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On double sequences of continuous functions
having continuous P-limits

By RICHARD F. PATTERSON (Jacksonville) and EKREM SAVAS (Istanbul)

Abstract. The goal of this paper includes the four-dimensional matrix charac-
terization of double sequence of functions. However the main goal is to present answer
to the following question. Is it necessarily the case that if s, »(z) is a bounded for
all (m,n) and z with continuous elements and P-converges to a continuous function
there exists an RH-regular matrix transformation that maps ($m,»(x)) into a uniformly
P-convergent double sequence?

1. Introduction

Let us consider the following double sequence

1
m—+n 3 -
2 Z, if 0 <z < 2 n’
) 1
Smon(x) =¢2—2mtng  if gmin =TS ST
0 if 1 <zxr<l1
; U oominm =TS

Note Sy, (x) is continuous on 0 < z < 1 and P — lim,, , $mn(z) = 0 because

Smn(xz) = 0if z = 0 for all (m,n) and s, n(z) is also 0 if 0 < x < 1 for

m+n>1— 82 However smn(ﬁ) = 1. Thus the double sequence is not

log2 -
uniformly P-convergent. Now let us consider the (C,1,1) transformation of the

above double sequence. That is

Omon(T) = n Z s (x).

mn
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This yields the following:

2m+1 ) 2n+1 )
( )( )m, it 0<z<
mn 2mtn.

Omon(T) =

24
@-dz) if o <a<l
mn m-rn

Therefore 5

0 < omn(z) .
Thus oy, »(x) P-converges to 0 uniformly on 0 < z < 1. This leads us to pose the
multidimensional analog of GILLESPIE and HURWITZ in [1]. That is, is it neces-
sarily the case that if s, ,(x) is a bounded for all (m,n) and x with continuous
elements and P-converges to a continuous function there exists an RH-regular
matrix transformation that maps (S, »(z)) into a uniformly P-convergent double

sequence?

2. Definitions, notations and preliminary results

Definition 2.1 (Pringsheim, 1900). A double sequence x = [X}, ] has Pring-
sheim limit L (denoted by P-limz = L) provided that given ¢ > 0 there exists
N € N such that | Xy ; — L| < € whenever k,l > N. Such an z is describe more
briefly as “P-convergent”.

Definition 2.2 (Patterson, 2000). The double sequence y is a double subse-
quence of x provided that there exist increasing index sequences {n;} and {k;}
such that if z; = xy,, x,, then y is formed by

xr1 T2 Ts T10
T4 X3 Te - —
Tg9g X8 X7 @ —

In [5] ROBISON presented the following notion of conservative four-dimen-
sional matrix transformation and a Silverman-Toeplitz type characterization of
such notion.

Definition 2.8. The four-dimensional matrix A is said to be RH -regular if
it maps every bounded P-convergent sequence into a P-convergent sequence with
the same P-limit.
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Theorem 2.1 (HAMILTON [2], ROBISON [5]). The four-dimensional matrix
A is RH-regular if and only if
RH; : P-lim ay, .k, = 0 for each k and [;

m,n

00,00

RHy : P-lim Y gkt = 1

m,n

ki=1,1

RH5 : P-lim Z |@m n k1| = 0 for each [;
=1

RH, : P-lim Z |@mm.k,1] = O for each k;
=

00,00
RH; : Z |G n k1| is P-convergent;
ki=1,1
RHyg : there exist finite positive integers A and I' such that Z |G k0] < A
kI>T

3. Main results
Let S represent the double sequence

s11(x), si2(x) s13(z)
32,1(96), 82,2(1‘) 52,3(33)
s3,1(2), s32(x) s33(z)

of functions, each of which is continuous in A which is any point set such that for
some constant M we have 0 < si;(z) < M with P — limg; s5;(x) = 0. We shall
call S an S-double sequence in A.

3.1. Maximal functions. Let z be in A, for each double sequence (zy;) of
points of A having x as P-limit and every double sequence (k,,l,) of positive
integers with lim,, k,,, = co and lim,, [,, = oo and form

P — limsup sk, 1, (Tm,n) = A (3.1)

m,n

then the least upper bounded of all such numbers A is the value at = of the
maximal function of S in A. We shall denote such functions by H?(S; A;z).



