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On (m,n)-injectivity and coherence of rings

By QIONGLING LIU (Nanjing) and JIANLONG CHEN (Nanjing)

Abstract. Let R be a ring. For two positive integers m and n, R is said to be left
(m, n)-injective if every left R-homomorphism from an n-generated submodule of RR™
to rR extends to one from rR™ to rR. The ring R is called left coherent if each of its
finitely generated left ideals is finitely presented. The aim of this article is to investigate
(m,n)-injectivity and the coherence of the ring R[z]/(z*) (k > 1). Various sufficient
and necessary conditions are obtained for R[x]/(z*) to be left (m,n)-injective and for
R[z]/(z*) (k > 2) to be left P-injective. Moreover, it is proved that R is left coherent
if and only if R[z]/(z¥) is left coherent for every k > 1 if and only if R[z]/(z") is left
coherent for some k£ > 1.

1. Introduction

Throughout this paper, R is an associative ring with identity. For two po-
sitive integers m and n, we write R"*" for the set of all m x n matrices over R,
and let R* = R'*" R, = R"*! and M, (R) = R™*™. In 2001, (m,n)-injective
modules were introduced and discussed in [3]. A left R-module M is called (m, n)-
injective if every left R-homomorphism from an n-generated submodule of R™ to
M extends to one from R™ to M. The ring R is said to be left (m, n)-injective if
rR is (m,n)-injective. Some related notions are recalled here. A ring R is called
left FP-injective if R is left (m, n)-injective for all positive integers m and n. If R
is left (1,n)-injective (resp., left (1,1)-injective), then R is called left n-injective
(resp., left P-injective). A ring R is called left f-injective if R is left n-injective
for every positive integer n. Right versions of these injectivities are defined ana-
logously.
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The ring R[z]/(z*) (k > 1), as an important extension of R, has been discus-
sed in many papers (see [5], [7], [8], [9] et al). In this paper, (m,n)-injectivity and
coherence of R[z]/(x*) are studied. It is well known that R[z]/(2?) is isomorphic
to the trivial extension of R by R, i.e., the ring R «x R = {(a,b) : a, b € R}
with addition defined componentwise and multiplication defined by (a,b)(c,d) =
(ac,ad + be). By [6], R < R is right self-injective if so is R. In [4], a sufficient
but not necessary condition is given for R o< R to be right (m,n)-injective. In
Section 2, we consider the left (m,n)-injectivity of R o« R and derive an equi-
valent condition for R o« R to be left (m,n)-injective. Some known results on
(m,n)-injective rings in [4] are obtained as corollaries. The left (m, n)-injectivity
of R[z]/(z*) (k > 2) is investigated in Section 3. For simplicity, we only consider
the left P-injectivity and a sufficient and necessary condition for R[x]/(x*) to be
left P-injective is given. A similar argument can be used to obtain an analogous
result about the left (m,n)-injectivity of R[x]/(z*).

Another question we considered is about the coherence of R[z]/(z*) (k > 1).
A ring R is said to be left coherent if each of its finitely generated left ideals is
finitely presented [I], or equivalently if I(a) is a finitely generated left ideal of
R for any a € R and the intersection of two finitely generated left ideals of R is
again finitely generated [10]. A sufficient and necessary condition for R < R to be
coherent was obtained by CHEN and ZHOU in [4] where they showed that R o R
is left coherent if and only if so is R. In Section 4, we generalize the result by
showing that R is left coherent if and only if R[x]/(x*) is left coherent for every
k > 1if and only if R[z]/(z*) is left coherent for some k > 1.

In this paper, if S C R™*" we set [gpm(S) = {a € R™ : 0A =0, VA € S}
and rg, (S)={f € R, : AB=0, VA e S}.

2. (m,n)-injectivity of R x R

Let R be a ring and m, n be two positive integers. In this section, we
investigate the (m,n)-injectivity of the ring R oc R, which is isomorphic to
Rla]/(a?).

