without any further mention in the
sequel.
Consider the problem

{«op(u’(t)))’ =g, ae in (0,1), (4P)

u(0) = u(1) =0,

where g € L1(0,1) and p is as in (P). Problem (AP) is equivalently written as

ut) =G0 = [ ot (a<g> [ gde) ds,

where a : L'(0,1) — R is a continuous function satisfying

/01 0" <a(g) + /OS g(T)dT> dt = 0.

It is known that a is homogeneous and sends bounded sets of L (0, 1) into bounded
sets of R, and G, : L*(0,1) — C{[0, 1] is continuous and maps equi-integrable sets
of L1(0,1) into relatively compact sets of C}[0,1] (see [3], [15], [16]). Moreover,
it is easy to see that

cGp(u) = Gp(pp(c)u) for c € R and uw € L*(0,1). (2.1)
For u € C§[0, 1] we have
lu(®)ll < 2ul it — ) for t € [0,1], (2.2

and then hp,(u) € L1(0,1) since h € A. By fo = 0, there exists M,, > 0 such
that
[f(8)] < Mulgpp(s)| for t €[0,1], [s] < 2||ulls. (2.3)

So by (2.2) and (2.3),
[fu@®)] < Mu(2]|ull)?~H(#(1 - )P~ for t € [0,1],

which implies that hf(u) € L'(0,1). Thus we can define the Nemitskii operator
H:R x C§[0,1] — L*(0,1) by

H(Xu)(t) £ =Ah(t)pp(u(t)) — h(t) f(u(t)).
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Furthermore, it is easy to get from (2.2) and (2.3) that H is continuous and sends
bounded sets of R x C}[0,1] into equi-integrable sets of L!(0,1). Let

F(\u) = Gy(H(\ u)).

Then F : RxC}[0,1] — CL[0, 1] is completely continuous and F(A,0) = 0,V € R.
Now problem (AP;) can be equivalently written as

u=F(\u). (APy)

Next, consider the eigenvalue problem

{(%(u'(t)))’ + Mi(t)pp(u(t)) =0, ae. te(0,1), (B
2)
u(0) =u(l) =0
Define the operator Ty : C[0, 1] — C&[0,1] by
Ta(u)(t) = Gp(=Ahpp(w))(?).
Then (E)) can be rewritten as
u = Ty(u). (Ex)

From the argument to get the complete continuity of F', we can see easily that
T is completely continuous. The properties of eigenvalues and corresponding
eigenfunctions for (F)) are as follows.

Lemma 2.1 (Theorem 2.1, [7]). Assume h € A. Then there exists a coun-
table set of eigenvalues {\ : k € N} for (E)) which satisfies the following:
(i) A is strictly increasing on k and diverges to oo as k — oo.
Its corresponding eigenfunctions u belong to C[0,1] and ¢, (u')eW1(0,1).
Each eigenspace is one-dimensional.
Any eigenfunction corresponding to Ay, has exactly k—1 simple zeros in (0,1).
If X is an eigenvalue for (E)) with A # A, then corresponding eigenfunctions

are not of C}[0,1].

Ar in Lemma 2.1 is called the kth eigenvalue of (E)), and we note that
Ax > 0 for each k € N. Let B,.(0) = {u € C3[0,1] : ||u]| < r} with 7 > 0. For the
Leray—Schauder degree of I — T we have
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Lemma 2.2 (Theorem 3.2, [8]). Assume h € A, we have

1, if 0< A< A,

dLs(I — T)\’Br(o)a0> = {(_1)k7 it A€ (Mg, Aet1)-

To show the bifurcation phenomenon for (AP;), we will make use of the
following well-known global bifurcation theorem.

Lemma 2.3 ([21]). Let F : Rx E — E with E a Banach space be completely
continuous such that F(X,0) = 0 for all A € R. Suppose that there exist constants
p,n € R, with p < n, such that (p,0) and (n,0) are not bifurcation points for the
equation

u—F(\u)=0. (2.4)

Furthermore, assume that
dLS(I - F(pv ')7 BT(O),O) 75 dLS(I - F(777 ')7 Br<0)a 0),

where B,.(0) = {u € E : ||lullg < r} is an isolating neighborhood of the trivial
solution for both constants p and n. Let

S ={(\u) : (A u) is a solution of (2.4) with u # 0} U ([p,n] x 0),

and let C be the component of S containing [p,n] x 0. Then either
(i) C is unbounded in R x E, or

(i) €N [(R\[p,n]) x {0}] # 0.