46 Richard F. Patterson and Ekrem Savas

Theorem 3.1. If S is an S-double sequence in the compact closed set A,
H?(S; A;x) is an upper semi-continuous function. If B is a closed subset of A
then

H?(S; A;z) > H*(S; B; z).
The proof is a direct consequence of the definition for semi-continuous func-

tions and of such it is omitted.

Theorem 3.2. If S is an S-double sequence in the compact closed set A,
h >0 and H*(S; A;x) < h then

P — limsup H? (s, A) < h.
PROOF. Suppose

P — limsup H? (s n, A) > h.

m,n

Then for double index subsequence (my,n;)
H?(Smy,mys A) > h.
Thus for each (k,1) there is a point z,; of A such that

Sm,m ('rk,l) = H? (Smkﬂll s A)'
Therefore

Sm,n (SL’]@,[) > h.

The double sequence (zy,;) has at least one P-limit point § of A, thus without
loss of generality let (k,[) correspond to the double subsequence of (zj,;) having
limit point §. Therefore sy, n, (zx,;) > h holds for all (k,I) and

P — limsup S, 0, (Tk,1) > h.

k.l
Also note

P— lin;slup S ,ni (The,1)

is one of the value of A of (3.1). Therefore
H?(S; A;6) > h.
Thus we have a contradiction. This completes the proof. (I

Theorem 3.3. If S is an S-double sequence in a compact closed set A, and
h > 0 then the set A’ of points at which H*(S; A;x) > h is closed proper subset
of A, nowhere dense in A
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Proor. A’ is closed because of the definition of upper semi-continuity of
H?(S; A;x). Note if A" is nowhere dense in A then it is clear that A’ is a proper
subset of A. Now we need to show that A’ is nowhere dense in A we will show
that in each open set C' which contains a point of A there is an open set which
contains a points of A and no point of A’. Suppose this were false for a given
open set C containing a point xg of A then C' itself contains a point of A’ that
is, there is a point in C for which H? > h > % Thus there is a double sequence
index sequence (nq,1) and a point z1,; of AN C such that

h

5”1,1(x1,1) > 5

and because of continuity of s,,, , there is an open set C1; € C' and 1, in C1 3
such that s, , (z) > % in ANCi ;1. The next set is Cy 1, the order is following
that of Definition 2.2. Since Cs 1 contains a point of A it contains points A’ for
which H? > h > % there is an index ny; > n1,; and a point 251 of ANCY 1 such
that sp, , (x2,1) > % and there is an open set C5 ; contained in C; ; and x3; such
that s, , (z > %) throughout AN Cs 1. We contain this process and obtain then
following double sequence of set

Cin Cio Ciz Cia
Cy1 Coo Cy3 —
C31 Czp C3o —

each of which is contained in the preceding element and whose order is with
respect to Definition 2.2 and s, , (2x,) > % throughout ANCY,;. Let Ly ; denote
the set obtained by adjoining A N C}; with its P-limit points. Thus we obtain a
double sequence of closed sets Lj; with Snk,,(fﬂk,l) > g These set has at least
one point in common. Note there is a P-limit point § such that

h
Snkl(é) > 5 for all (k,1).
If we let (k,l) tends to oo in the Pringsheim sense. We are granted 0 > £. This

grant us a contradiction, since h > 0. Therefore A’ is nowhere dense in A. (]

The proof of the following theorem clearly follows from Theorem 3.1 and of
such it is omitted.