Recall that R is left (m, n)-injective [3] if and only if, for any C' € R"*™ every
left R-homomorphism from R™C to R extends to one from R™ to R if and only
if rg, lgn(A) = AR, for all A € R"*™. For convenience, we fix some notations.
Set A = (ai;), B = (bi;) € R™*". Denote (R™A: B) ={a € R™:aB € R™A},
(AR, : B) ={a € R,, : Ba € AR, } and A x B = ((a;;,b;j)) € (R < R)"™*". By



On (m, n)-injectivity and coherence of rings 79

calculation, it is clear that A o« B =0 if and only if A =0, B =0 and (A «x B)
(C x D) = AC  (AD + BC) for any A, B € R™*" and any C, D € R"*%.

Theorem 2.1. Let m and n be two positive integers. The following are equivalent
for a ring R:

(1) R x R is a left (m,n)-injective ring;
(2) g, (lrn(A)(R™A: B)) = AR,, + Brg,,(A) for any A, B € R™*™.

PROOF. Denote S = R « R.

(1) = (2). First we claim that Brg, (A4) C rr, ((R"A : B)) for any A, B €
Rxm,

In fact, let a = Ba with a € rg, (A). For any € (R"A : B), there
exists v € R" such that 8B = vA. Then fa = fBa = yAa =0, ie., o € rp,
((R"A: B)). So

Brg, (A) Crg,((R"A: B))
and

ARy, + Brg,,(A) € ARy, + g, (R"A: B)) C rg, (lan(A)[ (R"A: B)).

Next we show that rg, (Ig=(A)((R™A : B)) C AR, + Brg,, (A).
Set A = (aij),B = (bij) € R**™, Then A x B = ((aij,bij)) e gnxm,
Since S is left (m,n)-injective, rg, (Isn(A x B)) = (A x B)S,,. Assume o €

rr, (lgn(A)(R"A : B)). For any P x Q € lgn(A x B),

PAx (PB+QA)=(PxQ)(AxB)=0.
So PA=0and PB+QA=0,ie., P€clg(A)(R"A: B). Then Pao = 0. Thus
(PxQ)(0xa)=0xPae=0and 0 x a € rg, (lsn(A x B)) = (A x B)Sy,. So
there exists C o« D € S, such that

0xa=(AxB)(CxD)=AC x (AD + BC).

Hence AC =0and « = AD+BC € AR,,+ Brg,, (A). Thus rg, (Ig~(A) (R™A :
B)) C AR, + Brg,, (A). Therefore rg, (Ign(A) (R"A : B)) = AR, + Brg,, (A).

(2) = (1). Assume (2). For any A € R"™™ set B = 0 € R™*"™. Then
(R™A: B) = R™. So the hypothesis implies that

TR, an (A) = ARm

Now for any T = ((aij, bij)) € S™*™ we shall show that rg, lgn(T) = T'S,,.
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Denote A = (a;j), B = (b;;). Then A,B € R"*™ and T'= A « B. Let X
Y €rg,lgn(T). For any C € lgn(A), we have 0 x C € lgn(T) and 0 x CX = (0 x
C)(X xY)=0,s0 CX =0. This implies that X € rg, Ign(4) = AR,,. Write
X = AU with U € R,,. For any D € Ign(A)((R™A : B), we have DA = 0 and
DB+ HA =0 for some H € R". Thus (D x H)T = (D x H)(A x B) = DA x
(DB + HA) = 0. It follows that DX « (DY + HX) = (D x H)(X xY) =0,
i.e.,, DX =0 and DY + HX = 0. Consequently,

DY -BU)=DY —-DBU =DY +HAU =DY + HX =0.
This shows that Y — BU € rg, (Ign(A)((R"A: B)) = AR,, + Brg,, (A), so
Y = AV + BU + BW
for some V € R, and W € rg, (A). It is easy to see that
XxY =AU x (AV+BU+BW)=(AxB)(U+W) xV) € TS,,.

Thus rg, lgn(T) C T'S,,. Note that the converse inclusion always holds. Therefore
S = R « R is left (m,n)-injective. O

Corollary 2.2. If R « R is left (m, n)-injective, thenrg, (Ign(A)((R"A: B)) =
AR, + 7R, ((R"A: B)) for any A, B € R™*™.