The following lemma will be useful in the proof of the main result in this
section.

Lemma 2.4. Assume h € A and fy = 0. Then there is no bifurcation point
of (APy) except for {(A,0) : k € N}.

PROOF. Suppose (A,0) is a bifurcation point of (AP;). Then there exists
{(Yn,un)} C Rx CL[0,1] such that (v, u,) is a solution of (APy) with (v, u,) —
(A,0) in R x C3[0,1] and wu,, # 0. Let v,, = T Then [jon [y =1, and by (2.1),

[

Uy = M =G)p (FI(%L,UH)) =Gy <7nh<pp(vn) - hf(un)) (2.5)

[[unl2 5" Jun |77
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Notice that ||u,|/; — 0 implies ||u,| — 0. By fo = 0, for any € > 0, there exists
N > 0 such that |f(un(t))] < elpp(un(t))| for t € [0,1] and n > N, and by (2.2)
we have

() PO < oy 20O o), o 0)] < (o) 2100~ 1)
[ ¥ [ i
This implies that if (u,)/||un|2~" — 0in L'(0,1) and
{Ynhpp (V) Fhf (un)/||unl 2"} is an equi-integrable set of L'(0,1). Thus by (2.5),
{v,} is relatively compact in C{[0, 1] since G, sends equi-integrable sets of L (0, 1)
into relatively compact sets of C$[0,1]. So {v,} has a subsequence (denoted again
by {v,}) converging to some v € C}[0, 1], and then

Yhipp(vn) + hf () /[un |7~ = Ay (v) - in L1(0,1).
By (2.5) we have,
v = Gp(=Ahpy(v)) = Ta(v),

which yields that X is an eigenvalue of (E)) with an eigenfunction v € C}[0,1].
Then it follows from Lemma 2.1 that A € {Ax : k € N}. This completes the
proof. O

Now we have the following result of bifurcation.

Theorem 2.1. Assume h € A and fy = 0. Each ()\,0) is a bifurcation
point of (APy) and the associated bifurcation branch Cj of solutions of (AP)
satisfies the alternatives in Lemma 2.3.

PROOF. Let p = A\y — 0, and n = Ay + 0 with such a small §; > 0 that
A1 < p<n<Agrfork>1and 0 < p <A <1< A for k=1. If there
exists r > 0 such that

dps(I — F(p,-), B;(0),0) = (=1)*! (2.6)

and
dLS(I - F(ﬁ» ')7 Br(0)7 0) = (_1)k7 (27)

then we have
dLS(I - F(,O, ')a Br(0)70) 7é dLS(I - F(777 ')7 BT(O)’ 0)7

and the conclusion is a consequence of Lemma 2.3 and 2.4. So it is enough to
prove (2.6) and (2.7).

Here we prove (2.6). The proof of (2.7) is similar and we omit the details.
For this purpose, consider the following statement:



278 Hong-Xu Li and Li-Li Zhang

(C) There exists 7 > 0 such that the equation u = J(r,u) £ 7T,(u) + (1 —
T)F(p,u) has only trivial solution 0 in B,(0) for all 7 € [0, 1].
If statement (C) is true, dps(I — J(7,-),B-(0),0) is well defined for all

7 € [0,1] and by the property of homotopy invariance, we have
dLS(I - J(la ')a BT(O)v 0) = dLS(I - J(O, ')a Br(o)v 0)7 that is

drs(I = Tp, B,(0),0) = drs(I = F(p,-), Br(0),0).

Meanwhile, it follows from Lemma 2.2 that dys(I — T}, B(0),0) = (—1)¥~! since
p € (Mg—1, ) for k> 1and 0 < p < A1 for k = 1, and then (2.6) holds. So we
only need to prove that statement (C) holds.

Suppose on the contrary that there exist sequences {u,} C C}[0,1] and
{mn} C [0,1] such that un = J(Tn,un) % 0 and ||u,|l1 — 0 as n — co. Assume
T — 70 € [0,1] and let v, = then ||lu,|l1 =1 and by (2.1),

- ||u N
o= L) G phigy o)
+(1- Tn)Gp( — phop(vy,) — hm). (2.8)

By the same argument of the proof of Lemma 2.4 we can get that {v,} has a
subsequence converging to some v € C}[0,1] and A f (uy,)/|Jun||Z~" — 0in L1(0,1).
Then (2.8) implies that

v = Gp(_Ph<Pp(U)) = Tp(v)v

which yields that p is an eigenvalue of (F)) with an eigenfunction v. This cont-
radicts Lemma 2.1 and the proof is complete. O

