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Finsler connection properties generated by the two-vector angle
developed on the indicatrix-inhomogeneous level

By G. S. ASANOV (Moscow)

Abstract. The Finsler spaces in which the tangent Riemannian spaces are con-
formally flat prove to be characterized by the condition that the indicatrix is a space of
constant curvature. In such spaces the Finslerian two-vector angle can be obtained from
the respective two-vector angle of the associated Riemannian space. This observation
entails the problem to obtain the angle-preserving connection on general indicatrix-
inhomogeneous level, that is, when the indicatrix curvature value Cnq4. is permitted to
be an arbitrary smooth function of the indicatrix position point z. The problem has
been completely solved by means of the proposed method to determine the coefficients
of nonlinear connection from the separable equation of preservation of the normalized
angle. The obtained connection is metrical with the deflection part which is propor-
tional to the gradient of the function H(z) entering the equality Crna. = H?, and is
uniquely determined up to the torsion tensor of the associated Riemannian space. Also,
the involved deformation of space is covariant-constant. Important tensorial informa-
tion is obtainable by the help of the coincidence-limit method applied to geodesics of
the indicatrix space. When the transitivity of covariant derivative is used, from the
commutators of covariant derivatives the associated curvature tensor can be found. The
developed theory is applied to the Finsleroid space.

Motivation and introduction

A Finsler space is given by the pair (M, F'), where M is a differentiable
manifold and F' = F(z,y) is a Finsler metric function introduced on the tangent
bundle TM of M. The function F' = F(z,y) depends on the points € M and on
the tangent vectors y € T, M, where T, M C T'M is the tangent space supported
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by the z. The notion of connection in Finsler space can be studied departing
from various convenient sets of axioms (see [1]-[9] and references therein).

The embedded position of the indicatrix Z, C T, M in the tangent Riemann-
ian space Rz} = {T:M, gz} (y)} (where g, (y) denotes the Finslerian metric
tensor with = considered fixed and y used as being the variable) induces the Rie-
mannian metric on the indicatrix through the well-known method and in this
sense makes the indicatrix a Riemannian space. Therefore, the geodesics can be
introduced on the indicatrix by applying the conventional Riemannian methods.

In any (sufficiently smooth) Finsler space the two-vector angle o,y (y1,y2)
can locally be determined with the help of the indicatrix geodesic arc, which
motivates the important question whether the Finsler geometry can be profoundly
settled down by developing and applying the connection which preserves the angle.

In general, the angle ay,y(y1,¥2) is complicated and cannot be determined
in an explicit tensorial form, except for rare Finsler metric functions. The lucky
example is given by the Finsler space F~ which is characterized by the condition
that at each p. « the indicatrix Z, C T, M is a space of constant curvature.
Considering arbitrary dimension N > 3, it is possible to prove that the tangent
Riemannian space Ry,) is conformally flat if and only if the indicatrix Z, is a
space of constant curvature (see Proposition 2.1). Therefore, the Finsler space FV
can alternatively be characterized by the condition that the tangent Riemannian
spaces Ry, are of the conformally flat nature.

Our consideration will be local in both the base manifold and the tangent
space. The indices 4, j,... will refer to local admissible coordinates {z‘} on the
base manifold M. From any given Finsler metric function F' = F(x,y) we can con-
struct the covariant tangent vector § = {y; } and the Finslerian metric tensor {g;; }
in the conventional way: y; = (1/2)0F?/0y" and g;; = dy;/dy’. The contravariant
tensor {g¥} is defined by the reciprocity conditions gijgjk = 6F, where § stands
for the Kronecker symbol. We shall also use the tensor Cjjx = (1/2)9g;;/0y".
By I we shall denote the unit vectors, namely, | = y/F(z,y), such that F(x,l) = 1.
In addition to the Finsler metric tensor g, it is convenient to use the tensor
hmn = Gmn — lml, having the property h,,,y" = 0. We shall raise and lower
the indices i, j, ... of tensorial objects by means of the tensors g;; and g7, for
example, Cijk = gi"ank.

Because of the conformal flatness of the spaces Ry,}, the Finsler space F N
produces on the same base manifold M the associated Riemannian space, to be
denoted by RY = (M, S), where S = \/amn(7)y™y™ is the Riemannian metric
function constructed from a positive-definite Riemannian metric tensor @y, ().

The respective transformation § = g(z,y) which makes the Finsler space
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FN a Riemannian space is positively homogeneous with respect to the varia-
ble y. We denote the degree of homogeneity by H(x). The remarkable equality
Cina. = H? is fulfilled (which was established in [10-12]), where Crnq. = Crna. ()
denotes the value of the curvature of the indicatrix Z,, € T, M. The relevant
conformal multiplier p? is constructed from the Finsler metric function F accord-
ing to p = (F(z,y))' 7@ /H(x). The metric tensor a;; relates to the Finslerian
metric tensor g;; of the space FV according to the formulas (2.10)—(2.15) which
determine the transformation. We can induce the angle a?ﬁm conventionally de-
fined in the Riemannian space R into the Finsler space 7V, which yields simply
a(ay(y1,y2) = (1/H(x)) 5™ (71, 72)-

To explicate the coefficients N™,, of nonlinear connection from the Finsler
angle o = a4} (y1,¥2), we should successfully propose the preservation equation.
The nearest possibility is to formulate the equation d;a = 0 in accordance with the
formulas (1.10) and (1.13), applying the separable operator d; indicated in (1.9).

This possibility has been realized in the preceding work [10], [11]. Namely,
in that work the separable preservation equation d;a = 0 has been solved in
the Finsler space FV under the assumption that Cinq. = const, which implies
H = const. The coefficients N™,,, and also the connection, have been obtained.

In the present paper, we overcome the restriction Cr,q. = const, permitting
the indicatrix curvature value Cr,q. to depend on the points x € M which support
the indicatrix. We call the space FV indicatriz-homogeneous, if the value is a
constant, whence H = const. If the dependence Crng. = Crna.(x) does hold, we
say that the space FV is indicatriz-inhomogeneous, in which case H; # 0, where
H; = OH/0z"'. The representations obtained in the previous work [10], [11] are
the (H; — 0)-limits of their generalized counterparts developed in the present
study.

It appears that in general the angle preservation equation formulated in the
separable way does not permit any solution for the coefficients N™,,.

This conclusion can be drawn from the implications which are derivable by
the help of the coincidence-limit method [13] which extracts the tensorial infor-
mation from behavior of Riemannian geodesics. To this end we should use the
distance function E = E(x,1,%2) in the indicatrix space with E = (1/2)a?, kee-
ping in mind that the angle o measures the length of the indicatrix geodesic arc
(in accordance with (1.1)) and, therefore, establishes the geodesic distance in the
indicatrix treated as a Riemannian space. Evaluating various partial derivatives
of the function E with respect to y; and y2 and finding the coincidence limits
when ys — y;, we can obtain a valuable information on the derivatives of the
Finsler metric tensor of Finsler space. Performing the required evaluations on
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the level of the second-order partial derivatives 9%/9y*dy%, and, then, applying
the operation yo — y; to the resultant expressions, it is possible to arrive at the
following general conclusion: In any Finsler space the assumption d;a =0 of the
separable type entails the equality Dihpmn = (2/F)hmnd; F.

