Publ. Math. Debrecen
82/2 (2013), 277-292
DOI: 10.5486/PMD.2013.5199

The convergence of the sequences coding
the ground model reals

By MILOS S. KURILIC (Novi Sad) and ALEKSANDAR PAVLOVIC (Novi Sad)

Abstract. We investigate the convergence A1 on a complete Boolean algebra B
defined in the following way: a sequence = (z, : n € w) in B converges to the
point limsupz of B, if in each generic extension Vg[G] the real coded by the name
7o = {{N, zn) : » € w} belongs to the ground model V; otherwise, x has no limit points.
It is shown that A; generates the same topology as the convergence A4, generalizing the
sequential convergence on the Aleksandrov cube and that for a c.B.a. B the following
conditions are equivalent: (1) The algebra B is (w, 2)-distributive; (2) The (L2)-closure
of A1, A1, is a topological convergence; (3) A1 = A1; (4) A1 = A\4; and, for the algebras
satisfying hee(B) > ¢, (5) A1 is a weakly topological convergence. Also, it is shown that
the convergence A1 is not weakly topological, if forcing by B produces splitting reals.

1. Preliminaries

Topologies and convergence structures on Boolean algebras as well as the in-
terplay between the topological, algebraic and forcing-related properties of Boole-
an algebras are extensively investigated. The results concerning this interplay are
useful because, for example, they enable us to attack algebraic problems by to-
pological methods (see e.g. [3]) or topological problems using the techniques of
forcing [7].

In this paper we investigate the convergence A\; on an arbitrary complete
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Boolean algebra B defined in the following way: a sequence z = (z,, : n € w) con-
verges to limsupz, if 1 Ik 7, € V, where 7, = {{(n,z,,) :n €w} and, otherwise, z
has no limit points. In addition, we compare this convergence with some conver-
gences considered in [8]. One of them is the algebraic convergence [11], [1] related
to the von Neumann and the Maharam problem and generalizing the convergence
on the Cantor cube; another one is a generalization of the convergence on the
Aleksandrov cube considered in [9].

Our notation is mainly standard. So, w denotes the set of natural numbers,
YX the set of all functions f : X — Y and w'™ the set of all strictly increasing
functions from w into w. A sequence in a set X is each function z : w — X;
instead of z(n) we usually write x,, and also © = (x, : n € w). The constant
sequence {(a,a,a,...) is denoted by (a). If f € w', the sequence y = zo f is said
to be a subsequence of the sequence x and we write y < x.

If (X, O) is a topological space, a point a € X is said to be a limit point of a
sequence x € X¥ (we will write: £ —¢ a) iff each neighborhood U of a contains
all but finitely many members of the sequence. A space (X, Q) is called sequential
iff a set A C X is closed whenever it contains each limit of each sequence in A.

If X is a non-empty set, each mapping A : X — P(X) is a convergence
on X and the mapping uy : P(X) — P(X), defined by ux(A4) = U, c 4 A(x), the
operator of sequential closure determined by A. If A\; is another convergence on
X, then we will write A < Ay iff A(z) C A (z), for each sequence zz € X“. Clearly,
< is a partial order on the set Conv(X) = {\: X is a convergence on X}.

If (X, 0) is a topological space, then the mapping limp : X¢ — P(X) defi-
ned by limp(z) = {a € X : © =0 a} is the convergence on X determined by the
topology O and for the operator A = limp we have (see [2])

(L1) Ya € X a € A({a));
(L2) Vo € X¥Vy <z A(z) C ANy);
(L3) Vzx e X“Vae X (Vy <z 3z <yac Az))=acz)).

A convergence A : X¥ — P(X) is called a topological convergence iff there is a
topology O on X such that A = limp. The following fact (see, for example, [8])
shows that each convergence has a minimal topological extension and connects
topological and convergence structures.

Fact 1.1. Let A\ : X“ — P(X) be a convergence on a non-empty set X.
Then
(a) There is the maximal topology Oy on X satisfying A < lime;

(b) Ox={0CX:VzeX“(ONAz)#0=3Ing Ew¥n>ng z, € 0)};
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c) (X,0,) is a sequential space;

()

(d) Ox={X\F:F CXAux(F)=F},if X satisfies (L1) and (L2);
(e) limp, = min{\ € Conv(X) : X is topological and A < \'};

(£) Otimo, = Ox;

(g) If \ : X¥ — P(X) and M\ < A, then Oy C Oy,;

(h)

h) A is a topological convergence iff A = lime, .