PrOOF. It is straightforward to verify that
ARy, + Brg,, (A) € ARy, + 1, (R"A: B)) C g, (In(A)[ (R"A: B))

for any A,B € R"™*™. Therefore, the result follows immediately from The-
orem 2.7 O

Similarly, we can get the following theorem about the right (m,n)-injectivity
of R o R.

Theorem 2.3. Let R be a ring and m, n be two positive integers. The following
are equivalent for R:

(1) R x R is a right (m,n)-injective ring;
(2) lgn(rr, (A)N(AR, : B)) = R™ A+ Igm(A)B for any A, B € R™*".
Corollary 2.4 ([4, Theorem 1]). Let R be a ring. Suppose that, for any A, B €

RmX?’L

, every right R-homomorphism from AR, + Brg, (A) to R extends to one
from R, to R. Then R « R is a right (m,n)-injective ring.
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PROOF. First note that, if B = 0, then the hypothesis implies that every
right R-homomorphism from AR, to R extends to one from R,, to R for any
A € R™*™. This shows that R is right (m,n)-injective. As done in the proof
of Theorem we have R™A + lgm (A)B C lgn(rr, (A) (AR, : B)). Assume
a € lgn(rgr, (A) (AR, : B)) and define:

f: AR, + Brg, (A) = R; Ay1 + Bya — avs.

If Ayy + By, = 0, then v € rg, (A)(AR, : B), so ays = 0. Thus f is
well-defined. Moreover, it is easy to see that f is a right R-homomorphism. By
hypothesis, f can be extended to a right R-homomorphism from R,, to R, i.e.,
there exists £ € R™ such that, for any Ay, + By, € AR,, + Brg, (A),

f(Ay1 + By2) = {(Ay1 + By2).

Thus, for any v1 € R,,,v2 € rg, (A),

§An = f(An) =0, {Bye = f(By2) = av2.
Then (A = AL, = £A(er,...,en) = 0, where I, is the identity of R™*" and e;
is the ¢-th column of I,,. So & € Igm(A) and a — (B € lgnrg, (A) = R™A. It
follows that o = (o« — {B) + B € R™A + lgm (A)B and lgn (g, (A) (AR, :
B)) C R™A + lgm(A)B. Hence
lpn (rr, (A)()(AR, : B)) = R™A + I (A)B.

By Theorem [2.3] the result follows. O
Corollary 2.5 ([4l Theorem 2]). If R « R is right (m,n)-injective, then so is R.

PROOF. Set B = 0 in Theorem [2.3] We have [gnrp, (A) = R™A for all
A € R™*™. Therefore R is right (m,n)-injective. O

Corollary 2.6. R « R is left P-injective if and only if rr(Igr(a)((Ra : b)) =
aR + brg(a) for any a,b € R.

Corollary 2.7. R « R is left FP-injective if and only if rg, (Ig-(A)(R"A :
B)) = AR,,, + Brg,, (A) for any positive integers m,n and any A, B € R"*™.

Corollary 2.8. Let n be a fixed positive integer. Then R «x R is left n-injective

oo i () () (2))) - (2) =
() o ()0 o
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Corollary 2.9. Let m be a fixed positive integer. Then every m-generated right
ideal of R < R is a right annihilator if and only if rr(Ir(K)((R(a1,...,am) :
(b1y... b)) = K+ (b1,...,bp)rR,, ((a1,...,ay)) for any

(a1y...yam), (b1,...,by) € R™, where K = a1 R+ -+ anR.

3. P-injectivity of R[z]/(x*)

It is well known that R oc R is isomorphic to R[z]/(x?). So it is natural to
explore the left (m, n)-injectivity of R[z]/(x*) for an arbitrary positive integer k.
For simplicity, we only consider the left P-injectivity of R[z]/(x"*) and acquire an
equivalent condition for it. Using a similar argument, an analogous result about
the left (m,n)-injectivity of R[z]/(z*) can be obtained.

