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On prime radical of submodules

By ABDULRASOOL AZIZI (Shiraz)

Abstract. Let R be a commutative ring with identity. A proper submodule N
of an R-module M is called P-prime [resp. P-primary], if for each r € R and a € M,
ra € N implies that « € N orr € P = (N : M) [resp. r € P = /(N : M)]. The
intersection of all prime submodules of M containing a submodule B denoted by rad(B)
is called the radical of B. We will try to formulate and find the forms of elements of
rad(B), and we study when the radicals of primary submodules are prime.

1. Introduction

Throughout this paper all rings are commutative with identity and all mo-
dules are unitary. Also we consider R to be a ring, M a unitary R-module, B a
submodule of M, and N the set of positive integers. By B < M [resp. B < M],
we mean B is a submodule [resp. a proper submodule] of M.

It is said that N < M is a prime submodule of M, if the condition ra € N,
r € Rand a € M implies that a € N or M C N (see [1], [2], [4]-]6], [8], [12]-[15],
17)-[21)).

For any subset B of M, the envelope of B, E(B) (or Ey(B)) is

E(B)={z|x=ra, r"a € B, for some r € R, a € M, n € N}.

Recall that a ring R is called absolutely flat (or Von Neumann regular), in
case Rz = Ra?, for every x € R.

In general F(B) is not a submodule of M, indeed according to [8, Propo-
sition 2.1], R is an absolutely flat ring if and only if E(B) is a submodule of M
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for any submodule B of every R-module M. The submodule of M generated by
E(B) is denoted by (F(B)) and it is a module version of the radical of ideals,
and obviously B C (E(B)).

The intersection of all prime submodules of M containing B is denoted by
rad(B) or rads(B). If there does not exist any prime submodule of M contain-
ing B, then we consider rad(B) = M.

It is said that a module M satisfies the radical formula (s.t.r.f.), if (E(B)) =
rad(B) for every submodule B of M. We say a ring R s.t.r.f., if every R-module
s.t.r.f. The s.t.r.f. concept has been studied in many papers recently, see for
example [2], [4], [8], [13]-[15], [17]-[21].

Recall that an R-module M is multiplication if every submodule of M is of
the form I'M, where I is an ideal of R (see [10]).

An R-module 0 # S is said to be P-secondary, if for each r € R, rS = S or
r € P=+/Ann(S). If S is a P-secondary module, then P is a prime ideal of R.
Evidently every divisible module over an integral domain is 0-secondary.

According to [16, Section 6], a secondary representation of an R-module M,
is an expression of M as a finite sum of P;-secondary submodules S;, that is
M =51+S53+S53+---+5,. If M has a secondary representation, then it is said
that M is a secondary representable module.

Recall that a serial module is a module in which every two submodules are
comparable. A module M [resp. ring R] is called distributive [resp. arithmetical],
when I+ (JNK) = (I+J)N(I + K), for every three arbitrary submodules [resp.
ideals] I, J and K of M [resp. R]. By [7, Theorem 2.16] M is distributive if and
only if Mgy is a serial module for every maximal ideal 91 of R.

In Section 2 of this paper we will find the forms of elements of radicals
of submodules for some particular modules such as modules over rings of Krull
dimension zero, multiplication modules and secondary representable modules. In
Section 3 we will find the formulas of radical of primary submodules. It is proved
that rad(Q) = PM, if @ is a P-primary submodule of a distributive module M.
Also we introduce some modules of which the radicals of primary submodules are
prime submodules.

2. Some formulas for radicals of submodules

Throughout this section, we consider:
A={(B,M)| M is a module and B < M},

and we suppose B to be the class of all modules.
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Definition 1. Let ¢ : A — B be a function such that ¢(B, M) < M for any
(B,M) € A. We will say that a module M is ¢-radical, if rady (B) C ¢(B, M),
for every B < M. If every R-module is ¢-radical, then we will say the ring R is
¢-radical.

We define ¢g : A — B by ¢o(B,M) = (Ep(B)). Then a module M is
¢o-radical if and only if M s.t.r.f.

We consider N(R) to be the nilradical of R, which is the intersection of all
prime ideals (or all nilpotent elements) of R. Evidently for every submodule B
of any R-module M, we have:

B+ N(R)M C B++/(B: M)M C (E(B)) C rad(B). (%)

In the following, we are trying to study the equalities B+ N(R)M = rad(B)
and B+ +/(B: M)M = rad(B). Hence throughout this paper, we consider:

¢1(BvM):B+V(B:M)Ma ¢2(B’M):B+N(R)M7

63(B, M) = /(B M)M.
From (x) in the above, if a module M is ¢;-radical, for some 1 < i < 3, then

¢:;(B,M) = (E(B)) = rad(B) for every submodule B of M. In particular M
s.t.r.f.

Definition 2. Tt will be said that ¢ commutes with the localization, if ¢ :
A — B is a function such that ¢(B,M) < M for any (B,M) € A, and
¢(Bon, Mop) C (¢(B, M))on for each (B, M) € A and every maximal ideal 97
of R.

According to [19, Lemma 1.5], ¢9 commutes with the localization.

Lemma 2.1. Let M be an R-module and suppose ¢ commutes with the
localization. If for any maximal ideal 9 of R, the Rop-module Myy is ¢-radical,
then M is ¢-radical.

PROOF. Let B be a proper submodule of an R-module M and 9t a maximal
ideal of R. According to [19, Proposition 1.6], (radp(B))m C radas, (Bm).