In our proofs we will mainly use the technique of forcing (see [4]). So, if B
is a complete Boolean algebra belonging to the ground model V of ZFC, VE
will be the class of B-names. For a formula o(vy,...,v,) and 19,...,7, € VB
the corresponding Boolean value will be denoted by |o(70,...,7)|. If G is a
B-generic filter over V and 7 € VB, the G-evaluation of T will be denoted by 7.
For A € V, the corresponding B-name will be A = {(a,1) : a € A}.

Subsets of w are called reals and can be coded by convenient names. Namely,
each real belonging to a generic extension has a nice name of the form 7, =
{(n,z,) : n € w}, where z,, = || € 7|, for each n € w.

A real r € [w]* NVE[G] will be called: new iff r € V; old iff r € V; dependent
iff there is A € [w]¥ NV such that A C r or A C w \ r; independent or a splitting
real iff it is not dependent [6]; supported iff there is A € [w]* NV such that A C r;
unsupported iff it is not supported [5]. Using the elementary properties of forcing
it is easy to prove the following two facts (see [9])

Fact 1.2. Let x = (z,, : n € w) be a sequence in a complete Boolean alge-
bra B and 7, = {(n,x,) : n € w} the corresponding B-name for a subset of w.
Then

(@) lI7e =@l = Apew @ni

(b) |72 is cofinite || = Ve, Aysy Tn (= liminf 2);

(c) 7o is old infinite || =V 4¢ (e Anew 2, X4 where zl =z, 20 = 2/,

(d) [I7s is supported || =V scpupe Anea Zni

(e) |75 is dependent || =V sepupe (Anea Tn V Apea @0);

(f) [|7 is infinite || = A, \/nZk Zn (=limsupx);

(8) |7z = @|| < |7 is cofinite | < ||, is old infinite || < ||7,, is supported || <

|72 is infinite dependent || < ||7,, is infinite ||.

PRrROOF. We prove (c) and the rest of the proof is similar.
|7 is old infinite|| = [|[FA € ([W]*)V (Vn€ A (nET)AVRED\A (n g 1))| =
VaetasAnea®n A Anearna @) = Vel Anew "™ 0
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Fact 1.3. Ifz = (v, : n € w) is a sequence in a c.B.a. B and f € w', then
y =z o f is a subsequence of x and for the B-names 7, and 1, we have

(a) LIk 71, = fm];

(b) limsupy = [||f[w]" N 72| = @];

(c) liminfy = | flw]” C* 7a|;

(d) liminfz <liminfy < limsupy < limsup z.

2. The convergence A\

First, choosing a convenient notation, we present this research in the con-
text of some previous results. Let B be a complete Boolean algebra and let the
convergences \; : B¥ — P(B), for i € {0, 1,2, 3,4}, be defined by

{ba(z)} if bi(x) = ba(2),

Ai(x) = . (1)
0 if b;(x) < ba(z),

where

bo(x) = ||7 is cofinite|| = lim inf z,

b1(x) = ||7 is old infinite||,

ba(z) = || is supported||,

bs(x) = ||7 is infinite dependent]|,

by(x) = ||7 is infinite|| = lim sup x.

Then \g is the well known algebraic convergence [11] generating the sequential
topology Oy, on B [1] related to the von-Neumann and the Maharam problem,
A1 will be considered in this paper and the convergences Ao, A3 and A4 were
investigated in [8] and [9] and are related in the following way (see [8]).

Fact 2.1. Let B be a complete Boolean algebra. Then
(a) A2 < A3 < Ay
(b) A2, A3 and A4 satisfy condition (L1), but do not satisty (L2);
(¢) A2 = Ag iff Ao = A4 iff the algebra B is (w, 2)-distributive;
(d) A3 = Ay iff forcing by B does not produce splitting reals.