3. Proof of Theorem 1.1

For each k € N, let us denote N7 = {u € C}[0,1] : u has exactly k — 1
simple zeros in (0,1),u > 0 near 0}, N, = —N, and N}, = N, UN;". Tt is clear
that Nj, is open in C3[0,1], N NN, =0, NyNN; = () for k # j and u has a
double zero t* € [0, 1] for u € ONj, (ie u(t*) =0 =u/(t*)). Let T, = R x N,
EszxN;,E:RxNkandC {(\,u) € Cx : X\ > 0}, where Cj, is as in
Theorem 2.1.

Notice that (AP;) becomes (P) if A = 0. Then Theorem 1.1 can be gotten
immediately from the following theorem.
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Theorem 3.1. Assume h € A, fo =0, foo = o0 and (F). For each k € N and
v € {4+, —,}, there exists a continuum C} of solutions for (AP;) such that

CLN({A\}x NY)£D for X € [0, \p). (3.1)

So, to prove Theorem 1.1, it is sufficient to prove Theorem 3.1. For this
purpose, we need to study the properties of CP. Let us start with the following
lemma.

Lemma 3.1. Assume h € A and fy = 0. For A > 0, there exists § > 0 such
that if (A\,u) is a solution of (APy) in (t1,t2) with |A| < Aju(ty) = u(ta) = 0,
0<t1 <ty <landty—t; < (5, then v =0 in [tl,tg].

PROOF. Let (A, u) be as in the lemma. By fo = 0, we have |f(u(t))] <
Culu(#)[P~1 for t € [t1,t2] and some C, > 0. Since h € A, we may choose § > 0
sufficiently small that

ta
-1(A 4+ cu)/ (t(1 — )P~ h(t)dt < 1/2.
ty
Multiplying (AP;) by u and integrating over (1,t2), then we get
to to to
/ Pt = / (Mhigy () + hf () udt < (A + cu)/ hlulPdt.
t1 t1 ty
By Lemma 3.1 in [7] we have
ta
lu(®)|P < (2¢(1 —t))p_l/ [u'(s)[Pds, t € [t1,ta].
ty
Combining the three inequalities above, we get
to to to 1 to
/ [u/[Pdt < 2P~ (|A| +Cu)/ (t(1 —t))p’lh(t)dt/ [u'|Pdt < 5/ |u'|Pdt,
t1 t1 t1 t1

which implies that « = 0 in [t1,t2] and the proof is complete. O

Lemma 3.2. Assume h € A and fo = 0. For each k € N, there is a
neighborhood Oy, of (A, 0) such that u € Ny, if (A, u) € O is a nontrivial solution
of (Apl)
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PROOF. Suppose on the contrary that there is a sequence { (g, uy)} of nont-
rivial solutions for (AP;) such that u,, ¢ Ny and (pin, u,) — (Ax,0) in Rx CE[0,1].
Then by the same argument of the proof of Lemma 2.4, we can get a subsequ-
ence of {u,/|[u,]l1} converging to an eigenfunction v € CE[0,1] corresponding
to eigenvalue A\ for the problem (E)). Thus v € Ny by Lemma 2.1, and then
Un/||unll1 € N for sufficiently large n since Ny, is open. This contradicts w,, ¢ Ny
and the proof is complete. ([l

Proposition 3.1. Assume h € A, fo = 0 and (F). Then CY C T U{(Ax,0)}.

PROOF. Suppose on the contrary that there exists (A, u)€ CP\(TzU{(\x,0)}).
Without loss of generality, we may assume that A < Ag. It is easy to get from
Lemma 3.2 that there exists (u,u1) € 0Tk ﬂcg with A < g < Ag. Then u; € ONg
and u; has a double zero t* € [0,1]. If uy = 0, p = \; for some j # k by
Lemma 2.4. Let {(ttn,un)} C Tr NCY such that (pn,u,) — (g,u1) = (A4,0) in
RxC}[0,1]. Then u,, € N; for sufficiently large n by Lemma 3.2. This contradicts
the fact that N; NNy, = 0 for j # k. So uq # 0. By Lemma 3.1, there exists 6 > 0
such that uy(¢) # 0, say, ui(t) > 0 for ¢t € (t*,¢* + §) (consider ¢ € (t* — J,t*) if
t* = 1 and we can analyze similarly). By (F) and p > 0 we have (¢,(u})) <0
n (t*,t* +0), and uj(t) < 0 for ¢t € (t*,t* + 0) since u}(t*) = 0. Thus uy(t) <0
for t € (t*,t* + 0) because ui(t*) = 0. This is a contradiction and the proof is
complete. O

The following lemma is known as the generalized Picone identity [6], [7], [10].