If we additionally postulate d;F' = 0, we obtain D;h,,, = 0 and, therefore,
the metricity D;gmn» = 0 which is formulated with the covariant derivative D
arisen from the deflectionless connection. We can apply the derivative 92 /9y Oy"
to the equality D;g,,, = 0, which leads after simple evaluations to the equality
DiSnkjm = 0. Here, the Snkjm is the tensor which describes the curvature of
indicatrix (the tensor can be found in Section 5.8 in [1]).

Clearly, the condition DiSnkjm = 0 is fulfilled in but rare cases of Fins-
ler space. They include the indicatrix-homogeneous case of the space F. The
indicatrix-inhomogeneous space F is not complied with the condition.

Therefore, accounting for the dependence H = H(z) in the angle-generated
connection coefficients of the Finsler space F% is neither a straightforward task
nor a trivial problem.

These important (and rather unexpected?) implications enforce us to look for
more capable ideas to formulate the preservation of angle. The attractive idea is to
substitute the normalized angle aif}(r)}(yl,yg) = H(x)agmy(y1,y2) (see (1.26))
with the initial angle o,y (y1,¥2) in the separable preservation law, according
to (1.27). The law obtained is of the recurrent-type (1.28), namely
d;a + (1/H)H;ao = 0. It appears that this preservation complies with the in-
dicatrix-inhomogeneous Finsler space F. The reason thereto is the following
assertion obtainable by the help of the coincidence-limit method: In any Fins-
ler space the assumption d;a + (1/H)H;oo = 0 entails the equality Dby, =
(2/F)hpnd; F — (2/H)H;hyy. When d;F = 0, the equality reduces to D;gmn =
—(2/H)H;hpy,, which in turn entails the extension of the previous vanishing
DiSnkjm = 0 such that the right-hand part of this extension (written in (1.32))
is just the expression which is obtained when the characteristic representation
Snkjm = C’(:v)(hnmh;C — hnjhfn) of the tensor Snk]-m of the space FV under study
is inserted under the action of the covariant derivative D;.

Thus, we are entitled to use the recurrent-type equation d;a+(1/H)H;a = 0.
Solving the equation with respect to the coefficients N, (z,y) results in the
explicit representation (2.31). The N™,, (x,y) obtainable in this way can naturally
be interpreted as the coefficients of the non-linear connection produced by the angle
in the space F studied on the general indicatriz-inhomogeneous level.
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With the knowledge of the coefficients N™;(z,y), we can evaluate the deriv-
ative coefficients N™;; = ON™; /0y’ and express the Finslerian connection coeffi-
cients T™;; through the Riemannian connection coefficients L™;; = L™;;(x) and
the function H = H(z) (by the help of the formulas (1.34) and (2.32)).

In this way, the metrical non-linear Finsler connection FN = {N™;, T™;;}
is induced in the indicatrix-inhomogeneous space F~ from the metrical linear
connection RL = {L™;,L™;;} evidenced in the Riemannian space RY, where
Lm; =-L™ jiyi. The involved function H = H(z) may depend on x in arbitrary
smooth way.

The deflection tensor A*;,, = —NF¥;,, — T";, is non-vanishing as far as
H; # 0, for A¥;,, = (1/H)H;hE,. So, in distinction from the connection developed
in the indicatrix-homogeneous case, in the indicatrix-inhomogeneous space the
connection F N is no more deflectionless. Nevertheless, the connection is metrical
and the equality N™; = —ijiyi holds. The connection coefficients 1™ ;; are
not symmetric with respect to the subscripts j, i.

The connection FN gives rise to the covariant derivative 7 whose remarkable
properties are listed in (1.38)—(1.41).

We say that the transformation y = y(x,y) performs the deformation C of
the space FV. The formulas (2.16)—(2.20) describe the basic properties of the
deformation C.

The indicatrix-inhomogeneous space FV under study arises from the Rie-
mannian space RY as a result of such a deformation: F~¥ = C-RY. The same
interpretation refers also to the connections, namely FN = C-RL. The defor-
mation is T-covariant constant: 7 -C = 0. Also, the covariant derivative T is the
manifestation of the transitivity of the connection under this transformation, in
short, 7 = C-V, where V is the covariant derivative applicable in the Riemannian
space RY (these properties of the introduced deformation have been established
in Section 11.4 of [12]).

In the Riemannian geometry we have merely H = 1. In the Finsler space
FN | the H(x) plays the role of the input function which changes the indicatrix
curvature value.

The present study of the FN-space was essentially influenced by the recent
publications [3] and [6].

Developing the attractive idea to measure the angle by means of the area,
TAMASSY proved the theorem in [6] which states that a diffeomorphism between
two Finsler spaces is an isometry iff it keeps the angle. The obvious importance
of the theorem motivates the desire to go farther and find a particular Finsler
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space in which the connection is obtainable from the angle in terms of clear and
handy representations. The Finsler space F suits well the purpose.

In [3], KozMA and TAMASSY attracted the attention to the circumstance
that in the Riemannian geometry we can use naturally the metrical and linear
connection on the tangent bundle of the variables z, y. Like to the constructions
developed in the preceding work [10,11] dealt with the indicatrix-homogeneous
case, in the present indicatrix-inhomogeneous study of the space FV the export
of this connection by the help of the deformation C generates the required Finsler
connection.

The deformation FN = C-RY is a conformal isometry, namely the space
FN = {M, Gij} with §;; = g;j/p? is isometric to the Riemannian space RY =
(M, a;;), where p? is the conformal multiplier displayed in (2.10) and (2.15).
Indeed, from the formulas (2.17) and (2.18) it follows that mn = ai; 75,75

In Section 1, the key representations necessary for using the indicatrix-
inhomogeneous F-space have been exposed.

In Section 2 we extend Proposition 2.1 of the preceding work [10], [11] in
the following essential aspect. In [10], [11], the assumption was made that the
respective conformal multiplier is of the power dependence on the Finsler metric
function. Instead, we shall show by means of an attentive analysis that the power
dependence is a direct consequence of the property that the tangent Riemannian
spaces Ry,) are of the conformally flat nature (see Propositions 2.1 and 2.2). We
also describe the basic properties of the deformation C and explain how the angle
representation o,y (y1,y2) = 1/H(x)a?;‘in‘(§1, 72) can be established. After that,
we solve the preservation equation of the normalized angle with respect to the
coefficients N™,,. The outcome is given by the formula (2.31) which indicates the
representation of the coefficients N™,, which is valid for an arbitrary Finsler space
of the type FV. The representation involves the vector field U? which determines
the key transformation y = C(x, 7). Given a particular Finsler space of the type
FN | the formula (2.31) yields the coefficients N™,, in a completely explicit way
when the field U? is known explicitly.

The Finsleroid case to which Section 3 is devoted provides us with such
an example, for the required field U is explicitly given by means of the rep-
resentation (3.6) (which was earlier found in Section 6 of [7]). Therefore, we
can straightforwardly apply the developed theory of the FV¥-space to the metric
function of the Finsleroid type. The expansion (1.42) for the respective Fins-
leroid coefficients N, has been evaluated. The explicit representation of the
entailed derivative coefficients N*;,, is also indicated. The respective validity of
the representations (1.29) and (1.30) of the tensors D;h,, and Nk, ... on the
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indicatrix-inhomogeneous level of study of the Finsleroid space has been verified
by direct evaluations presented in detail in [12]. Thus we have got prepared the
connection FN in the Finsleroid space at our disposal with an arbitrary input
smooth function Crpq. ().

