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Projective equivalence between an (a, (3)-metric
and a Randers metric

By YAOYONG YU (Hangzhou) and YING YOU (Hangzhou)

Abstract. In this paper, we study the projective equivalence between an (a, §)-
metric and a Randers metric constructed with conformal Riemannian metrics and dif-
ferent one forms.

1. Introduction

Two Finsler metrics on a manifold are called (pointwise) projectively equiv-
alent if they have the same geodesics as point sets in some neighborhood of any
point. The first author and Y. SHEN have studied the projective equivalence
between two Randers metrics in [10]. Then the authors in [2] have studied the
projective equivalence between a quadratic metric and Randers metrics. But for
the projective equivalence between a general («, §)-metric and a Randers metric,
it may be difficult. If a Finsler metric F' is projective equivalent to a Minkowski
metric, then it is called projectively flat. In this case, the geodesics of F' is some
segments of straight lines as point sets in a local coordinates. Douglas metric
is a more general class of Finsler metrics than the projectively flat metrics (See
Definition 2.1 below).

(a, B)-metrics are a class of Finsler metrics constructed by some Riemannian
metrics and one forms including Randers metric as a spacial case. It is in [5]
which used some equations to characterize the («,)-metrics of Douglas type.
Noticing that a projectively flat Finsler metric must be of Douglas type, we can
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study the projective equivalence between two («, 3)-metrics using the techniques
similar as [5].

The purpose of this paper is to study the projective equivalence between
an (o, B)-metric and a Randers metric constructed with conformal Riemannian
metrics and different one forms.

2. Preliminaries

For a given Finsler metric F' = F(z,y), the geodesics of F statisy the follow-

ing ODEs:
d*z’ ; dz
2G (2, ) =
7o +2G <x, dt) 0,

where G' = G%(z,y) are called the geodesic coefficients, which are given by
i L i m 2
G' = Zg {[F ]xmyly - [F ]xl}
Definition 2.1. Let

Diy e 2 (@ 1aGmyi)7 2.1)

T OyioyFoy! 41 oym
where G are the spray coefficients of F. The tensor D := D;kl8¢®dxj®d:rk®d:vl is
called the Douglas tensor. A Finsler metric is called Douglas metric if the Douglas
tensor vanishes.

Two Finsler metrics F and F are projecively equivalent if and only if in some
local coordinates {z°} on M there exists a homogenous function P(z,y) of degree
one on T'M\{0} such that

G'(z,y) = G'(z,y) + P(z,y)y, (2.2)

where G¥(x,y) and G'(z, y) are the spray coefficients of the corresponding Finsler
metrics F and F.

There is an important class of Finsler metrics called («, 8)-metrics which are
defined by a Riemannian metric @ = y/a;;4'y/ and a one form 3 = b;y’. They
are expressed in the form

F:a¢(5)a s:ﬁ/a,

where ¢(s) is a positive C* function on (—b,,b,) satisfying #(0) = 1. It can be
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proved that F' is a positive definite Finsler metric for any « and 8 with ||5]|o < bo
if and only if ¢ satisfies [14]

$(s) = s¢'(s) + (b = 5%)¢"(s) > 0, (|s] b <bo). (2.3)

If =1+ s, the Finsler metric F = a + § is called Randers metric which occurs
naturally in Physics and Biology applications.
Let VB = b jd:ri ® dxz? be covariant derivative of 8 with respect to a.
Denote

1 1
Tij = §(bz‘|j +bj),  sij = §(bi|j —bjji)-
Clearly, 3 is closed if and only if s;; = 0. Let s; := b%s;;, sé = a“slj, 5o = S;y°,
56 = sty? and roo == ri;y'y’. ' .
The geodesic coefficients G* of F' and geodesic coefficients G?, of « are related
as follows

G' =G, +aQsh + {—2Qasg + roo H{Ub' + Oa~ 1y}, (2.4)
where

99 — 5(¢¢" + ¢'¢')

o—
26((6— 56/) + (12— )97
¢/ 1 ¢//
M 26— ) + (P =)0

It is known that Douglas metrics can be also characterized by the following
equations

Gy =Gy’ = STy’ — Ty Y.