Lemma 3.3. Let by(t) and by(t) be measurable functions on an interval I.
If y,z,¢p(y') and p,(2") are differentiable a.e. in I and z(t) # 0 in I, then the
following identity holds

lylPop (2’ P
dt{ ‘Pp( = (b =)l

[|y|p+< 1)\ipp¢p<y>wp<j)]yzp@)w'y'p)Lp(z), (32)

where I, (y) = (p(¥'))" + b1(t)@p(y) and Lp(z) = (p(2"))" + b2(t)@p(2).
We note that, by Young’s inequality, we get

/|P

z
WP+ - 1|2

— pop()Y p (,y) > 0.

Proposition 3.2. Assume h € A, fo = 0 and (F). Then A < Ay for all
(A u) €.
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PROOF. Let (A, u) € CY and ¢ € Nj be an eigenfunction corresponding to
the kth eigenvalue Ay of (E)). If (A, u) = (Ag,0), the proof is done. Otherwise,
we have u € Nj by Proposition 3.1. Let t3,t7,...,t; and to,t1,...,%; be the
zeroes of u and ¢y, in [0, 1], respectively. We note that ¢§ = to = 0,t5 =t = 1.
Then it is easy to see that there exists some i € {0,1,...,k — 1} such that
(tistiv1) C (t5,t7,1). We claim that

/:H {W - ¢>ksop(¢§€)}/ dt = 0. (3.3)

In fact, if t7 <t; <t;41 <tf,, it is clear that that (3.3) is true. Suppose t;, ; =
t;i+1. We prove (3.3) only for the case u(t) > 0 and ¢y (t) > 0 for ¢t € (¢;,t;41). The
proof for the other cases is similar. Noticing that u'(t;41) # 0 and ¢} (t;11) # 0,
if 1 < p < 2, by L’Hospital’s rule, we have

jm  ABOF _ g OOF 40 ()
t—tiy1— (pp(u( )) t—tit1— (p — 1)(u(t))f’_2u’(t)
por (tiy1) . o (t)[P!

= o= Dt = iy

If k<p<k+1k>2, then applying the L’Hospital’s rule k times, we get

B LAY o A0 AN 0 o

k m =0.
t=rtiin— p(u(t)) (0 — )W (tign))F > tin— (u(t))P=F—1

So, for all p > 1,

p / $)|P
- pp(u(t)) o)
Similarly, if ¢; = ¢, we can prove that
ey @)
=tk op(ult))
Therefore, if t; =t} or t;11 = t],,, we always have
tit1 p / ! p / /
[T P, e
t op(u(t)) t=tin— pp(u(l)) totit pp(u(t))

This implies that (3.3) also holds if ¢; = ¢} or t; 41 =t}



282 Hong-Xu Li and Li-Li Zhang

Meanwhile, either u > 0 or v < 0 in (¢;,¢,11), by (F) we have

1 , ,
0= iy (B () + Ahle)ep(u) + b7 (u(t)]
1 , )
> s (ol (@) + Mty ut)

and
0= (p(% (1)) + Ah(t)pp(dr(t))
= A

If we take y = ¢, b1(t) = A\ph(t) and z = u, ba(t) h(t) and integrate (3.2)
from t; to t;41, we obtain

[ w0 - oo = o0,

which implies that A < Ag. The proof is complete. (Il

We note that C) = {(A\,u) € Cx : 0 < XA < A} by Proposition 3.2. Let
(t1,t2) C (0,1). Then we have the following Lemma.

Lemma 3.4. Suppose h € A, fo = 0 and (F). Let (\,u) € C such that
u(ty) = u(tzs) = 0 and |u(t)] < My for t € [t1,t2] and some My > 0. Then
|/ (t)] < My for t € [t1,ts] and some My > 0. Here M, depends only on My but
does not on tq,ts.