In the last Section 4 the significance of the connection problem solved in the
present paper has been emphasized. Also, the converse method of derivation of
the connection in the space ™V under study, namely the method which is directly
based on the deformation of the Riemannian connection, has been proposed. The
method is qualitative rather than evaluative.

Below we are interested in spaces of the dimension N > 3. The two-
dimensional case has been studied in the work [8], [9].

The present work was preceded by the arXiv-publication [12] in which various
required methods of evaluations have been developed.

1. Basic representations

Let U, be a simply connected and geodesically complete region on the indi-
catrix Z, supported by a point € M. Any point pair uy, us € U, can be joined
by the respective arc A{z}(ll, l3) C Z,, of the Riemannian geodesic line drawn on
U,. By identifying the length of the arc with the angle notion we arrive at the
geodesic-arc angle ay,}(y1,¥2), where y1,y2 € T, M are the two vectors whose
direction rays Oy; and Oy, intersect the indicatrix at the points u; and us. We

obtain
ey (Y1, y2) = [[Agey (I, 2) |- (1.1)
The coefficients N*; = N¥;(z,y) are required to construct the operator
0] 0
di = =+ N¥,—. 1.2
Oxt + Oy* (1.2)

These coefficients are assumed naturally to be positively homogeneous of degree 1
with respect to the vector argument y.
The derivative coefficients

ON*
Nknm = n’
oy™

(1.3)

fulfill the identities N¥,,,y™ = N¥,, Nknmjym = Nknmjyj =0, and Nknmj =
N knjm. The coefficients are used to construct the covariant derivatives

D,F = d,F, D™ = dpl™ — N™ 0", Dilyy = dily + N el (1.4)
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and
Drgmn = dkgmn + Nhkmghn + Nhkngmh- (15)
The identities
OD)F ODylm .
= Dilym, = Drgmn + b N"kmn 1.6
oy k oy kG9mn T Lh Nk (1.6)

are obviously valid, together with

8Digmn

ayj = QDiCmnj + Ntimjgtn + Ntinjgmta (17)

where

Dicmnj = dzcmnj + Ntijcmnt + Ntimctnj + Ntincmtj' (18)

The covariant derivative of the tensor hpn = gmn — lml, Will be constructed
in the manner similar to (1.5), namely Dihmn = dihmn + N kmBin + N B,

To deal with the two-vector angle a = o,y (y1,%2), we merely extend the
operator d; in the separable way, namely

_ 0 k 0 k
= axl +N Z(x,yl)ay,f +N z(xay2)

di Y1,Y2 € TwM7 (19)

oYk’

and introduce the covariant derivative D;a according to

In the associated Riemannian space R we have the separable operator

. ) ) 9
deem = 4 Lki , — 4+ Lki , —_—, R (S TwM, 1.11
i py (z yl)ay’f (z y2)8y§ Y1, Yo (1.11)
with the linear coefficients L*;(x,y1) = —L*;(x)y] and LF;(z,y2) = —L*s;(x)y}
in which
Lmij = amij + Smij, (112)

where a™;; = a™;j(x) stands for the Christoffel symbols constructed from the
Riemannian metric tensor a;;(z) of the space RY, and S™;; = S™;;(z) is the
torsion tensor of the Riemannian connection of the space R”, such that S™i =

—S5™ ;. When applied to the Riemannian two-vector angle a?;ﬁ;m(yl, ya) =

arccos(Amn (€)Y yy /5152), where S1 = \/@mn (2)y7"y and Sz = v/ Gmn () Y5 Y%,

the operator reveals the fundamental property of angle preservation

AT (y1,y2) =0, w1, ye € T M.
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By analogy, one may assume that the Finsler coefficients N*; fulfill the se-
parable angle-preservation equation

Dia=0 (1.13)
to try developing the theory in which the properties
DiF =0, Dilm =0, Dpl™ =0, (1.14)

together with the metricity
DiGmn =0 (1.15)

hold fine. This metricity, taken in conjunction with the identities indicated
in (1.6), just entails that
LN tmn = 0. (1.16)

The following valuable implication can be deduced from angle by applying
the coincidence-limit method: In any Finsler space the assumption d;a = 0 of
the separable type entails the equality

2
Dihmn = =hmnd; F 1.17
o (1.17)
(take below the formula (1.29), keeping H = const). If we additionally postulate
d;F = 0, we obtain D;h,,, = 0 and, therefore, D;gmm, = 0.
Thus, the separable angle-preservation equation entails the following remar-
kable implication:

PRESERVATION OF ANGLE AND LENGTH == METRICITY, (1.18)

that is, the two conditions d;a = 0 and d; F' = 0 entail D;g,,, = 0.
When D; gy = 0, from the identity (1.7) it follows that

2D10mn] + Ntimjgtn + Ntinjgmt =0, (119)

which in turn entails that, because the tensor C,,; is totally symmetric, the
tensor Npim; = N timj g¢n must be totally symmetric with respect to the subscripts
n, m, j Nnimj = Nminj = Njimn = Nnijm; whence

N¥ i = =DiC* o, (1.20)

where chkmn = dzckmn - Nkitctmn + Ntimcktn + Ntinckmt-
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Thus, in any Finsler space the two conditions d;ac = 0 and d;F' = 0 entail
the representation (1.20) for the coefficients N¥;p.,,.

The formula (1.20) tells us also that (1.16) can be regarded as a direct imp-
lication of the identity y*Cp,; = 0 shown by the tensor Cjp;.

Because of the identity

OC . OC*,
ayj aym

=2 (Chnmckhj - Chnjckhm) s (121)

the components

9C™n;  OC™y;
OyJ oyt

Enmij — + Chnicmhj _ Chnjcmhi (1_22)
of the curvature tensor E{x} = {}A%nmij (z,y)} arisen in the tangent Riemannian
space Ry, reduce to

~ 1
anij = ﬁSnmij with Snmij = (ChnjC’mhi — Chm-thj) F2. (123)

By differentiating the coefficients (1.20) with respect to ¥/ and making the
interchange of the indices m, j, it is easy to conclude after a short evaluation that
owing to the vanishing ON*¥,,,,, /0y’ — ON*,;,,/0y™ = 0 and the above identity
(1.21), the representation (1.20) entails the vanishing

D;iSp* jm =0, (1.24)

where DiSnkjm = disnkjm - Nkihthjm +Ntinstkjm +Ntianktm + NtimSnkjt~
Thus the following assertion is valid.

Proposition 1.1. In an arbitrary Finsler space of any dimension N > 3, the
possibility of determination of the coefficients N™,, from the separable equation
d;a = 0 supplemented by the condition d; F' = 0 implies 'DZ-Sn’“jm =0.

In the indicatrix-homogeneous case of the space FV under study, we have
the representation Spmi; = const(hyjhmi — Anifimj), which complies with the
necessary condition DiSnkjm = 0 because of the property D;h;y, = 0.