Thus A () = {limsup x}, if |7, is old infinite|| = ||7, is infinite|| and
A1(z) = 0, otherwise. Preliminarily we have
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Theorem 2.2. Let B be a complete Boolean algebra. Then

(a) For each sequence x in B we have

() {limsupz} if1lF 7, is old,
xTr) =
' 1] otherwise;

—
=

-~ T o T

Ao < A1 < Ay

The convergence A\ satisfies condition (L1), but does not satisfy (L2);
A1 = A iff the algebra B is (w, 2)-distributive;

A1 = Ay iff the algebra B is (w, 2)-distributive.

—_ T~
o A

PROOF. (a)
A (z) # 0 < |7, is infinite|| A |7, is old|| = ||7, is infinite||
& |7 is infinite|| < ||75 is old]|
< 11+ 7, is infinite = 7, is old
& 11k 7, is finite V 7, is old

< 1k 7, is old.

(b) follows from Fact 1.2(g).

(¢) For a constant sequence 2 = (a) we have a IF 7, = @ and o I+ 7, = 0,
which implies 1 |- “7, is old”. Since limsup z = a, by (a) we have a € A\1({a)) and
(L1) holds. For the sequence z = (1,0,1,0,...) we have 1 IF 7, = {0,2,4,...} €
V and, by (a), A1(z) = {limsupz} = {1}. But y=(0,0,0,...)<zand 1I- 7, = 0,
which, by (a), implies A1 (y) = {0} 2 A1 ().

(d) By Theorem 7.5 of [8] for each sequence z in B we have

{limsupz} if 1IF 7, is finite or supported,
Ao (z) = (2)

1] otherwise.

(<) If B is (w, 2)-distributive, it does not produce new reals and, hence, for
each sequence x in B we have 1 IF “r, is old” and, clearly, 1 IF “7, is finite or
supported”. So, by (a) and (2), A1(z) = {limsupz} = Ao(z).

(=) Suppose that the algebra B is not (w, 2)-distributive. Then there is an
extension V[G] containing a new set X C w. Let o be a B-name such that
X =0gand 1o Cwandlet b € G, where

bk o is new. (3)
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If y = (y, : n € w), where y, = || € o], n € w, for 7, = {(R,yn) : 1 € W} we
have
1Fo=m1, (4)

For x = (yo,1,y1,1,92,1...) we have 11~ {1,3,5,...} C 7, and, hence, 1 IF 7, is
supported, which, by (2) implies \a(z) # 0.

On the other hand y = z o f, where f : w — w is defined by f(k) = 2k,
so, by Fact 1.3(a), 1 IF 7, = f~![r,], which, together with (3) and (4), implies
bk “f~r,] is new”. Now, since f € V, we have b IF “7, is new” and, by (a),
)\1(.%) = @ So )\1 7é )\2.

(e) follows from (d) and Fact 2.1(c). O

Remark 2.3. Imitating the proof of the part (a) of the previous theorem one
can easily show that, if B is a complete Boolean algebra, = a sequence in B and
7, the corresponding name for a real, then the real determined by 7, is

- always old iff A\{(x) # 0;

- sometimes new, but always supported iff A;(x) = () and Ay(z) # 0;

- sometimes unsupported, but always unsplitting iff Ao(x) = () and A3(z) # 0;
- sometimes splitting iff A3 = () and A\y(z) # 0.

(Here “always” means in each and “sometimes” in some generic extension.)

By Fact 2.1(a) and Theorem 2.2(b) we have Ay < Xo < A3 < A\y; by
Fact 2.1(c), A2 = A3 < A4 is impossible and, by Fact 2.1(c) and Theorem 2.2(d),
A1 = Ao iff Ag = A3. Now, using Fact 2.1(c), (d) and Theorem 2.2(d), we show
that, up to these restrictions, everything is possible.

Ezample 2.4. A1 = A2 = A3 = A\ holds in each (w,2)-distributive and, in
particular, each atomic complete Boolean algebra.

A1 < A2 < A3 = A4 holds in each complete Boolean algebra which produces
new reals, but does not produce splitting reals, for example in r.o.(P), where P is
the Sacks or the Miller forcing.

A1 < A2 < A3 < A4 holds in each complete Boolean algebra which produces
splitting reals, for example in r.0.(P), where P is the Cohen or the random forcing.