Theorem 3.4. If S is an S-double sequence in a compact closed set A, B is
a closed subset of A, and h > 0, and if A’ and B’ denote respectively the set for
which H?(S; A;x) > h and H?(S; B;z) > h then B’ C A'.
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3.2. T-transformation. In this section we will consider the following type of
transformation

00,00
Om,n = § Am,n,k,1Sk,l

k=11

we shall call such transformation T-transformation if it satisfies the following
conditions

(1) am,n,k,l Z Ov

(2) XriZii ammpg =1

(3) there exist integers a, 5, pj, and ¢; such that
<P <a<Be<az<fz<--- and p; <P <p2<Ppa<pz3 <Pz <

with
Gkl =0 unless o, <k < B & p <UL @

Condition (3) reduces the transformation to the following

Bm,én

Omn(T) = Z Gm,n,k,1Sk,l-

kl=cm,pn

Note each pairwise row of (@m n k) contains a finite set of nonzero elements and
each pairwise column contains at most one such element. The four-dimensional
identity is one such example.

Theorem 3.5. The four-dimensional transformation T is RH-regular. Also
if T-transformation is such the the double sequence is an S-double sequence in a
compact closed set A, then

P —limsup G (0 n; A) < P — limsup G?(s,.n; A).

m,n m,n

PROOF. It is clear from condition (1), (2), and (3) that the transformation
is RH-regular. Now let us establish that

P — limsup G (003 A) < P — limsup G?(s,.n; A).

Let
P — limsup G?(sy,n; A) = L.

m,n
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For each € > 0 there are an indices K and L such that when & > K and [ > L we
have G?(sy; A) <l+ e Then m > M = ax and n > N = py, implies

Bm,pn Bm,bn
Omn < Y amn ki G (skA) <(U+€) Y amppi=1+e
k,l=cm,pn kl=cm,pn

throughout A, therefore

P —limsup G* (0 n; A) < 1+ e.

m,n

Because € > 0 is arbitrary it follows that
P —limsup G? (0, n; A) < 1.
m,n
This completes the proof. ([l
Note similar to the two-dimensional transformations these four-dimensional

transformations are equivalent to four-dimensional triangular transformation. In
the four-dimension case we can take B to be the following:

Qm,n,k,ls if ﬂm <r< ﬂm+1 & oy <k < Bma
bT’,S,k,l = ¢n S s < ¢n+1 & Pn S l S ¢n7

0, if otherwise.

Then the transformation yields the following

r,s
Hrs = E br.s, 1,15k,

k,l=1,1
four-dimensional triangular transformation.

3.3. Application of T-transformation to S-double sequences. The follo-
wing is the first application of T-transformation to S-double sequences.

Theorem 3.6. Let h > 0 and also let S be an S-double sequence in the
compact closed set A. If for each ¢ > h there is a T -transformation o, ,(x) such
that

P — limsup Gz(afn’n; A) <gq,

m,n

then there is a T -transformation such that

P —limsup G? (0 n; A) < h.

m,n



50 Richard F. Patterson and Ekrem Savas

The theorem can be proven using a multidimensional analog of the proof
in [1] and of such it is omitted. We now consider the special case with h replace
by 0 and ¢ replace by h and obtain the following:

Theorem 3.7. Let S be an S-double sequence in the compact closed set A.

If for each h > 0 there is a T-transformation o}, ,(x) such that

P — limsup Gz(oﬁl’n; A) <h,

m,n
then there is a T -transformation such that P — lim,, ,, 0y, , = 0 uniformly in A.
Likewise the proof is omitted.

Theorem 3.8. Let h > 0 and S be an S-double sequence in the compact
closed set A, B a closed subset of A. If

P — limsup G? (Smm; B) < h, (3.2)

m,n

and if for each neighborhood C' of B in A there exists a T -transformation such
that
P —limsup G*(c€ ,; AC) < h, (3.3)

m,n?’
m,n

then there exists a T -transformation such that

P —limsup G0y, ; A) < h. (3.4)

m,n

PRrROOF. The general goal of this proof is to construct a four-dimensional
transformation that grants us the necessary bound. Let us denote a double index
(m,n) chosen at random by (p1,1,¢1,1) and define

01,1 = Sp1,1,q11

this is the first formula use in the construction of the transformation 7'. Condition
(3.2) ensure us that for sufficiently large m and n, sy, < h. We now choose

Piv1 >pi1and gy 1 > qua; fordg,ji=1,2 i1 =51 #1
with equality if 71 = 1 or j; = 1, respectively, such that

spi1,17Qj1,1 < h
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throughout B. Since all the s;, , 4 ,s are continuous there are neighborhoods
Ciy.1,5,.18 of B in A, respectively, such that

Spiy a1 < h throughout Cj, 1 j,.1, respectively.