On the indicatrix-inhomogeneous level of study of the space FV the cha-
racteristic representation reads Spmi; = C(hnjhmi — hnihm;) with C = C(x),
whence from DiSnkjm = 0 it would follow that C; = 0, where C; = C/0z*. In
turn, since Crpg, = 1 — C (such an equality can be found in Section 5.8 of [1])
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and Crng. = H?, the conclusion C; = 0 implies H; = 0, which returns us to the
indicatrix-homogeneous case.

Hence, to lift the connection from the indicatrix-homogeneous grounds to
the indicatrix-inhomogeneous level, we are compelled to propose an extended
preservation law which does not require D;S,,* jm = 0. In this connection, the
use of the normalized angle seems to be the most natural proposal. To this end
we introduce a characteristic indicatriz scale factor R(x) in each tangent space
to normalize the angle. If the volume Vz,_ of the Finslerian indicatrix Z,, C T, M
is finite, it is attractive to obtain the scale by the help of the equality

Vi, = C1(R(z))N 1, C1 = const. (1.25)

The scale factor R(x) appeared in this way has the clear geometrical meaning of
the radius of the indicatriz supported by p. x.

In this respect, there is the deep qualitative distinction of the Finsler geo-
metry from the Riemannian geometry. Namely, in the latter geometry we have
simply Vz, = const, whence R = const. In the Finsler geometry, the value of V7,
may vary from point to point of the background manifold M, in which case the
R may be a function of z.

Accordingly, we replace the above angle a g} (y1,y2) by the normalized angle

o () = H@)agay (1,v2), 12 € T, (1.26)

where we have introduced the function H(z) = 1/R(x), to use the preservation
law

dia (g1, ) = 0 (1.27)

instead of d;a;1(y1,y2) = 0 formulated in (1.13). The law (1.27) can be written
in the recurrent form

1

The d; is the operator (1.9) and H; = OH/0z".

Since the angle ay;1(y1,¥2) is measured by the indicatrix arc length, it seems
quite natural to normalize the angle by means of the characteristic scale factor of
indicatrix, according to (1.26), before placing the angle under the action of the
separable operator d;.

To deduce the tensorial implications of the recurrent preservation law (1.28),
it proves being of great help to apply the coincidence-limit method [13] of studying
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geodesics. Namely, for the function £ = (1/2)a? from (1.28) we obtain the
following E-equation
OF oE 2

-+ N*— + Nty — = —ZH,E,
ox? ! oyl 2 oyl H

where N*1; = NF,(z,91) and N¥y = N¥;(x,y5). By differentiating this E-
equation with respect to y; and yo and, then, applying the coincidence limit
operation ys — y1 to the resultant expressions, it is possible to arrive at the follo-
wing general conclusion: In any Finsler space the assumption d;a+(1/H)H;a =0

entails the equality

2 2
Dihin = = hmndiF — = Hihy. 1.2

This equality has been derived in Appendix E of [12] in all detail by performing
long substitutions (see (E.37) in Appendix E in [12]).

By differentiating the equality (1.29) with respect to ’, it is possible to
obtain the coefficients N*,,,,. In this way, when d; F' = 0 is valid, simple direct
evaluations yield the representation

2 1
NFin = ﬁHin’“hmn —D;C* s (1.30)
which extends the previous (1.20). The symmetry property for these coefficients
reads now
2 1 2 1
Ntimjgtn - EHiFhmjln = Ntimngtj - EHthmnlj
Instead of (1.16) we obtain
" 2
FN"mle = EHihmn. (1.31)

The condition D;S,,* jm = 0indicated in (1.24) is now extended, namely the above
representation (1.30) entails

2

D;iSyt jm = — 5 Hi (K% o — M) - (1.32)

From (1.29) it follows that whenever d; F' = 0 we have

2

Digmn = ——H;hppp,.- 1.33
g =~ (1.33)
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The equality (1.33) suggests us to introduce the total connection coefficients

1

TF = —N¥. — HHihfn, (1.34)
so that the deflection tensor
Akim déf _Nkim - Tkim (135)
is non-vanishing as far as H; # 0, namely
k 1 k
A% = EHihm. (1.36)
It follows that
T imy™ = =N¥imy™ = =N*i,  BT"im = ~lN¥im. (1.37)

There arises the total covariant derivative T showing the properties
T.F =0, Tilm =0, T =0, (1.38)

and the metricity
TiGnm = 0, (1.39)

where

def def def

T,F < d4,F, Tl = il — T imnln,s Ti™ = ™ + 1™ 0", (1.40)

and
def

ﬁgnm = dignm - Thimghn - Thinghm- (1'41)

In all the previous formulas started with (1.26), the H(x) was an arbitrary
smooth function not related anyhow to the indicatrix curvature, and the constancy
of the indicatrix curvature was not implied.

If the indicatrix Z,, C T,,M of a Finsler space is a space of constant curvature
at any supporting point x € M, we say that the Finsler space is the FV-space,
where N > 3 is the dimension of the space. In such spaces we can take the positive
function H(z) from the equality Crnq.(z) = (H(7))?, where Cruq.(x) is the value
of the curvature of the indicatrix Z,. At any point x € M of the space F this
function H = H(z) naturally introduces the scale factor R(x) = 1/H(z) in the
tangent Riemannian space R,y supported by the point. It is the function H (x)
that we use in the normalized angle (1.26) when treating the space FV, that is,
the angle is normalized by the help of the square root of the indicatrix curvature.
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When we use the recurrent preservation law supplemented by the condition
D;F =0, from (1.29) we have D;hy,y, = —(2/H)H;hpy. Applying the covariant
derivative D; to the tensor Snkij = C(hn; hf —hm-h?) and noting that C = 1— H?,
after short evaluations we obtain the derivative D;S,,* jm Which is just equivalent
to the derivative indicated in (1.32).

Thus, the following proposition is valid.

Proposition 1.2. The recurrent-type preservation (1.28) of the angle, that
is, d;a+(1/H)H;a = 0, complies with the indicatrix-inhomogeneous Finsler space
FN at any smooth H = H(x) obtainable from the identification Crnq. = H?.

The observations motivate us to go to the preservation law (1.27) which is not
separable from the standpoint of the indicatrix-arc angle o,y (y1,y2), whenever
H +# const.

The coefficients N™,, shown in (2.31) don’t involve explicitly the gradients
H,. If, however, we expand the partial derivatives 9/9x™ which enter the right-
hand part of (2.31), the coefficients will break down into two parts:

N™,=N"_ 4+N™,  N™,=N"H,. (1.42)

Here, the first part N, are the coefficients of the indicatrix-homogeneous case
(given by the formula (2.30) in [10], and by the formula (2.36) in [11]) in which
the constant H has been merely replaced by arbitrary H(x), and the vector field
N™ does not involve any gradient of H(x). We may say that the coefficients N™,,
are of the linear dependence on the gradient H,.

The entailed coefficients N*,,,, are given by the representation (2.34) which is
applicable to any indicatrix-inhomogeneous Finsler space FV. It is also possible to
evaluate explicitly the derivative coefficients N*,,,; = ON* ... /0y*. The required
evaluations (which have been presented in detail in [12]) lead to the validity of the
representation (1.30) in the FV-space with an arbitrary smooth function H(z),
provided that d,, F' = 0 is assumed.

Having evaluated the coefficients N*,,,,, we obtain from (1.34) the total
connection coefficients T%;,, thereby solving the problem of finding the connection
in the FN-space at the indicatrix-inhomogeneous level.