PROOF. By fo = 0, there exists Cy > 0 such |f(u)| < Colu[P~! for u €
[0, My]. Since h € A, it is easy to see that there exists § € (0,1/2) such that

B
2 (A + Co) / h(s)(s(1 — 5))P~1ds < 1 (3.4)

for any interval [a, ] C [0,1] with 8 — « < §. Clearly, § depends only on Cj,
and thus only on My. Let (A\,u) € C} be as in the Lemma. Then |f(u(t))| <
Colu(t)[P~t for t € [t1,t2]. We may assume that u(t) > 0 for t € (t1,t2). Let
u(t) = maxe[s, 1, u(t). We prove that

-ty >0I0<1)2 ty—E>6iff>1/2. (3.5)

If < 1/2, suppose on the contrary that ¢ —¢; < §. By (F), u is concave
in (t1,t2), and then u(t)/(t — ¢1) is decreasing in (t1,t2). By (3.4) we have, for
te [tla ﬂa

pp(u (1)) =/t [Aa(s)ipp(u(s)) + h(s) f(u(s))]ds
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t
<+ Co) [ h(shaylul)ds
t

=040 [ a0 ((“”)) (s — 11)(1 — 5)Pds

s—t1)(1—s
p—1 t p—1
1
< (ML) waec [ asn-srtass g ()
t—t ¢ 2\t—t;
Letting t — t1+, we get o, (u/(t1)) < (1/2)(uv/(t1))P~*. That is v/(t1) = 0, and
t1 is a double zero of u. This contradicts Proposition 3.1 and then t —¢; > 6.
By an argument symmetric to that for the case ¢ < 1/2, we can also prove that
to — ¢ > ¢ and then (3.5) is true.
Since h € A, there exists n € (0,0) such that

B1

B2
(At + Co) max{ h(s)sP~tds, h(s)(1 — s)p_lds} < % (3.6)

[e5) Q2
for all ay,B1 € [0,1 — 4], ag, B2 € [0, 1] satisfying that 0 < §; —a; <, i = 1,2.
It is clear that n depends only on § and Cj, and consequently only on M.

If t1 +n <t then 0 < (t1 + 1) < u(ty +n)/n < My/n since u is concave in
(t1,t2). Let £ = min{t, t; +n}, then 0 < u/(f) < My/n. For t € (t1,1), by (3.5)
and the fact that 0 <7 < 0 < 1/2 we can get easily that
[tl,ﬂ C [tl,ﬂ - [O,l — (5]

Noticing that u(t)/(t — t1) is decreasing in (¢1,%2), by (3.6)

ep(u' (1)) = pp(u'(2)) +/t (A (s)epp(u(s)) + h(s) f(u(s))]ds
u(s)

S—tl

< Mo/ + e+ Co) [ h(s) ( ) (s — 1)~ Ads

< (Mo /)™ + (At + Co) (“”)pl / " h(s)sPtds

t—1t

<Oty 1 (20)

2\t—1t;

Letting t — t1+4, we get o, (v (t1)) < (Mo/n)P~1 + (1/2)(v'(t1))P~*. This implies
that

ul<t1) < 21/(p_1)M0/77.

Similarly, we can also prove that |u'(t2)] < 2P~V My /0. Let M;=2Y®=1 My /1.
Then |u/(t)] < M; for t € [t1,ts] since u is concave in [t1,t2]. This completes the
proof. ([l
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Proposition 3.3. Assume fo = 0, foo = 00, h € A and (F). Then there
exists by, > 0 such that ||ul|; < by, for all (\,u) € Cp.

PROOF. Set

C)p = min /j%l</jh(7)d7>ds+/jgopl(/:h(ﬂm)ds;

a,f € [1/(4k),1 = 1/(4k)], B — o = 1/4k

Then 0 < Cj < oo since 0 < [, h(t)dt < oo for any compact interval I C (0,1).
We may choose > 0 so large that

@y ' (n)Ch

T 1. (3.7

Clearly, n depends only on k. Since f,, = 0o, there exists My > 0 such that

M M
f(u) > npp(u) for u > Fk(:; and f(u) < npp(u) for u < fﬁ. (3.8)

Notice that My depends only on k and 7, and consequently only on k.