We regard R[z]/(x*) as a subring of R¥** by identifying the element ag +
a1z + -+ ap_12%71 € R[z]/(z*) with the matrix

ap a1 ... ap—o2 QAk—1
ap aq . QAp—2
€ RF*F,
ao ai
ao

Denote by 1 : R[z]/(x*) — R¥** such ring inclusion and
S(k) ={Y(ap +az+- -+ ak_lxk_l) :ag,a1,...,05-1 € R}.

Write (RFA: o) = {r € R:ra € R*A} for any A € Sy, a € RF.

Lemma 3.1. Let R be a ring and n be a fixed positive integer. If, for any a € R,
a = (a1,...,an) € R", rr(lr(a) (R™A : a)) = aR + arg,(A), where A =
Yla+ax+---+a,_ 12"t € Sy, then rr(Ir(b) (R™B : §)) = bR+ PBrg,, (B)
foreachl <m <mnandanybe R, 8= (b1,...,bm) € R, B=¢(b+bjz+---+
bmflxm_l) S S(m).

PRrooF. It suffices to prove the conclusion for m = n — 1. Suppose b € R,
= (b17 . 7bn—1) € R and B = Q/J(b +bix+ -+ bn_gcc”*Q) € S(n—1)~ Let
= (b,ﬁ) = (b,bl,...7bn,1) € R", B = (8 g) = w(b$+b1$2+"'+bn,2$nil) €

A
B
S(n)- By hypothesis, rr((R"B : B)) = Brg, (B).
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Note that z € (R"B : ) iff there exists § = (§,7) € R", where r € R,
d € R"1, such that

(b, 8) = 2 = 5B = (5, 7) (8 "j) — (0,5B)
iff z € Ig(b)(R" !B : ). This implies that (R"B : 8) = lg(b) (R" !B : B).

Moreover, it is easy to see that rg, (B) = ari(B) . Therefore

rr(lr(®) (Y(R"'B: ) = ra((R"B: B)) = Br,(B)
= (b, 8) (Rff (B)) = bR+ Bry,_,(B). O

Lemma 3.2. Let m be a positive integer. If S, is left P-injective and
rrlr(a) (R™A : a)) = aR + arg,, (A) for any a € R, a = (a1,...,am) € R™
and A=vY(a+a1x+ -+ ay_12m 1) € S(m), then S, 41y is left P-injective.

PROOF. Suppose A = (§ ) € Sini1) with a € R, o = (ay,...,a,,) € R™
and A = Y(a +a1x + - + ap_12™71) € S(m), then rg(m)ls(m)(A) = AS(m)
because S(,,) is left P-injective. We will show that 75, ., ls.,...) (A) = AS(mi1)-

Assume Z = (8 g) € TSimin)lSimir) (A), where z € R, € = (21,...,2m) € R™
and Z = (z + 212 + - + Zm_12™ 1) € Sy Since (§Y) € ls(mﬂ)(/_l) for any

YGls(m)(A),
0 YZ\ (0 Y z £\
(o 0)(0 0>)<0 Z)O’

ie, YZ = 0. Thus Z € rg,,ls,(A) = AS(y), whence Z = AH for some
H=¢(h+hz+ -+ hp12™ ) € Sy,

For any ¢ € Ig(a) (R™A : «), we have ta = 0 and ta+ A = 0 for some § =
(b,...,by) € R™ i, (t8)(3%)=0. Let B=w(t+bix+-+by_12m )€
S(m)- Then ({ g) A= (! g) (64)=0,ie., (§ g) € 15,41, (A). It follows that

tz t&+BZ\ [t B = 8,
o Bz | \o BJ\0 z] 7
So t& + fZ = 0. Since Z = AH, we have t(§ — aH) = t& — taH = t§ +
hr,,,,fl h-m71

BAH =t&+ 572 =0. Thent | 2z, — = 0. Thus z,, — « €
h1 hl
h h

a
0
a
0
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rr(lr(a) Y(R™A : a)) = aR + arg,, (A). Write