2. Indicatrix of constant curvature

When N > 4, to elucidate the conformal properties of the tangent Riemann-
ian space Ry,} we should use the formula (1.22), which proposes us a convenient
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and simple representation for the respective curvature tensor {Ennlij (z,y)}, and
construct the Weyl tensor Wiy, in the space Ry,}, so that

FQWijmn = Sijmn - (Sinbgjn + Sjngi7n - Sl’ﬂg_]m - SJ’mgln)

N-2
1 .
T NSO =) Wimdin — Gingsm): (2.1)

where Sijmn = gthijmn, Sim = gj"Sijmn, and S = g™ S;m. Contracting the
tensor two times by the unit vector I" yields directly (N — 2)F2Wjpnl™l =
—Sim + (1/(N — 1))S’him, where hiy = Gim — liln. Therefore, in any dimension
N > 4 the vanishing W;;m, = 0 is tantamount to the representation

It is known (see Section 5.8 in [1]) that the indicatrix is a space of constant curvat-
ure if and only if the tensor S,,,,;; fulfills the representation (2.2), in which case
C = C(x) (that is, the factor C is independent of y). The respective indicatrix
curvature value Crq. is given by

Crng. =1 - C. (2.3)

Next, in the dimension N = 3 the tensor Wjj,,, vanishes identically and,
therefore, the equality

Sijmn = L(himhjn — hinhjm) with L = ;Su’ (24)

DN =

holds, where L may depend on y. In terms of the tensor C;,,,= (Sim—(§/4)gim)/F2
of the Cotton—York type, the tangent Riemannian space Ry,} of a three-dimen-
sional Finsler space is conformally flat if and only if the vanishing

holds, where S denotes the Riemannian covariant derivative operative in the space
Ryz}- Noting that (2.4) entails Sy, = Lhiy,, denoting L,, = OL/0y", and taking
into account the property S, gi» = 0, we obtain the equality

1 1 1

whence (2.5) holds iff L,, = 0, that is when L = L(x) (more detail can be found
in Appendix B in [12]).
These observations are summed up in
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Proposition 2.1. In an arbitrary Finsler space of any dimension N > 3 the
tangent Riemannian space R,y Is conformally flat if and only if the indicatrix
T, is a space of constant curvature.

The question arises: What is the form of the conformal multiplier in the
space R,} under study? To deduce the required conclusions we can start with
the tensor u;; = z(z,y)(c1(x)) 2F~22(*) g, where 2 is a smooth positive function
to be tested relative to dependence on y and {¢1(z), a(x)} are positive functions;
the inequality 1 > a(z) > 0 is implied.

Denoting u;;; = Qu;; /0y, we construct the coefficients Z;;, = (uji + wiri —
u;j%)/2 and, then, the respective Christoffel symbols Z™;; = uthijh, where the
components u™" are reciprocal to the u,,;,, namely u™" = (1/2)F?*g™"(c;)2. In
this way we obtain merely

m a 1 m a 1 m

a 1
- <Flm + ggm Zk> gij +C™ij, (2.7)
where z; = 0z/0y'. With these coefficients, we are able to evaluate the respective
curvature tensor

Bm. _ OZ™ i 0Z™p;
Y oy Ayt

+ 2" i 2 — 2P 2 (2.8)

This tensor vanishes iff the scalar p? with p = [2(z, y)(c1(z)) 2 F~2e()] 2 s in-
deed the conformal multiplier. From Enmij = 0 we can obtain some expression for
the tensor Symi;. Assuming the zero-degree homogeneity of the function z(x,y)
with respect to the argument g, which entails the identity z;i* = 0, and consider-
ing the implications of the identity Symi;I™l7 = 0, we arrive at the conclusion
that énmij = 0 is equivalent to the representation

1
Snmij - CL(2 - a)(hn]hmz - h'mhm]) + F27 (Zhghszs)(hnjhmi - hnlhm_])

222
a—1
5 (zn(zihmj — Lihung) — 2 (lihuy — L)

(all the involved evaluations have been explicitly presented in Appendix C in [12]).

In Finsler geometry the tensor S,.,;; possesses the property Spmi;l* = 0.
The above representation (2.9) shows that we meet the property iff we fulfill the
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equation (a — 1)(znhm; — 2Zmhnj) = 0. Noting a # 1, we obtain z, = 0, which
means that the function z is independent of y. Without any loss of generality we
can take z = 1.

Thus we have proved the following proposition.

Proposition 2.2. If the tangent Riemannian space Ry, is conformally flat,
then the dependence of the conformal multiplier on the variable y is presented by
the power of the Finsler metric function F', such that

9y ) = PPupn (), p=c(@) (Fla,y)™™ ., ale) >0, (2.10)

with a curvatureless tensor wuy,(y), where the positive zeroth degree homogeneity
of the conformal multiplier on the variable y and the inequality 1 > a(x) > 0 were
preassigned.

Since the curvature tensor R,™;; constructed from the tensor g (y) =
{tmn(z,y)} in accordance with the rule (2.8) vanishes identically, there must
exist the transformation represented locally by means of the functions

J' =y (z,y) (2.11)
upon which the tensor u,,, becomes a Euclidean metric tensor in each tangent
Riemannian space Ry,y. That is, the equality

Umn = Q55T T (2.12)

must be valid, where 3, = 95'/0y™ and @y = Amn ().

It is natural to assume that the functions (2.11) are positively homogeneous
with respect to the argument y. From (2.10) it follows that the tensor wuyy is
homogeneous of the degree (—2a) with respect to y. Therefore, the homogeneity
degree H of the transformation (2.11) must be given by H = 1 — a. Thus,

¥ (z,ky) = "y (x,y),  k>0. (2.13)

With z = 1 the above representation (2.9) reduces to
Spmij = a(2 — a)(hpjhmi — hnihm;). Recollecting (2.3), we just obtain Crng. =
1—a(2—a) = (1-a)? Since the difference 1 — a is equal to H, the identification
Crna. = H? is valid.

Making the choice ¢; = 1/H, from (2.10) we obtain the equality

S(z,9) = (F(z,y)"™ (2.14)
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which complies with the correspondence of the indicatrix to the Euclidean sphere

under the transformation (2.11); S(z,§) = v/@mn(2)g™y". Then, from (2.10) we
may conclude that the conformal multiplier p? is constructed from the Finsler

metric function F according to

1

g Fan)' ™. (2.15)

p:

We take 1 > H > 0 for definiteness, the extension of the approach to other values
of H being a straightforward task.
The transformation (2.11) gives rise to the deformation

y=C(z,79), v,y€T.M. (2.16)
Introducing also the deformation tensor
Cr = Dl (2.17)
we can conclude that the following important property is valid:
FN =C-RN i gyun = C! . Clay; (2.18)

(use the transformation (2.12) together with the equality gmn = P*Umn, ensued
from (2.10)). The zero-degree homogeneity

Ch(w,ky) = Ch(z,y), k>0, (2.19)

holds (for any admissible ), together with the identity C! (z,y)y™ =
(F(z,y))'~H7'. The deformation is unholonomic:
act, B aCt
aym  Oy™

£0. (2.20)

The vanishing appears if only the factor p = F'=# /H is independent of the
vectors y, that is, when H = 1 (which is the proper Riemannian case).
The converse transformation

§=C Ha,y): t' =t (z,y), t"=7", (2.21)

is (1/H)-homogeneous, so that y'(z, kt) = k'/Hyi(z,t) with k& > 0 (for any ad-
missible t). The identity y’t" = (1/H)y" holds, where 3! = 0y'/dt". We obtain
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the reciprocal deformation tensor C = (1/p)y™,, so that @"Cﬁn = 6", with C¢,
introduced in (2.17).