3. The closure of A\; under (L2)

By Theorem 2.2(c), the convergence A\; does not satisfy (L2) and, hence, it
is never a topological convergence. The minimal closures of a convergence under
(L2) and (L3) are described in the following general fact (see [8]).
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Fact 3.1. Let A : X¥ — P(X) be a convergence satistying condition (L1).
Then
(a) The mapping A : X* — P(X) defined by \(y) = Usexw fewre ymzor A@) 18
the minimal convergence bigger than A and satisfying (L1) and (L2);
(b) A* : X¥ — P(X) defined by 5\*_(11) = Nfewre Ugewre My o fog) is the
minimal convergence bigger than A and satisfying (L1)—(L3);
() A< A< A <limo,
(d) O) =05 =0;..
For a subset A of a complete Boolean algebra B let At= {b € B : Ja €
Aa < b}. The (L2)-closures of the convergences Ay, A3 and A4 are described in
the following fact (see [8] and [9]).
Fact 3.2. Let B be a complete Boolean algebra. Then
(a) A\y(y) = {limsupy}*, for each sequence y in B;
(b) 5\2 = ;\3 = ;\4;
(c) The convergence \; generalizes the convergence on the Aleksandrov cube.

Now, concerning the convergence \; we have

Theorem 3.3. Let B be a complete Boolean algebra. Then
(a) The closure of \; under (L2) is given by

5 {limsupy}t if1llF 7, is old,

0 otherwise;

(b) Ay = Ay iff the algebra B is (w, 2)-distributive.

PROOF. (a)
Claim 1. A\i(y) = {limsupy} 1 if and only if 1 I 7, is old.
Proof of Claim 1. (=) Let A1(y) = {limsupy} 1. Then, by Fact 3.1(a) the set
A (y) = Uszebe fewte ymzof AM1(7) is nonempty and, hence there are z € B* and
f € w' such that y = x o f and A\j(x) # 0. By Theorem 2.2(a), 1 I “7, is old”
and by Fact 1.3(a), 1|+ 7, = f~![r,], which implies 1 IF “r, is old”.

(<) Let 1IF “7, is old”. According to Fact 3.1(a) we show that

UzeBwnywm’y:mf A1(x) = {limsupy} 1.

(C) Suppose that z € B, f € w'™, y = xo f and b € A\j(x). Then b =

limsup  and, since y < z, by Fact 1.3(d) we have limsupy < limsupx = b.



284 Milo$ S. Kurili¢ and Aleksandar Pavlovié

(D) Let b > limsupy. Let = (yo,b,y1,b,92,...) and f,g € W', where
f(k) =2k and g(k) =2k + 1. Then y =z o f and, if z = x o g, using Facts 1.2(f)
and 1.3(b) we have

limsupz = ||| = @[ = [[[7 N flw]| = &l| V [[l7e N g[w]| = @

=yl = @l v llI7=| = @l = [llry| = @l Vb =b.

So, by Theorem 2.2(a), for a proof that b € A;(z) it remains to be shown that
11k “7 is old”, which follows from 1 IF “7, is old” and the following subclaim.

Subclaim 1. () V' IF 7, = f[r,]; (i) bl 7 = flr,]U{1,3,5,... }.
Proof of Subclaim 1. By Fact 1.3(a) we have 1|+ 7, = f~'[r,] and, hence,

LI fir,] C 7a. (6)

Let G be a B-generic filter over V.

(i) If v € G, then for n € (7,)g we have x, € G and, since b & G, there is
k € w such that z, = xor = yr. Hence k € (1)q and n = f(k) € f[(7y)c]- So
V Ik 7, C flr,] and, by (6), b’ IF 7, = f[r,].

(ii) Clearly, b I+ {1,3,5,...F C 7, and, by (6), b IF f[Ty] C Tz. On the
other hand, let b € G and n € (7;)q, that is z,, € G. If n is odd, we are done.
Otherwise, as in (a) we show that n € f[(7,)¢]. Claim 1 is proved.

Claim 2. M(y) #0 < 1IF 7, is old.

Proof of Claim 2. (=) Suppose that a € A;(y). Then, by Fact 3.1(a), there
are z € BY and f € w™ such that y = x o f and a € Ai(x), which, by The-
orem 2.2(a), implies 1 I- “7, is old”. By Fact 1.3(a) we have 1 I- 7, = f=1[r,]
and, consequently, 1 I~ “7, is old”.