Let (A\,u) € C? with u # 0. Then u € Nj by Proposition 3.1. Denote by
to,t1,...,tr the zeroes of w in [0,1] and I; = [t;,t;41] for 0 < ¢ < k — 1. Then
there exists some j € {0,1,...,k— 1} such that ¢, —¢; > 1/k. We may assume
that u(t) > 0 for t € (¢;,tj41). Noticing that condition (F) implies that u is
concave in I}, by the same argument of the proof of Lemma 1 in [20], we can get
that, for any 0 < e < 1/(2k), u(t) > €*||ul|;, for all t € [t; + €,tj41 — €], where
[ul|7, & maxer, [u(t)]. Choosing € = 1/(4k), we have

for ¢ € [t; + 1/(4k), t;41 — 1/(4k)], (3.9)

We assert that
Jull7;, < Mo. (3.10)

In fact, suppose on the contrary that [[ul|;, > My. Then by (3.8) and (3.9),
f(u(t)) = nep(u(t))  for t € [t; +1/(4k), tj11 — 1/(4K)]. (3.11)

Let u(0) = maxsey,; u(t), and suppose that 0 > (t;41 +t;)/2 (for the case § <
(tj+1 +tj)/2, we can analyze exactly the same way on [d,t;41] and we omit the
details). Then

[t +1/(4k), b5 + 1/(2k)] C [t + 1/(4K), tj11 — 1/(4K)] N [E5, ).
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Hence by (3.7), (3.9) and (3.11) we have

lully, = u(8) = / (/h (op(u(t) + f(u(r))d )ds
t

£5+1/(2k) £5+1/(2K)

Z/ w;l / h(T)nep(u(t))dr | ds
t41/(4k) s
ti+1/(2k) t;+1/(2k) [ull

> ~1 / h ( )dT
/t.7+1/<4k) r ( s ) 16k2

1( )||u||Ij tj+1/(2k) L tj+1/(2k) )
=@, (n / o / h(T)dr | ds
b 16k% Ji v1/amy 7 s

@, (M)Ch
—  16k2

[ellz; > [z,

This contradiction shows that (3.10) holds.

By (3.10) and Lemma 3.4, there exists M7 > 0 such that |u/(¢)| < M; for all
t € [tj,tj41]. Here My depends only on My but does not on I;, and thus only on
k. Consider I;_q or Ij;1, since u is convex (or concave) on I;_; or I;41 because
of (F), we have |u(t)| < M; for t € I;_y or t € I;;1. Then again by Lemma 3.4,
we get |u/(t)| < My for t € I;_q or t € I;41 and some My > 0. Here My depends
only on M7, and thus only on k. In k — 1 steps, this procedure shows that there
exists some constant by > 0 such that |u'(t)| < by, for ¢t € [0,1]. Here by depends
only on k. This completes the proof. O

Proor oF THEOREM 3.1. Fix k € N. We first prove that
Ck N({A} X Ng) £ 0 for A €0, \g). (3.12)

In fact, if C, C T U {(Ag,0)}. Then Ci is unbounded by Theorem 2.1, and it
follows from Propositions 3.1-3.3 that (3.12) is true. If Cy, ¢ T U {(Ag,0)}, there
exists (p,u) € C, N ITy such that (p,u) # (A, 0) and u € ONi. Then p < 0
by Proposition 3.1. Thus Cx N ({A\} x C3[0,1]) # 0 for A € [u, A\g], and again by
Proposition 3.1 we get (3.12).

By (3.12) and Lemma 2.4, the result is true for at least one set, say, there
exists a continuum C;" of solutions for (AP;) such that (3.1) holds for v = +. To
prove that (3.1) holds for v = —, we employ the idea of the reflection argument
as in RABINOWITZ [19].
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Let T2 = (R x C3[0,1])\ (7,7 UT,") and defined Fy, : R x C§[0,1] — C§[0, 1]
by
F(\u), (Nu) eT,,
Fi(u)(t) = 10, (A u) € TY,
—F(\, —u), (\u) €T,

where F' is as in the operator equation (AP;). Then it is not hard for us to verify
that F}, possesses the same properties as does F' such that (3.12) is also valid to
system u = Fj,(\, u), i.e. there exists a continuum Cy; of solutions for u = Fk(/\, w)
such that

Ch N ({A} X Np) # 0 for A € [0, \p). (3.13)

Suppose (3.1) does not hold for v = —. Then for any continuum C, of solutions
for (AP;), there exists some A~ € [0, \) such that C, N ({A\"} x N,7) = 0. So
we have C, N ({A\} x N7) = 0 for some A € [0, \;) since F(\,u) = F(\,u) for
(A u) € T, . The oddness of F implies that Cj, is symmetric, namely, (A, —u) € Cr
if (\,u) € Cp. Thus C N ({A\} x N) = 0. Therefore Cy N ({\} x Ni,) = 0, this
contradicts (3.13), and then (3.1) holds for v = —. The proof is complete. O
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