The respective two-vector angle g, (y1,92) proves to be obtainable from the
angle a?;‘im(yl, y2) operative in the associated Riemannian space RY = (M, S),
namely the simple equality

1 iem /- ~—
afzy (Y1, y2) = ma?m} (Y1,92) (2.22)

(see (II.2.51)—(11.2.52) in [12], or (2.27)—(2.28) in [11]) is valid. To give reasons
for this equality, let us denote by I* = y*/F(x,y) and L* = t*/S(x,t) the com-
ponents of the Finslerian and Riemannian unit vectors | = {l'} and L = {L'},
which respectively possess the properties F'(z,l) = 1 and S(z,L) = 1. Since in
virtue of the equality (2.14) the indicatrices of the spaces F~ = (M, F) and RY =
(M, S) are in correspondence under the deformation C, we may apply the trans-
formation (2.16) to the unit vectors: [ = C- L : I* = y*(x, L). On the other hand,
from (2.10) and (2.12) it follows that gy, (2, 1) = (1/H(x))%a;;(z)t, (z, 1)t (z,1).
Therefore, under the transformation | = C - L we have g, (x,)dl™dl™ =

(1/H (z))?a;;(z)dL*dLI. No support vector enters the right-hand part of the last
equality, whence (2.22) is valid.

The definition ) )

Ul ggi = F—Hgi (2.23)
introduces the normalized vector, which is obviously unit: U;U? = 1, and U; =
a;;U7. The zero-degree homogeneity U'(x, ky) = U'(z,y) with k > 0 holds (for
any admissible ¢), entailing the identity U’y" = 0 with

out 1

) ) 1 X
Ul =" — ¢ [gui,, 2.24

where t¢ = 0t /0y™. Tt follows that

FHUMyf =1k, FRULF =61 - UV,  UUL=0.  (2.25)
The identity
out .
U; L'U* ) =0 2.26

is obviously valid, where L%, are the Riemannian connection coefficients (1.12).
The representation (2.22) of the angle takes on the simple form

1
agzy (Y1, y2) = i) arccos A, with A = @ (2)UMUY, (2.27)
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where U]* = U™ (x,y1) and US* = U™ (x, y2).
When the recurrent preservation d;« + (1/H)H;« = 0 proposed by (1.28) is
applied to the angle shown in (2.27), we obtain simply

diX =0, (2.28)

where d; is the separable operator (1.9). That is, the recurrent preservation law
formulated for the Finsler FN-space angle Q) given by (2.27) is tantamount
to the preservation law for the Euclidean angle a?ﬂﬁm = arccos A, whence to the
separable preservation law (2.28).

The right-hand part in the formula A = dy,, (x)UUY is such that the law
d;\ = 0 gets valid provided we impose the condition

DU =0 (2.29)
on field U? = U'(z,y), where we introduced the covariant derivative
DU = d, U + L, U". (2.30)

Since d,,U? = 0U*/dz™ + Nan,i, we can arrive at the conclusion that in the
FN_space the coefficients N™,, can unambiguously be found from the equation
dn (H(:v)a{w}(yl, yg)) = 0 to be explicitly given by the representation

H_,0F 0U'

N'mn — _yszH (U

el v i % k m
U 5w + oy + (a'nk + S"uk) U ) +1Md, F (2.31)

(we refer to (I1.3.12) in [12]). Here, the equality L™;; = a™;; + S™;; indicated in
(1.12) has been used.
Whenever d,, F' = 0, the representation (2.31) takes on the form

N™, = —I"Z— _ym[p
5o Vi

Ut S
(5o + @ sty ). 232)

where the identity 3" = (1/H)y® indicated below (2.21) has been taken into
account. These coefficients N, present the general solution to the equations
dn (H(x)a{x}(yl,yg)) = 0 and d,F = 0, so that no problem of uniqueness of
connection coefficients may be questioned. The torsion tensor S’k, is the only
freedom in the right-hand part of (2.32).

The evaluations performed in Section II.3 of [12] have led us also to the
representation

; 1
N™,, = diemym (g 1) + EHnym InF (2.33)
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(this is the formula (I1.3.29) in [12]) which is alternative to (2.32); here, y™ =
y™(z,t) are the functions (2.16).

The representations (2.31)—(2.33) involve the gradient H,, and are applicable
to any indicatrix-inhomogeneous Finsler space FV.

The coefficients N*¥,,,,, can be evaluated from (2.32) to explcitly read

1 , OF ol 1
NF o =—=hF— —F 2 _C* . N°, + = (l,h* — (1 — H)l*h,,) N*
our
LY SR ik R SN 2.34
Yn ggm T L msUn (2.34)

(this was the content of Proposition 11.3.4 in [12]). With these coefficients, the
validity of the representation (1.30) for the entailed coefficients N kmn can be
verified (we address the reader to Proposition I1.3.5 in [12]).

3. Application to Finsleroid space

Among possible metric functions F(z,y) of the Finsler space FV there is
the remarkable example, to be denoted by K(z,y), which reveals the following
important properties: the indicatrix is closed and axially symmetric, and Finsler
metric tensor is positive-definite.

Below, we make the notation change H(z) — h(z).

The scalar g(z) obtained through

h(z) =4/1— @, with —2 < g(x) <2, (3.1)

plays the role of the characteristic parameter. It follows that g; = —(4/h)gh,,
where g; = g/0z* and h; = Oh/dx".

The Finsleroid space (M, K) is constructed starting with a Riemannian space
(M,S), where S = \/a;j(z)y’y’ is the Riemannian metric function and a;;(x)
is a positive-definite Riemannian metric tensor. Namely, we assume that in
addition to a Riemannian metric \/a;;(z)y’y’ the manifold M admits a non-
vanishing 1-form b = b;(x)y’ of the unit length: a;;(x)b'(z)b (x) = 1, where
b'(x) = a*(z)b;(z). The tensor a/(z) is reciprocal to a;;(z), so that a;;a’™ = §7,
where §}' stands for the Kronecker symbol. We need also the quadratic form

2
1
B=0+gbg+q° = <b—|— 2gq) + h2¢?, (3.2)
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where ¢ = \/Tppy™y™ With 1, = Gmn — byby, so that ag; (m)yiyj =0+ ¢
We shall also use the scalar

1( arcta G+acta L) if >0
= —( —arctan — rctan — 1 ;
XTh 2 hb) =

1 G L
X=7 (7r — arctan Bl + arctan %), if <0, (3.3)

with the function L = ¢ + (g/2)b fulfilling the identity L? + h?b* = B.