(<) If A\i(y) = 0, then, since \; < A;, we have A\;(y) = 0 and, by The-
orem 2.2(a), -1 I- 7, is old.

(b) It is well known [4] that B is (w, 2)-distributive iff forcing by B does not
produce new reals, that is 1 I- 7, is old, for each sequence y in B. So we apply
(a) and Fact 3.2(a). O

4. The topology generated by A;

By Theorem 3.3(b) and Fact 3.1(d), if B is an (w, 2)-distributive algebra, then
Oy, = Oy, . In this section we show more, that on each complete Boolean algebra
the convergences A1, A2, A3 and A4 generate the same topology, investigated in [9].
Concerning the convergences Ag, A2, Ag and Ay we have (see [8] and [9])
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Fact 4.1. Let B be a complete Boolean algebra. Then
(a) O)\Q = OA;; = 0)\4;
(b) O,, is a sequential Ty connected compact topology on B;

(¢) Oy, and its dual generate the sequential topology, Oy,, when B is a Maharam

algebra.
We will use the following general fact (see [8]).

Fact 4.2. Let A : X¥ — P(X) be a convergence satisfying (L1) and (L2)
and let the mappings u§ : P(X) — P(X), a < ws, be defined by recursion in the
following way: for A C X

ul(A) = A,

uST(A) = up(u§(A)) and

ul(A) = Ua<r uS(A), for a limit v < wy.

Then uy" is the closure operator in the space (X, O5).

We will say that a subset A of a c.B.a. B is upward closed iff A = A1. A
sequence x in B will be called decreasing if xg > x1 > xo > ... .

Lemma 4.3. Let B be a complete Boolean algebra. Then

)
b)
(c) If A C B is an upward closed set, then uy, (A) = ux,(A);
(d) The set uy, (A) is upward closed, for each A C B.

(a) The set \i(x) is upward closed, for each sequence x in B;
(

If x is a decreasing sequence in B, then A\ (x) = { A\, c., Tn};

PrOOF. (a) follows from Theorem 3.3.

(b) If # = (2, : n € w) is decreasing, then limsupz = A ., Vs, Tx =
Anew Tn and, by Theorem 2.2(a), it remains to be shown that 1 I- 7, is old. If
G is a B-generic filter over V, then (7,)¢ = {n: z, € G}, s0if m <n € (1,)q,
then x,, > x, € G, which implies x,,, € G and, hence, m € (7,)g. Thus (7;)¢ is
either a finite set or equal to w and, consequently, belongs to V.

(c) Let A C B be an upward closed set.

(C) Since A\; < Ay < Az, by the minimality of A\; (see Fact 3.1(a)) we have
A1 < Ag and, hence, uy, (A) :7Um€AW M(2) C Upeaw A2(z) = uz, (A).

(D) By Fact 3.2 we have Az(x) = {limsupx}1. So, for z € A¥ we show that
{limsupz} 1C uy, (A). Let limsupz = b. Then the sequence t = (t, : n € w)
defined by

t,=bV \/ Tk

k>n
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is decreasing and, since t,, > z,, € A, we have t € A“. Since

/\ t,=bV /\ \/ rr =bVlimsupx =b
new newk>n
by (b) we have b € A;(t) C Ai(t) and, by (a), {b}1C A1(t) 1= A1 (t) C uy, (A).
(d) We prove that uy, (A)1C uy, (A). If b > a € ux, (A), then there is z € A
such that a € A;(z). By (a) we have b € A (z), which implies b € uz, (A). O
Theorem 4.4. Let B be a complete Boolean algebra. Then
(a) uit(A) = u‘f\’; (A), for each A C B;

(b) 0)\1 = O/\Q = O)\z = O)\4'

PROOF. (a) (C) Since A\; < g, we have u“;fll (A) C u“;\J; (A), for each A C B.