Let us now form the next three parts of our transformation 7¢1-1.41.1 by (3.2) for
all sufficiently large m and n we have

Ci i1, . ~
O'm}il’“ ! < hin AN Cil,l,j1,1~

Then choose p;, 2 and g;, 2 such that

o it < hin ANC;

Piy,2+951,2 11,1,51,1

such that ag"l{’;y‘q”}l’ ', contain only elements of S subscripts greater than (pi1,¢1,1)

order is with respect to Definition 2.2. We can now define three more parts of T'

as follow:
o1 = 1{8 + 0.01,1,2,1 }
1,2 2 P1,1,92,1 P1,2,92,2 )
_ C21,1,1
021 = 5{5172,1,!11,1 + Upz 2,41, 2}
and

_ C2,1,2,1 }
022 = 5{5172,1,!12,1 + Upz 2,42,2

Now without loss of generality, let p3 correspond to the last selected p;, ;1 and p3
correspond to the last selected ¢;, 1 and let p;, 1 > 03, Qjp1 > 03, Diy,2 and p;, o

(i, j2) = {(k,1) : k,1=1,2,3}\ {(1,1),(1,2),(2,1),(2,2)}
such that
Spiy1aj,1 < I throughout B.

Since all s;,, | 4;, .8 are continuous, there are neighborhoods Cj, 1,j,,15 of B in A
such that
Spiy1,a5,1 < I throughout the respected Cj, 1

2,1,72,1

Now we form TCi2232.2, Thus by (3.3) for all sufficiently large Diy,2 and gj, o we
have
C;
O'P72221741J2212 <hin AN Cl27 1,52,1

In addition
Ciy1,41.1 .
Opiyniays. < hin B
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and choose a neighborhood Cj, 3 j, 2 of B in Cy, 1 j,,1 such that

C

i9.1,51,1 . o
Opigaidige < hin Ciy 2, 0.

Note it contains only subscripts of S that are greater than (ps1,¢1,1). We can
now define five more parts of T' as follow:

1
_ = Cs,1,1,1
031 = 2{5173717‘1171 + UPa,z»Q1,2}’

1
_ 2+ C3,1,2,1
03,2 = 2{5173,1,(12,1 + Ups,z,qz,z}’
1
_ 4t C3,1,3,1
03,3 = 9 {Sm,l,%,l + Jp3,27q3,2}’
1
_ L C2,1,3,1
023 = 2{51)2,1,113,1 + O-pz,z,qa,z}’

and 1
_ Ci,1,3,1
01,3 = 5{51)1‘1,113,1 + O-p1,27qa,2}'

Next we form T's:3.35:3 similar to above let us consider the following without loss
of generality let pi correspond to the last selected p;, 1 and p3 correspond to the
last selected g;, 1 and let p;, 1 > p3 and qj;.1 > p3 , similarly pi, 2, Pis.2, Dis.3,
and p;, 3

(i3>j3)/ = {(kv l) : kal = 17 27 3a 4} \ {(13 1)’ (17 Q)a (27 1)7 (23 2)} U (iQ,jZ)/

such that
Cig,2,55,2
Up’i3,37qj3,3

< hin AN C’i3’2’j372.

Also
JCiB’Q'jS’Q < hin B

Piz,3:953,3

then choose neighborhoods Cj, 3 j, .35 of B in Cj, 2 j, 2 such that

Cig,2,55,2 .
Opigndg.s < P Cig 3 s 3.