The definition range 0 < x < w/h is sufficient to describe all the tangent
space. The normalization in (3.3) is such that x|,—, = 0. The quantity (3.3) can
conveniently be written as x=f/h with the function f=arccos(A(z,y)/\/B(x,y)),
where A = b+ (1/2)gq, ranging as follows: 0 < f < . The Finsleroid-axis vector
b’ relates to the value f = 0, and the opposed vector —b’ relates to the value
f=m

f=0 ~ y=b; f=m ~ y=—b. (3.4)

With these ingredients, we construct the Finsler metric function
K =+vVBJ, where J=e 29, (3.5)

The normalization is such that K(x,b(z)) = 1 (notice that ¢ = 0 at y* = b%). The
positive (not absolute) homogeneity holds: K(z,~vy) = vK(z,y) for any v > 0
and all admissible (z,y).

The entailed components y; = (1/2)0K?/dy" of the covariant tangent vector
9 = {y;} can be found in the simple form y; = (aijyj + gqbi) J2.

The determinant of the respective Finslerian metric tensor g;; = 9y; /0y’
is given by the formula det(g;;) = J?V det(a;;) and, therefore, is everywhere
positive.

The remarkable property A’A; = N2g?/4 is valid, where A; = KC;7;, so
that the contraction A*A; is independent of vectors y € T, M.

Within any tangent space T, M, the indicatrix ZFLP, = {y € FFLP

gi{z} — gi{z}
y € TyM,K(z,y) = 1} bounds the convex body .7:.7:91??30} ={y € ffgl?’{jg:} :

y € TuM,K(z,y) < 1} around the origin 0 € T, M. This body extends the
Riemannian notion of unit ball. We call the body the Finsleroid. The direction
of the vector b'(z) in the tangent space T,,M has the clear geometrical meaning
of the axis of the Finsleroid F.F, ;: ?I} C T, M. The Finsleroid can be regarded as
rotund around this direction. The Finsleroid is not symmetric under reflection
through the origin 0 € T, M, for we have K(x,—y) # K(x,y) in general.
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We call K(z,y) the .F.F;D-Finsleroid metric function, obtaining the .7-'.7:9PD—
Finsler space FFYP = {M; ai;(x); bi(x); g(x); K(z,y)} which we call the Fins-
leroid space for short. The upperscript “PD” means “positive-definite”.

On the punctured tangent bundle 7'M \ 0, the metric function K is smooth
globally of the class C? regarding the y-dependence and the Finsleroid metric
tensor g;; is positive definite. Because of the identity r,,,b" = 0, the function
is not of the class C3. Indeed, the scalar ¢ = /T, y™y" is zero when y = b
or y = —b, that is, in the directions of the north pole or the south pole of the
Finsleroid. The third derivatives of the function K (z,y) with respect to y involve
the fraction 1/¢q which gives rise to the pole singularities when g = 0.

On the b-slit tangent bundle 7,M = TM \ 0\ b\ —b (obtained by deleting
out in TM \ 0 all the directions which point along, or oppose, the directions given
rise to by the 1-form b), the function K is smooth of the class C*° regarding the
y-dependence.

The metric function K has been first appeared in the paper [14] in which a
broad class of Finsler metrics whose indicatrices are spaces of constant curvature
has been found. The consideration in the paper was referred to a fixed tangent
space. In [15], the metric function K was used to geometrize the tangent bundle
of a smooth manifold in a positive-definite way. The terminology “Finsleroid” has
been introduced in the work [16], in which the two-vector angle has been found
in process of investigation of appropriate geodesics. In [16] the angle was given
by the representation which completely agrees with the representation

Finsleroid Rie

1 -
Qry (Y1,92) = ma{x} (U1, 72)

coming from the formula (2.22) derived in the present paper.

Now, we are able to elucidate the structure of the coefficients N¥,, in the
proper Finsleroid case. According to the formula (6.26) of [7], the quantity U® =
(1/K")g® which enters the representation (2.32) of the coefficients can explicitly
be given by

VB’
where v* = y® —bb’. With the deformation tensor C?, evaluated by the help of this
field U?, the validity of the deformation property (2.18) can readily be verified.

Ul = [W’ + (b + ;gq> b’] L (3.6)

From (3.6) we have

oU? g ;1 1,1 1
— I i g — —Ulgh
g w" g T2 g 2o ™
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or
oUi g 1 111 1
:——U’ ——(b b —gb'—— — —U'gd
g~ “apeU Tt 9l gt E — apUt

Since K"y™U® = (1/h)y™ (a consequence of the homogeneity involved) and

T 1 1 1 m
b +B<h<b+29q) b gq)y

(this is the formula (D.12) of [7]), we can evaluate the contraction

w0 L L1 im0 (LY
Yy = TmEn? T apnt™ 4h2 994
2
g 11 1 g 1 1
g - = b 771_77 b - b m
+ o Bh( + gq) V" =z \b T 59¢) (0+ 9y

m 1 1 1 m
b +B(h<b+29q) b gq)y ]

Using the equality (3.2) together with the representation

K"yt = VB

Kh

1
54

N 17,
29K [q ™ — (b+ gq)v } cmy
(indicated by (A.27) in [7]), we come to
U 1 g 1\ K
h,m _ — 4 - o oAm
K Sy = 2B <q+ 29b) NgA : (3.7)

Therefore, in the Finsleroid case the object {N*;} proposed by (2.32) is the
sum

Nki:NIki—f—Nki, Nki:]\u]kgi7 (38)
where ) ) % )
N q k 7.k
Nt=__— 2% —gb) —AF — M .
hQB(q+2g)Ng 5 My (3.9)

with M coming from 0K?/9g = MK?. The torsion tensor S*;; = S*;;(z) has
been neglected. The N, are the coefficients (6.53) of [7] (they can also be found
n [10], [11]), namely,

e [ 4 o o))
(G (o-goran) « (1))

Vib; —a* 7, (3.10)
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where ¥ = a*" —b¥b" — (1/¢%)v*v™, so that y,n*" = byn*™ = 0. The designation
V,; stands for the Riemannian covariant derivative constructed with the help of
the Riemannian Christoffel symbols akij = akij (z) appeared in the background
Riemannian space (M, S), so that V;b; = 9b; /02 —a*;;bi. The coefficients (3.10)
don’t involve the gradient g;.

The N, are the coefficients N*,; obtained when the condition h = const
which specifies the indicatrix-homogeneous case is postulated.

The coefficients N'*,,,, = N*, /0y™ are known from [7], namely

1. P
N”Z-m:—(l—hbm im)f‘ﬂf by — Lk ib,
( ) +2qv ha’ V J 2qhnmyv J

9 & k) L k
— [ =" - (1— -V; — 11
(Qq’l) ( h)b ) hvzbm a nm (3 )

(see (6.49) in [7]). For the coefficients N*;,, = ON*;/dy™ the representation

y 1 g2 1 b P 1 g2 1 b\ /b
Neo= =g (14297 —on?) ZAlb+ —g L (14262 (2 4g) 0t
h2‘q 2B< Jr29q )Ng Jthg 2B Jr29q q+g m
1 @ (b 1\ 2 2, , 1 _ ., 1 .,
gL (24 2g) 2 A, AF — g MRE + — 1, N, 3.12
+h292B<q+2g)NgNg g9t i+ 2 (3.12)
is obtained (which was shown in Appendix A in [12]).
Thus the full coefficients N*;,,, = N, + N¥, . are completely and explicitly
known.
Using (3.12) we find straightforwardly that

92Nk, 2

——F— = —hilmn. 1

For the coefficients N*;,,, = ON*,,., /0y™ the representation

o g 1 1 1
Nkimn = _W‘%Ehmnlk - gﬁgiEAkmn (314)
can explicitly be derived, where A*,,, = KC¥,,,. After that, it is possible to
evaluate the sum N*%,,,,, = N, .+ N’“imn, where N, ... = ON™,  /oy™. The
result reads simply

2 1 1
Zhi— il
h K K
(we address the reader to Appendix A in [12]). This method establishes the
validity of the representation (1.30) in the proper Finsleroid case.