Rm—1 Im—1
Zm — Q : =ar + «
hy 91
h g
Im—1 hm—1+gm—1
with 7 € R, € rg,, (A). Then z,, = ar + « :
g1 hi+g1
9 h+g
Im—1
g+ gir+ -+ gm_12™ ). Since A : =0, AG=0.5 Z = AH =
g1
g
A(H 4+ G). Then z = a(h + g) and
hi+g1 ha+g2 ha+gs hm—1+gm—1
h+g hit+g1 ha+g2 hm—2+gm—2
h+g hitg1 hm—3+gm—3
(215, 2Zm—1) = (@,a1,. .., am_1)
htg  hitg
h+g
=a(h1+ g1, b1+ gm-1)
h+g hi1+g1 ha+g2 hm—2+Ggm—2
h+g hit+g1 hm—3+gm—3
+ (a1, am-1) . :
h+g hi+g1
h+g
= a(hl + gi1,---, hmfl + gmfl)
h+g hi1+g1 ha+g2 hm—2+gm—2
h+g hitg1 hm—3+gm—3
+(a’17"'7am717am) .. :
h+g hi+g1
h+g
0 0 0 0
= a(hl +91,..., hmfl + gmfl)
h+g hi+g1 ha+g2 hom—2+gm—2
h+g hit+g1 hm—3+gm—3
+ « .. :
h+g h1+g1
h+g
0 0 0 0
hm—1+gm—1
Since z,, = ar + « : ,
hi+g1
h+g

v Zm—1,2m) = a(h1 + g1, - - .

52(21,..
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yhm—1 + Im—1, T)

. Set G =
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h+g hi+g1 ha+g2 ... hm—2+gm—-2 hm—1+gm—-1
h+g hi+g1 -~ hm-3+gm-3 hm—2+gm—2
+a . : : =an+o(H +G),
h+g hi1+g1 ha+g2
h+g hi+g1
0o 0 0o .. 0 htg

where n = (h1 + g1, -, hin—1 + gm—1,7) € R™. From this, we can see that
(h+g n ) S S(m+1) and

0 H+G
Z(Z §><a(h+g) an+a(H+G)>
0 Z 0 A(H + G)

a « h+g n -
= AS .
(0 A) ( 0 H+G> & £0mtn)
Hencers, .1 5. 1) (A) = AS(mH), and this shows that S(,,,1 1) is left P-injective.
([l
Theorem 3.3. Let n be a positive integer. The following are equivalent for a
ring R:
(1) R[z]/(x™) is a left P-injective ring;
(2) Sn) is a left P-injective ring;
(3) rrlr(a) (R 'A: a))=aR+arg, ,(A)foranya€ R, a = (a1,...,a,_1)€E

R Yand A=v¢(a+aix+-+a, 22" 2%) € Stn—1)-

PrOOF. We only need to show (2) < (3).

(2) = (3). Suppose a € R, a = (ay,...,an,_1) € R*" L. Set A =1(a+ayx+
cod a0 € Stn—1) and A= (5 %) € Sy Then TSy LS (A) = AS,) by
hypothesis.

Let t = ap with u € rg,_,(A). For any r € (R" 1A : a), ra +vA = 0 for
some v € R"~! and hence

rt = rap = rap +yAu = (ra+~vA)u = 0.
This shows t € rr((R""'A: )) and arg, ,(A) Crr((R*1A:a)). So
aR+arp, (A) CaR+7rr((R" A :a)) Crr(lr(a) ﬂ(R"_lA ).

Conversely, assume z € rr(lg(a)((R" 1A : «)). For any B = (g g) €

lS(n)(A)v
ba ba+pBAY (b f a o\ =+
(0 BA )‘(o B> (0 A)‘BA_O'
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So ba = 0 and ba + BA = 0, ie., b € lg(a)(N(R" 1A : a). Thus bz = 0. Let
£€=1(0,...,0,2) € R*!. Then b¢ = 0 and

056 5)-6 )6 e)

It follows that (J§) € TSy LS () (A) = AS(,). Write

9696y

withd € R, n = (y1,..-,Yn_1) € R"1 and (gg) € Stn). Then AD = 0 and

Yn—2

E=an+aD. Let A = : be the last column of D. Then A\ = 0 and

Y1
d

2= ayn—1+ aX € aR+arg,_,(A). This implies that rg(lr(a) (R" 1A : «a)) C
aR+ arg,_,(A). Hence rr(lg(a) N(R" A : a)) =aR +arg,_,(A).