(D) First, for A C B using induction we show that for each o < w;
uf, (ux, (A)) = ug (ux, (A)) and this set is upward closed. (7)

By Lemma 4.3(d), (7) is true for a = 0.
Let 8 < w; and suppose that (7) holds for each o < .
If 8 is a limit ordinal, then, by the induction hypothesis, we have

ud (s, (A)) = | ug, (us, (A)) = | u, (us, (A)) = . (us, (4)

a<pf a<f

and, since the union of upward closed sets is upward closed, (7) is true for S.
If 8 = a+ 1, then, by the induction hypothesis we have

ug;l(uxl(A)) = uj, (u%z (ux,(A))) = us, (uf—\*1 (ux, (4))). (8)

By the hypothesis the set u§ (us, (A)) is upward closed and, by Lemma 4.3(c),

us, (uf, (ux, (4))) = us, (uf, (ux, (4))) = u§ ™ (uz, (4)) (9)
and u§2 (us,(A)) = u?l(u;\l (A)) follows from (8) and (9). By Lemma 4.3(d) and

(9) this set is upward closed and the proof of (7) is over.
Since A C uz, (4) C ug!(A4), by Fact 4.2 we have us! (u5, (4)) = u3' (A).

)\1 )\1
Using (7) we obtain u“/—\J; (A) C u‘/i\’; (ux,(A)) = u‘)i\’i (us,(A4)) = u“ﬁ (4).
(b) By (a) and Fact 4.2 we have Ox, = O5, and, by Fact 3.1(d), Oy, = O,,.
By Fact 4.1(a), the other two equalities hold as well. O

Thus the topology O,,, generated by the convergence A, has the properties
given in Fact 4.1(b) and (c).
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5. Topological and weakly topological convergences

In this section we investigate the classes of complete Boolean algebras on
which the convergence \; (satisfying conditions (L1) and (L2)) is topological or
weakly topological. According to [8], a convergence A : X* — P(X) will be called
weakly topological iff it satisfies conditions (L1) and (L2) and its (L3)-closure, A*,
is a topological convergence. The following general fact can be found in [8].

Fact 5.1. A convergence A : X* — P(X) satisfying (L1) and (L2) is weakly
topological iff \* = lime, , that is for each x € X* and a € X

a€limp, (z) ©Vy <z Iz <y ac ().

By [9], for the convergence A4 we have

Fact 5.2. Let B be a complete Boolean algebra. Then
(a) A4 is a topological convergence iff the algebra B is (w, 2)-distributive;

(b) If the algebra B satisfies (h), then \4 is a weakly topological convergence.

We note that, according to [7], a complete Boolean algebra satisfies condition
(h) iff Vo € B¥Y Jy < & Vz < y limsup z = limsupy. More about condition (%)
(implied by the ccc) can be found in [10].

For the convergence \; we have the following analogue of Fact 5.2(a).

Theorem 5.3. )\, is a topological convergence iff the algebra B is (w,2)-
distributive.

PROOF. (=) Let \; be a topological convergence. Then, by Fact 1.1(h),
A\ = limp; . By Fact 3.1(d) and Theorem 4.4(b) we have O, = Ox, = O,, thus
A1 = limp,, > Ag. Since Ay < A2 < Ay, by Fact 3.1(a) we have A\ = A2 and, by
Fact 3.2(b) and Theorem 3.3(b) the algebra B is (w, 2)-distributive.

(«=) follows from Theorem 3.3(b) and Fact 5.2(a). O

Now we deal with the question on which algebras the convergence \; is weakly
topological. First we describe its (L3)-closure, A, in terms of forcing.

Theorem 5.4. Let B be a complete Boolean algebra. Then for y € B we
have
(@) M®) = Nacprr Userarniryns s o1 M7y N Bl =@l
(b) Ni(y) # 0 if D, = {B € [w]* : |7, N B isold| = 1} is a dense set in the
poset ([w]“, C).
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PROOF. (a) By Fact 3.1(b), for y € B¥ we prove that

N U Mwefog= N U llry 0 Bl = @[t

fewT® gewtw A€lw]* BE[A]“A ||yNB is old||=1

(C) Suppose that for each f € w™ thereis g € w'™ such that a € A;(yo fog),
which, by Theorem 3.3 and Fact 1.3, means that

ITyofog is old[| =1 and a € [||ry, N (f e g)w]'| =@ 1. (10)

Let A € [w]* and let f € w!'“, where A = f[w]. By the assumption, there is
g € w'* such that (10) holds. Then B = f[g[w]] C A and, since f and g are
injections, B € [A]*. By (10), a € |||r, N B| = @||1. By Fact 1.3, in each generic
extension Vi[G] we have (Tyorog)c = (f09) H(my)a]l = (fog) ' [(7y)e N B) and,
hence, (7,)¢ N B = flgl(ryopoq)cll. Thus

| Tyofoq is old < 7, N B is old|| = 1, (11)

which together with (10) implies |7, N B is old|| = 1.
(D) Suppose that for each A € [w]“ there is B € [A]* such that

|7, N Bisold]|=1and ac ||r,NB| =a|1. (12)