Now we form seven more parts of T similar to those of the last group. In particular
04,1, 04,2, 04,3, 044, 01,4, 02,4, and o3 4. That is TCis893.3, In general let p' and
p* be the last chosen subscript of the elements of S appearing in o, , g, ,. We
now choose p;, r—1 and gj, x—1 greater than p' and p?, respectively, such that

< h throughout B

Spik,k7ij,k
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then choose neighborhoods Cj, 1, j, ks of B in A such that
Spi, waz,, . < I throughout the respected Ci, kS

Thus we obtain the following indices, neighborhoods, and transformations, respec-
tively:

(pik,lvqjk,l) (pik,lvqjk,Z) (pik,lankQ) (pz'k,hq]‘k,kq)
(Pir2,TGr1)  Pie2@Gr2) P2 @Ge2) 0 (Pie2s Geok—1)

(pik,k—lank,l) (pik,k—17ij,2) (pik,k—lv%'k,Q) (pik,k—lank,k—l)a

Civpgrt  Ciugnz  Ciuagez - Ciglgek—
Civ2git Cuzgne Cugzgnz - Cigzgek—
Cick—1501 Civk—1502 Civk-1402 - Cipk—140 k-1,
and
TCik 11 TCik 1,4y 2 TCi k2 ... TCigtgyk-1
TClig 2,551 TCy 2,52 TCli 2,552 L. TCiy 2,55 k—1
TC% k=1,050  TCipk-14p.2  TCik—14,2 ...  TCipk—1y,k-1
such that

AD Ci 15 O Cig 251 D Cig 2,512 D Cig 152 O -+ D Cig k-1, k1
the order is that of double subsequences. Observe that

Spiy1stipn < N in G, 15,15
Cik,r,jk,s . ~
{ ODig b 1ol 51 < h in ANC;

C; j
PR AN PR . _
Op e <P i Gy gy st s =12, k—2.

sTs=1,2 ... k—1,

ksTsJk s

This disjoint partition grant us the following:

A=(ANCi151) + (Cipnjua NCi i)+
+ (Cir20k—1 N Ciy 1 gy k1) + Cip 1 k1
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the order is in accordance double subsequence construction in Definition 2.2. In

AN C’zk, 1,js,1 We have Spiy gy <M and

Cipyr—1,jj,s—1

Py Qig s <h; r>1, s>1.
In Ciy r, s N éik,a,jk7ﬂ; r,s,a, and (3 are define in accordance with double subse-
quence definition we have the following

Cipp—1,55,6—1 Cipor—1,j;,s—1
oo < o OSEIIIIN 6Ly S L s and oS < M.

Pig,r:95y,s ko9, —

In C;, 1.4, r—1 we have

kodlsdks

Cv,k,'rfl,jk,sfl

Cirre1iy o1
kT —Ldg,s
Spip @i = < h, Tpiy g s < h, and Opiy sy s < M.

Therefore throughout A we are granted

Ci 1,55,1 C 1,5 -1
o 1od ks i 1dg,s
Spiy 1,551 + Op, i T Opy 145 s
Ciy 2,51 Ciy 2,5 5—1
k20K 12,08
+ Opiy,2:45,,2 + ot Opiy, 2,455
+ +
Cipor—1,55,,1 Cipor—1,5p,5—1
k=10, i r—1,5k,s
+ Upilch’qjk’z + -+ Upik,r,q]'k,s < (T - 1)(3 - l)h +m.
Thus
Cip 1,01 Clip 1,4 ,s—1
ko L.dg, ik 1,dk,s
Spiy 1,855 1 + Opiy 1,952 + - + Opiy 1,255
ifs2:0p 1 ifs2:dfss—1
o = 1 =+ Opiy 2,95, .2 + - + O':le,z#lgk,
s —
rs
+ +
Cipr—1,45,.1 Cipr—1 -1
kT Ik i T =1, .8
+ Upik,T1ij,2 T+ Upzk 5, s

This transformation is an RH-regular T-transformation with

h+m
rs

ops <h+——
This grants us the following
h
G0 A) < h+
rs
This yields the result. O
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Theorem 3.9. Let h > 0 and let S be an S-double sequence in the compact
closed set A, B a closed subset of A. If

P — lim sup GQ(smm; B) < h,

m,n

and for each neighborhood C' of B in A there exists a T -transformation such that

P —limsup G*(c€ ,; AC) < h,

m,n’
m,n
then there exists a T -transformation such that

P —limsup G (o n; A) < h.

m,n

The result follow from the last theorem, with ¢ > h and ¢ satisfies the
conditions of h.