(3) = (2). Assume (3). By Lemma[3.1] we get that rg(lg(a) (R™A: a)) =
aR+ arg, (A) foreach 1 <m <n—1and any a € R, « = (a1,...,a,,) € R™,
A=1vla+ax+-- + am_12™ ) € S(iny. In particular, rr(lg(a) (Ra : b)) =
aR+brg(a) for any a,b € R. So Siz) = R R is left P-injective by Corollary
Hence, by Lemma S(3) is left P-injective. Proceeding in this manner, we can
get that S(,,) is left P-injective for all 2 < m < n. In particular, S,) is left
P-injective, and the proof is completed. O

Corollary 3.4. If R[z]/(z™) is a left P-injective ring, then R[x]/(x™) is left
P-injective for all 1 < m < n.

ProOF. By Theorem and Lemma (3.1 (]

4. Coherence of R[x]|/(x™)

Let n be a positive integer. In this section, we explore the interplay between
the coherence of a ring R and the coherence of R[z]/(z™) (n > 1). We denote
Sty = {¥(ao + a1z + --- + an_12" 1) € R™™ : ag,ay,...,a,_1 € R} as in
Section 3 and write (R,a: ) = {H € S(,,) : Ha € Rya} for any a € R, a € R,,.

It was proved in [4] that a ring R is left coherent if and only if R « R is left
coherent. This is a special case of the main result of this section. We first give
the following lemma which appears in the proof of [4, Theorem 12].
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Lemma 4.1. If R is a left coherent ring, then (Ra : b) is a finitely generated left
ideal of R for any a,b € R.

Lemma 4.2. Let R be a ring and n be a positive integer. If Sy is left coherent,
then (R,a : ) is a finitely generated left ideal of S(,,y for any a € R, a € R,,.

PROOF. Supposea € R, a = (
ay
-+ apz™ ). Then A, B € S(,). Denote (S)A: B) = {H € S,,) : HB €

SmyA}. Note that H € (Rpa : «) iff Ha = ~ya for some v = | : | € R, iff
T1

HB = GA, where G = (r; + 12 + -+ + rp2™ 1) € Sy iff H € (S;yA : B).

This implies that (Rpa : ) = (S A : B). Since S(y) is left coherent, (S(,,)A : B)

is a finitely generated left ideal of S,y by Lemma So (Rpa : @) is a finitely

generated left ideal of S(,). O

> € R,. Let A=1(a), B=1vY(a; +ax+

Theorem 4.3. The following are equivalent for a ring R:
(1) R is left coherent;

(2) R[z]/(a™) is left coherent for allm > 1;

(3) R[z]/(x™) is left coherent for some n > 1.

PROOF. Since R[x]/(2") = S(,), we proceed the proof for S(,).

(2) = (3) is trivial.

(3) = (1). Assume (3). We first show that R is left P-coherent, i.e., [g(a) is
a finitely generated left ideal of R for any a € R.

Set A = ¢(az™"') € S(ny. Note that Is,, (A) = {¢(bo+b1z+- - -+by 12" ")
bo € lr(a), b1,...,bn—1 € R}. Since S(y) is left coherent, Is, (A) is a finitely
generated left ideal of S(,). Write

lS(n) (A) = S(n)w<a1 +ap1x+ -+ al(n71)l‘n_1) T
+ S(ﬂ)w(am + A1 T + e+ am(n—l)xnil)

with all a;, a;; € R. It follows that
lr(a) = Rai + -+ + Ran,,
so R is left P-coherent.