Let f € w™ and A = f[w]. By the assumption, there is B € [A]* such that (12)
holds. If g € W where g[w] = f~![B], then B = (f o g)[w] and, by (12), we have
@ € lllry 0 (f 0 9l = &IT-By (11), lI7yogeq is old]| =1, thus a € A(yo f o).

(b) (=) Let a € A\j(y) and A € [w]“. By (a) there is B € [A]¥ such that
|7, "B isold| =1and a>||r,N B|=w||. Thus B C A and B € D,

(<) Let Dy be a dense set in ([w]“,C) and a = |||r,| = @||. Since for
each A € [w]? there is B € [A]* such that |7, N Bis old| = 1 and, clearly,
a > ||r, N B| =&, by (a) we have a € i (y). O

Theorem 5.5. If there is a sequence y in B such that |7, is splitting|| > 0,
then \i(y) = 0 and the convergence \; is not weakly topological.

PROOF. Let ||7, is splitting || = b > 0 and suppose that A} (y) # 0. Then, by
(b), there is B € [w]* such that 1 IF 7, N B is old. But then b I- “r, N B is old AT,
is splitting”, which is impossible. Thus A}(y) = 0. By Theorem 4.4, limy, (y) =
limy, (y) D M(y) > limsupy and, hence, A} (y) # limy, (y) so A; is not a weakly
topological convergence. a
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Concerning the previous theorem we remark that it is possible that the con-
vergence \; is not weakly topological, although forcing by B does not produce
splitting reals (see Example 5.8). In contrast to Fact 5.2(b) we have

Ezample 5.6. The ccc (and, consequently, condition (f)) does not imply that
the convergence \; is weakly topological. The Cohen algebra is ccc, produces
splitting reals and, by Theorem 5.5, \; is not a weakly topological convergence.

Now, inside a wide class of complete Boolean algebras, we characterize the
algebras on which the convergence \; is weakly topological.

Theorem 5.7. Let B be a Boolean algebra such that hce(B) > ¢ (i.e. below
each b € B there is an antichain of size ¢). Then

A1 is a weakly topological convergence < B is (w, 2)-distributive. (13)

PROOF. (<) This implication follows from Theorem 5.3.
(=) If B is not (w, 2)-distributive, then b = ||3r C @ (r is new)|| > 0 and, by
the Maximum Principle, there is a name 7 such that

blFm C oA is new. (14)

We choose an enumeration [w]¥ = {S, : a < ¢}, bijections f, : So = w, a < ¢,
and a maximal antichain under b, {b, : @ < ¢}. Now, for the B-name o defined
by 0 = {{(7,Vacc(ba Allfa(n)” € 7)) : n € w} it is easy to prove that b, I-
o = fln], for a < ¢, (see [7, Th. 4, Cl. 1]) and, clearly, 1 IF ¢ = 7., where
r=(ry:ncw)and z, =\ . ba A fa(n) € 7|, n €w. Thus
b IF 7o = f3 ' [7]. (15)
Let us prove
VB € [w]* ||7» N B is new| > 0. (16)

Let B € [w]¥ and o < ¢, where B = S,. Let G be a B-generic filter over V
containing b,. Since b, < b we have b € G and, by (14), n¢ ¢ V. By (15),
(7o) = fo'lme] € B. Now, fi'[rg] € V would imply fo[fy'[rc]] = nc € V,
which is false. Thus f;![rg] = (72)¢ = (72)e N B ¢ V and (16) is proved.

By (16) we have D, = {B € [w]* : 1 IF 7, N B is old} = () so, by Theorem
5.4(b), Xi(x) = (). But, by Theorem 4.4, limsup z € limo,  (z) = lime; (z) and,
by Fact 5.1, A1 is not a weakly topological convergence. O

Ezample 5.8. A1 is not a weakly topological convergence on the Sacks algebra.