3.4. Definition and properties of h-sets and h-order of double sequen-
ces. This definition is a multidimensional extension of GILLESPIE and HURWITZ’s
in [1].

Definition 3.1. Let S be an S-double sequence in the compact closed set A
and let h > 0. We define a set of sets A%# | where o and 3 are any Cantor ordinal
of the first or second class, by the following scheme of induction:

(1) A00 — ALO — 401 — 4

(2) if a and j are not P-limiting ordinal, then A®# is the set of points at which
H?(S; Ae= LA~ ) > h.

(3) if a and B are P-limiting ordinal, then A% is the greatest common subset
of all AP for p < av and v < 3.

The resulting set is called the h-set generated by (5; A) If we use normal ordering
such set is call h-sets.

Using the order of Definition 2.2 we are granted multidimensional analog
of GILLESPIE and HURWITZ’s of Theorem 10 through Theorem 15 [1] and if we
remain true to the ordering in Definition 2.2 the results follow similar to those
presented by GILLESPIE and HURWITZ’s in [1] and of such that theorems are
stated without proof.

Theorem 3.10. If B is a closed subset of A and if B*? denote the hsets
for (S; B), then B*# C AP,
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Theorem 3.11. For (S; A) each h-set is a closed subset of each preceding
h-set; each h-set is a proper subset of each preceding non-empty h-set.

Theorem 3.12. For (S; A) there are non-limiting ordinal p and ~ such that
APY and all following h-sets are empty while all preceding h-sets are non-empty.

Theorem 3.13. If & and 8 are the h-order of (S; A) then

P — lim sup Gz(smyn; AO"B) < h.

m,n

Theorem 3.14. Let h > 0. If S is an S-double sequence in the compact
closed set A then there exists a T -transformation such that

P —limsup G*(0,n; A) < h.

m,n

Theorem 3.15. If S is an S-double sequence in the compact closed set A
then there exists a T -transformation such that

P —limsup 0., (x) = 0 uniformly in A.

m,n
3.5. Main theorem. We now establish the main theorem.

Theorem 3.16. Let A be a compact closed set; let the double sequence of
function
s11(x), si2(x) s13(z)
8271(1‘), 82,2(33) 82,3(33)
“s31(z), szo(z) ssz(x)

have the following properties:

(1) for each (m,n) Sm n(x) is continuous in A;

(2) for each x in A we have P — lim,,, ,, S$pn(z) = s(z);

(3) s(z) is continuous in A;

(4) there exists M such that for all (m,n) and all z in A |S,, ,(x)] < M.
Then there exists a T -transformation such that

P —lim oy, »(x) = s(z) uniformly in A.

m,n
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PROOF. For all # € A condition (1) and (4) grants us |s(z)| < M, Thus
|S$m.n(x) —s(x)| < 2M. Let s, ,,(x) = |$m.n(x) — s(x)| and consider the following

m,n
double sequence

3/1,1(55)7 5’1,2(33) 5’1,3(35)
o sha(x), sho(x) 85 3(2)
~shi(@), sha(x) shs(z)

)

It clear that S’ is a S-double sequence in A. Theorem 3.15 ensure us that there
exists a four-dimensional transformation ¢’ such that

P —limo), ,,(x) = 0 uniformly in A.
m,n ’

Recall that the coeflicients of A are nonnegative and pairwise row sum to 1. Thus
we have the following

00,00
Z am,n,k,l(sk,l - S)

00,00
§ m,n,k, 1Skl — S

‘O'm,n - 5| = =
kl=1,1 kyl=1,1
00,00 00,00
/ !/
< D tmakdlse =8l = Y Gmnkishy = 0
kyl=1,1 kyl=1,1
Thus
P —lim 0y, n(2) = s(x) uniformly in A. O
m,n
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