From (2.4) we can easily obtain

aQ(shy’ — sgyi) + U (—2Qasg + 7o) (b'y? — by') =

1o i
5 Gy’ — Gy )yFyt (2.5)

The authors in [5] used some equations to characterize the («, 5)-metrics of
Douglas type.

Lemma 2.2. Let F = a¢(3/a) be an («, 3)-metric satisfying
(a) B is not parallel with respect to «;

(b) db # 0 everywhere or b = const.;
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(¢c) F is not of Randers type.

Then F' is a Douglas metric if and only if in some local coordinates the following
equations hold

(14 (k1 + kos?)s® + k3s)o" = (k1 + kas?) (¢ — 5¢), (2.6)
bij = 27[(1 + kib®)aij + (kob® + k3)biby), (2.7)

where b := a"b;, b := ||B||a, by
tives of 8 with respect to «, T = 7(x) is a scalar function and & is a one form, ky,

denote the coefficients of the covariant deriva-

ko, ks are constants.

Using (2.5), we can give an equivalent condition of two («, 5)-metrics having
the same Douglas tensor.

Lemma 2.3. F = a¢(B/a) and F = a¢(3/a) have the same Douglas ten-
sor iff

aQ(shy’ — s{)yl) + U (—2Qasg + roo) (b'y? — Vyt)
- {dQ(géyj — 8hy') + ¥ (—2Qaso + 7o) (0'y’ — yyi)}
= %(Gizyj - Gy Y, (2.8)
where G&, are scalar functions on M.

PRrROOF. Noticing the definition 2.1, we can also define a Douglas spray rather
than a Douglas metric. Let H* := G* — G? be coefficients of a ‘new’ spray. If F
and F have the same Douglas tensor, then H® are the coefficients of a Douglas
spray. Using (2.5), we get the result (2.8). O

Lemma 2.4. If ¢ satisfies w = k = const., then

IS __ o' (O)tkt
¢ = Ce’0 144/ (0t+kt?

wiht C a positive constant.

PRrROOF. Note that Q(0) = ¢'(0), one can easily verify this lemma. O

3. Two metrics have the same Douglas tensor

In this section, we suppose that the two metrics have the same Douglas
tensor.
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Lemma 3.1 (n > 3). Let F = a¢(8/a) be an (a, §)-metric with ¢ #
s ¢’ (0)+kt _ _
Cef" @k M for any constant C' > 0 and k, F = a+ 3 be a Randers metric,

where « and & are two conformal Riemannian metrics,  and B are two nonzero
one forms. Then they have the same Douglas tensor if and only if both F and F'
are Douglas metrics.

PRrROOF. If both F and F are Douglas metrics, they have the same Douglas
tensor. We suppose F and F have the same Douglas tensor. For Randers metric,
we can compute that Q = 1 and ¥ = 0, then (2.8) gives

aQ(shy’ — shy') + W (—2Qaso + ro0) (b'y’ — Vy') — a(shy’ — shy’)
Lo i
= 5(Guy’ — Gy )yt (3.1)

The above equation is valid under any local coordinates of M. Since a and & are
conformal, we can choose a coordinates (x%) such that & = A\(z)a for a positive
scalar function A(z). Then we have

aQ(shy’ — séyi) + U (—2Qasg + 7ro0) (b'y? — Vy') — Mz)a(5hy’ — E%yi)
1o i
=5 Gy’ = Gy W', (32)

For a fixed point z € M, we change the coordinates (y') of T, M as (s,y%) —
(') by

1 _ S ~ a__ ..a
v o=t Y=y

where 2 < a <n,1<i<n. Thenwehavea:$dand,6:

Vo—s?
where & = /> (y%)2.
Using this special coordinates, we are going to simplify the above equa-
tion (3.2).
For i =a, j = b, (3.2) is equivalent to

bs ~
Vb2 —s2 a,

~a ~b_ a =a =b_a S ~ ~ a ~a ~a
bQ(35y" — 3hy*) — Ab(Sy" — Shy”) = 5{(Gl1)0 +Gh)y* — (G + Giy")} (3.3)
and

bsaQ(sfy” — shy®) — Absa®(sy" — shy”)

1 ~ ~ ~ a a
= 5{(Ggoyb = Goy") (0 — %) + 732 (Glhy" — Gliy™)}  (34)
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where 58 := 504", G4 :== G%4y°.
Letting s = 0 in (3.4), we get

Z80y” — Gooy” = 0.
Plugging into (3.4) yields
BQ(sy” — sty") — No(sty” — S4y") = 25(GHy’ — Gay)
Letting s = 0 in (3.5) we get
bQ(0)(s5y" — sTy™) = Ab(s5y" — s7y").
Plugging into (3.5) yields
BQs) — QO (s5” — shy") = 55(Ghy” — Gy

If (Q(s) — Q(0))/s # const., then

siy’ — sfy* = 0.
Thus, s¢ = 0. Plugging s¢y® — s4y® = 0 into (3.6) yields

sty’ — sty =0.

Therefore, we have 5¢ = 0.
Letting s = 0 in (3.3), we get

bQ(0)(53y" — Shy™) = Ab(55y" — 50y*).

Plugging into (3.3) yields

BQ(S) — QUO)) (50" — 5hy) = S{(Gh + Gh )y — (Gl + G "))

If (Q(s) — Q(0))/s # const., then

55y” — 50y = 0.

(3.9)

Thus, 5264 — 5262 = 0. Summing the index b = d yields (n — 2)s% = 0. Noting
that n > 2, then s¢ = 0. Plugging into (3.8) yields 53y* — 53y = 0. Similarly, we

get 50 = 0.

Therefore, we have proved 53» =0, i.e. B is closed. In this case, F' is a Douglas

metric and so is F.

O
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4. Main result

Theorem 4.1 (n > 3). Let F' = a¢(B/a) be an («, B)-metric satistying
(a) B is not parallel with respect to «;

(b) db # Oeverywhere or b = const.;

s _ ¢/ (0)+kt
(¢) F is not of Randers type and ¢ # Celo Taor ¥ for any constant C' > 0

and k.
Let F = &+ f be a Randers metric, where o and & are two conformal Riemannian
metrics, 3 and B are two nonzero one forms. Then they are projectively equivalent
if and only if in some local coordinates the following equations hold

(1 + (k‘1 + k‘252)82 + k‘382)¢// = (k‘l + k‘282)(¢ — S¢/), (41)

Gl = Gi+ &y’ — 7(k1o® + ko B2V, (4.2)

bij; = 27[(1 + k1b?)avij + (ka2b® + ks)bsb;], (4.3)

dB =0, (4.4)

where b := a”b;, b := ||B||a, b;); denote the coefficients of the covariant deriva-

tives of 8 with respect to «, T = 7(x) is a scalar function and £ is a one form, ky,
ko, k3 are constants.

PROOF. If we suppose F and F are projectively equivalent, then they have
the same Douglas tensor. Then from Lemma 4.1 we can get that they are both
Douglas metrics. It is known that Randers matric is a Douglas metric if and
only if d3 = 0. Meanwhile, by Lemma 2.2 one can see that an (a, B)-metric is a
Douglas metric if and only if (4.1) and (4.3) hold. Plugging (4.1) and (4.3) into
(2.4) gives (4.2).

If (4.1)—(4.4) hold, then plugging these equations into (2.4) and using (2.2),
we can easily get the projectively equivalence of I and F. O
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