Nkimn = lkhmn - DiAkmn (315)
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4. Conclusions: Problem solved

It is possible to meet the opinion that, in contrast to the Riemannian case, in
the Finsler geometry there is no canonical connection, so various Finsler connec-
tions should be developed on the axiomatic tensorial level. At the same time, in
the Riemannian geometry the canonical connection, called ordinarily the Levi Ci-
vita connection, is a straightforward implication from the angle, so the following
problem deserves the attentive consideration.

CONNECTION PROBLEM. Generate the Finsler connection from the two-
vector angle.

The definition of the two-vector angle a1 (y1,y2) by the help of the length
of the geodesic arc on the indicatrix seems to be the most natural Finslerian
generalization of the angle introduced in Riemannian spaces by the help of the
Euclidean notion of angular measure. Like to Riemannian case, in Finsler space
this length, whence the angle ag.y(y1,¥2), is free of any vector of support. Ac-
tually, the refined definition for this angle has been formulated in the beginning
of the section “7. Definitions of Angle” of the book [1]. However, applications
of such an angle to Finsler spaces have not been developed. The main difficulty
is due to the loss of possibility to have a tensorial representation for the angle.
“A finite angle will be obtained by integrating the expression (7.2) over a finite
arc” (p. 31 of [1]), where (7.2) was the representation of the infinitesimal piece
of the angle. One should deal with an integral measure of the angle. Whence, in
the respect of applications to various wide classes of Finsler spaces, such an angle
is complicated and implicit object. In Riemannian space, the integration can

readily be performed, yielding simply a?;%m(yl,yg) = amn(2)y"yy /S152, where
S1 =V amn(2)yy} and Sz = \/amn (2)y5 Yy

The essential simplicity can be met at in particular Finsler spaces. In the
FN_space the angle is expressible in the simple tensorial form a2y (Y1, y2) =
(1/H(x))a?§m (41, %2). This observation has permitted us to obtain a complete
solution of the above Connection Problem in the FV-space of an arbitrary di-
mension N > 3, assuming that the indicatrix curvature value Cy,q. belongs to the
range (0,1). The treatment was local in both the base manifold and the tangent
space. The smoothness of the class C? in the base manifold and of the class C?
in the tangent space was implied. The obtained representations (2.32) and (1.34)
for the coefficients N™,, and T%;,, completely determine the connection FN and
then the total covariant derivative 7. The length preservation 7;F = 0 and the
metricity 7;gmn = 0 are keeping fine. The connection is uniquely determined up
to the torsion tensor of the associated Riemannian space.
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Can the obtained connection FN be regarded as being canonical for the
Finsler space FN?

In Section 2 the connection FN was obtained by means of solving the se-
parable preservation law of the normalized angle. It is instructive to follow the
converse method, basing on the stipulation that the sought Finslerian connection
be the deformation of the Riemannian linear connection. The method involves
several important steps.

First of all, it is intuitively obvious that due to the conformally flat nature of
the tangent Riemannian spaces Ry}, the space F N induces a Riemannian metric
tensor a;;(z) on the background manifold M, which in turns should induce the
angle from the Riemannian space (M, a;;(z)) in the space F~. There arises the
idea that the connection FN comes in the F-space by following the same path.
What is the Riemannian image of the connection FN in the space (M, a;;(z))?
Maybe the metrical linear Riemannian connection RL of the space (M, a;;(z)),
namely, RL = {L™;,L™;;} where L™; = —L™;y" and L™;; = L™;;(z) are
the coeflicients which are shown in (1.12)?7 Let us adopt the last possibility to
proceed.

We have seen in Section 2 that the Finsler space FV under study is obtained
from the Riemannian space R by means of the deformation y = C(z, ), which
properties were listed in (2.17)—(2.20). The Finsler angle o can be regarded as

the result of this deformation, namely o = C - oo™

oy (v, 2) = (1/H(@))a5m (51, 7).
Let us assume that the sought connection FN = {N™; T™;;} for the space

, where a means the angle

FN is also produced by such a deformation, namely FN = C - RL. Denoting by
T the covariant derivative which is constructed with the help of the connection
coefficients N™; and 1T™;;, we can set forth the natural requirement that the
C-deformation be T-covariant constant, that is, 7 - C = 0.

In terms of local coordinates the last condition reads

TnCi" =0, (4.1)
where
T.C} = dn Ot = T O + L™ i G (4.2)

Here, CJ* is the deformation tensor introduced in (2.17).

As long as this condition is valid, from the relation g, = C'fnC,{aij (indicated
in (2.18)) it ensues that the metricity 7,9;; = 0 holds in the space FV because
of the Riemannian metricity

8aij

h h
Oz — L inQhj — L jn@hi = 0.
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With the help of the tensor C™, = (1/p)y", introduced below (2.21) we can
solve the above equation (4.1) with respect to the coefficients 7", obtaining

T, = Ch (dnc,g + I nlc,g) : (4.3)

Here, d,, is the operator (1.2). Finally, we set forth the natural assumption that
Ty = 0 (this reads N";, + T",xy* = 0 with respect to local coordinates) and
contract (4.3) by y*. The result is simple d,, (F*~#57) + F1=HLi ;5" = 0, where
the identity C? (z,y)y™ = (F(z,y))" " # indicated below (2.19) has been taken
into account. The two nullifications 7y = 0 and 7,g;; = 0 obviously entail
d,F = 0. Whence we have

dni’ + L7 5 = H,ij’ InF. (4.4)

Using here (2.23) together with the first member of (2.25) we are led to the
conclusion that the equality (4.4) is equivalent to the representation (2.32) for
the coefficients N™,,. If we differentiate (4.4) with respect to 3* to obtain the
object dngji and, then, insert the object in (4.3), we just find the representation
(1.34) for the connection coefficients T%;,,. So the metrical Finsler connection
FN has been completely determined in the space F%V. On inserting the obtained
coefficients N™,, in the separable equation (1.27) of preservation of the normalized
angle, it is easy to observe that the equation is fulfilled. Thus the converse method
works fine!

If we apply the developed theory to the Finsleroid space, we obtain the
metric connection of the smoothness class C*° regarding the y-dependence on all
the b-slit tangent bundle T,M =TM \ 0\ b\ —b.

It is possible to extend the content of Section 4 of the previous indicatrix-
homogeneous study [10], [11] to make it possible to perform the comparison bet-
ween the commutators of the Finsler covariant derivative T arisen in the space
FN and the commutators of the Riemannian covariant derivative V introduced in
the associated Riemannian space, not assuming H = const, such that H(z) can
be an arbitrary smooth function of z. In this way, the associated curvature tensor
pi"i; can be derived. The respective evaluations have been presented in detail in
Section IL.5 in [12], where various important properties of the tensor have been
elucidated.
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