Now since R[z]/(z™) is left coherent, My (R[x]/(z™)) is left coherent for each
k> 1. So (My(R))[x]/(z™) = M(R[x]/(z™)) is left coherent. Thus, as above,
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My (R) is left P-coherent for each k > 1, and so R is left coherent by [2, Propo-
sition 2.7].

(1) = (2). We prove the conclusion by induction on n. Since S(;) = R, S,
is left coherent for n = 1.

Assume S, is left coherent for some n > 1, we show that S,;1) is left
coherent. First we verify that S, 1) is left P-coherent, i.e., for any A € S,41),
1S(in (A) is a finitely generated left ideal of Sn+1)-

an

Write A = (4 ¢) with a € R,a = ( :

ay

) € R, A =va+az+ -+

an_12" 1) € S(ny- Since S(y) is left coherent, Is,, (A) is a finitely generated left
ideal of S(,) and Ir(a) is a finitely generated left ideal of R. By Lemma
(Rna @ «) is a finitely generated left ideal of S(,). So ls, (4)(Rua : a) is
finitely generated. Write

Iy (A)[(Bna:a) = SyGi+ -+ + S)Gm,  Ir(a) = Rty + -+ Rty

where all G; = ¥(g; + gnx + -+ + gi(n_l)x”’l) € Sy, ti € R. Then G;A = 0,

dln
G;a+mn;a = 0 for some n; = ( : € R, and t;a = 0. Then ¢(t;a2™) € Uiy (A)

forall 1 <i < m. Let 6; = : . Then (GO g) € S(nﬂ). Since G;A =0
gi1 _
and G;a +n;a = 0, we get Gy + 0;a = 0. This implies that (% z) € ls(nH)(A),

Vi<i<m.
b7l

Assume (]3 f) € l5~(n+1>(f_1)7 where b€ R, 8 = ( : ) €R,, B=¢(b+bx+
b1

R bnflxn_l) S S(n). Then

BA Ba+fa\ (B B)[A o) 0
0 ba ~\0 b)\0 a)
So BA =0, and Ba + fa = 0, thus B € s, (A)((Rna : @) = Sn)G1 + -+ +

S(n)Gm. Write
B=72Gi+ -+ Z,,Gm,

with all Z; = ¢(z; + zpnx + - + zi(n,l)x”_l) € S(n)- Then

(8= (21014 + Znbm))a=Pa+ Z1Gra+ -+ + Zp, Gy = Ba+ fa = 0.
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Hence

(b — (&101 + -+ &mbm))a = 0,
where §; is the first row of Z;. It follows that b, — (§161 + - + &mbm) € lr(a) =
Rt1 + -+ -+ Rt,,. Set

bn — (5101 + - +€m9m) =7ty + -+ i,

with all 7; € R. Then b, = &601 + - + &b + 7181 + - + rptn. Let Ny =
0
Zi(n—1)
. Then (% /Z\) € S(n+1). Since B=3Y"", Z;G; and b, = 3", &0; +
zi1

Z;‘ll riti,
Z;il rit;

- 0
B=>> (Zibi + Nigi) + _
i=1 :
0
Thus
0 ... 0 X% mity
B g _ 2111 Z;G; Z:ll(Zﬂz —+ )‘igi) N 0O ... 0 0
0o ... 0 0
B ; <0 z) (0 gi> +;¢(mw(tzm ).

This means that Ls ., (4) = 327" St (G _21 VD Sty ¥(tiz™) is finitely
generated. Thus we have proved that S(,) being left coherent implies that S, 1)
is left P-coherent, i.e., R[x]/(z") being left coherent implies that R[z]/(z""!) is
left P-coherent.

Since R[z]/(z™) is left coherent, (My(R))[z]/(x™) & My (R[z]/(z™)) is left
coherent for each k > 1. As above, My (R[z]/(z" ")) = (My(R))[z]/(x™T1) is left
P-coherent for each k > 1. So R[z]/(x"*1) is left coherent by [2, Proposition 2.7].
Thus, by induction, R being left coherent implies that R[z]/(2™) is left coherent
for each n > 1 and the result follows. O
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