Namely, if B is the Boolean completion of the Sacks forcing, B is homogeneous,
has antichains of size ¢, adds new reals and we apply Theorem 5.7.
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Is the equivalence (13) a theorem of ZFC? In the following theorem, using a
result of VELICKOVIC [12], we show that under the CH, a possible counterexample
can not be nicely definable.

Theorem 5.9. (CH) If B = r.0.(P), where P is a Suslin forcing notion, then
A1 is a weakly topological convergence < B is (w,2)-distributive.

PRrROOF. (<) This implication follows from Theorem 5.3.

(=) If the algebra B is not (w, 2)-distributive, then b = ||3r C & (r is new)|| > 0.
If there exists an uncountable antichain below b, then, as in the proof of The-
orem 5.7, we show that A; is not a weakly topological convergence. Otherwise,
B|b is a non-atomic ccc forcing, clearly, PNb | is a non-atomic ccc Suslin forcing
and, by a result of VELICKOVIC [12], produces splitting reals. Now, by Theorem
5.5, A1 is not a weakly topological convergence again. (Il

6. A diagram

Here we describe the relations between the convergence structures considered

in this paper.

Theorem 6.1. Let B be a complete Boolean algebra. Then

(a) If A C [w]* is a mad family, y a sequence in B and 1 I+ 7, kills A, then
Ai(y) =B and M(y) = {1};

(b) If forcing by B produces a splitting real in each extension, then the conver-
gences 5\’{ and Ay are not comparable;

PROOF. (a) Suppose that 1 I |7, = @ AVA € A |7, N A < @ Then
|7, is infinite|| = 1 and, by Facts 1.2 and 3.2(a), we have A\4(y) = {1} 1= {1}.

Using Theorem 5.4(a) we prove that 0 € \;(y) (which implies A\}(y) = B).
For A € [w]¥, by the maximality of A, there is Ay € A such that B= AN A; €
[A]“. Since 1 IF |7, N A;| < @, we have |||, N B| < @|| = 1 which implies
|7, N B isold|| = 1 and |||7, N B| = &| = 0.

(b) (A4 £ A}). By the assumption, there is y € B* such that |7, is splitting|| > 0
so, by Theorem 5.5, \j(y) = 0 and A\4(y) # 0.

(A} £ Ag). It is known (see [7, Lemma 1]) that there is a mad family A C [w]*
which is killed in each generic extension of the ground model containing new reals.
By the assumption, forcing by B produces new reals in each extension and, hence,
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we have 1 |- 3z C @ (x kills A) and, by the Maximum Principle, there is a B-
name o such that 1 1- ¢ C @ and 1 IF o kills A. If y, = || € 0|, n € w, then
LIk 7, =0 and 11 7, kills A. By (a) we have A\{(y) =B and \(y) = {1}. O

In the following diagram X < X’ denotes that for each c¢.B.a. B and each
sequence z in B, M (z) C \'(x).

A3

A1

In the sequel we show that the diagram is correct. By Fact 2.1(a) and
Theorem 2.2(b) we have A\; < Ay < A3 < Ay and, by Example 2.4, all the
inequalities can be strict. By Fact 3.2(b) we have Ay = A3 = )4, which implies
A5 = A5 = A} and limp,, = limp,, = limp,,. By Theorem 4.4(b) we have
limp, = lime,,. By Fact 3.1, Ay < A4 implies Ay < Ay and A} < Aj.

The convergence A} is not comparable with Ag, A3, Ay and A4. The relation
A; £ X4 is proved in (b) of Theorem 6.1. For a proof that A} # A2 we follow
Theorem 5.5. If y € B*, where ||, is splitting| > 0, then \j(y) = 0. For the
sequence z = (yg,1,y1,1,...) we have y < z and, since \} fulfills (L2), we have
Ni(z) = 0. But 11-{1,3,5,...} C 7., thus 1 IF “r, is supported” which, by (2),
implies A\a(z) # 0.

The convergence ) is not comparable with Ao, A3, and A4. Namely, A ((0)) =
{0} 1 and A\({0)) = {0} implies Ay £ As. The relation A; # A follows from
X5 # Ag, proved above. a
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Remark 6.2. For the (w, 2)-distributive algebras the diagram collapses to the
diagram containing two elements, e.g. A; and A\; (see Example 2.4 and Fact 5.2(a)).
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