Hence by our assumption (radys (B))m € ¢(Bam, Mon) € (&(B, M))on, for each
maximal ideal 9 of R. Therefore rad(B) C ¢(B, M). O

Note that if for a submodule B of an R-module M, the ideal (B : M) is
a prime ideal, then B need not be a prime submodule. For example consider
M=7Z&7Z,B=0®2Z,and R=Z. Then (B: M) =0 is a prime ideal, however
B is not a prime submodule of M, because 2(0,1) € B, but (0,1) ¢ B. Compare
this note with the following lemma, which its proof is straightforward.
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Lemma 2.2. Let B be a submodule of an R-module M. If (B : M) is a
maximal ideal of R, then B is a prime submodule of M.

Theorem 2.3. Let R be a ring. Then the following are equivalent:
(i) rad(B) = B+ N(R)M, for every submodule B of any R-module M;

(ii) rad(B) = B + N(R)M, for every submodule B of any finitely generated
R-module M;

(iii) rad(B) = B+ /(B : M)M, for every submodule B of any R-module M;

(iv) rad(B) = B+ /(B : M)M, for every submodule B of any finitely generated
R-module M;

(v) dim R = 0.

PROOF. (i) = (iii) Note that N(R) C /(B : M).

(iii) = (iv) The proof is clear.

(iv) = (v) We show that R/N(R) is an absolutely flat ring, and so by [3,
p. 44, Ex. 11], dim R = 0. Let I be an ideal of R containing N(R) and consider
M=R/I®R.

Evidently (0 : M) = 0, and by our assumption, M is ¢;-radical, so (F/(0)) =
rad(0) = /(0 : MYM = N(R)M = (I/I) & N(R).

Suppose that an R-module M’ is a direct sum of two R-modules M; and M,
ie., M' = My & Ms, then according to [2, Lemma 2.3], (Ea(0)) = (En, (0)) ©
(Eapy(0)). Thus (Eag(0)) = (Epy(1/1)) & (Ep(0)) = (VI/I) & N(R). Conse-
quently I/I = +/I/I, that is \/I = I, for every ideal I of R containing N(R).
Therefore R/N(R) is an absolutely flat ring.

(v) = (i) According to [3, Proposition 3.11], for any maximal ideal 9t of
R, (N(R))m = N(Ro), hence the function ¢o commutes with the localization,
so by (2.1), we can assume that (R, 9) is a local ring of dimension zero, and thus
N(R) =M.

Let B be a proper submodule of an R-module M. Now since 9t C (B +
MM : M), we have (B+ MMM : M) = M or B+ MM = M. So by (2.2),
rad(B) C B+ MM = B+ N(R)M.

(i) = (ii) The proof is clear.
(ii) = (iv) The proof is similar to that of (i) = (iii). O

Recall that an R-module M is called weak multiplication if every prime sub-
module of M is of the form IM, where I is an ideal of R (see [1], [5]). According
to [5, Theorem 2.7], every finitely generated weak multiplication module is a
multiplication module.
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According to P. GABRIEL [11], a module M is finitely annihilated if there
exists a finite subset T of M with Ann(7) = Ann(M). Evidently every finitely
generated module is finitely annihilated.

n [10], the ideal (M) is introduced as (M) =, ., (Ra : M).

Lemma 2.4 ([9, Proposition 4]). Every multiplication module over a local
ring is cyclic.

The following is a generalization of [12, Theorem 5.6(1I)].

Proposition 2.5. Let M be an R-module. Then the following are equiva-
lent:

(i) M is a finitely annihilated locally cyclic module;
(ii) M is a finitely generated multiplication module;

(iii) M is a finitely generated module and rad(B) = /(B : M)M, for every sub-
module B of M;

(iv) M is a finitely generated module and N = (N : M)M, for every prime
submodule N of M;

(v) 0(M)M = M, and PM # M for every maximal ideal P of R containing
Ann(M), and rad(B) = /(B : M)M for every submodule B of M.

PrOOF. (i) = (ii) By [10, Theorem 3.1], if M # PM, for any maximal ideal
P of R containing Ann(M), then M is finitely generated. On the contrary let M =
MM, for some maximal ideal 9 of R containing Ann(M). By our assumption
My is a cyclic Rgp-module, and Mgy = Moy Moy, then by Nakayama’s lemma
there exist r € R and s € R\ M such that (r/s)Myy =0 and 1 — (r/s) € My

Suppose that T = {t1,%a,t3,...,t,} is a finite subset of M with Ann(T) =
Ann(M). Then (r/s)(t;/1) = 0, for each 1 < i < n. So there exists s; € R\ M
with s;rt; = 0, for each 1 < i < n. Put § = s18283...8,. Then sr € Ann(T) =
Ann(M) C M. Hence r € M, and so r/s € Moy, which is a contradiction, since
1—(r/s) € Mon. According to [9, Proposition 5] every finitely generated locally
cyclic module is multiplication.

(ii) = (iii) Let 2 be a maximal ideal of R. According to [3, Propo-
sition 3.11], (\/(B: M))m = /(B : M)y, and since M is finitely generated,
(B : M) = (Bon : Mon).

So (¢3(B, M))mm = (v/(B: M)M)on = \/(Bon : Man)Man = ¢3(Ban, Man),

Thus ¢3| 4 commutes with the localization, where

A" ={(B,M) € A| M is finitely generated}.
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Therefore by (2.1), we may assume that R is a local ring and so by (2.4), M
is cyclic.

Let M = R/I, where I is an ideal of R. Suppose B is a submodule of R/I.
Then B = J/I, where J is an ideal of R containing I. One can easily check that
rad(B) = (NP)/I, where P runs over all prime ideals of R containing J. Hence
rad(J/I) = J/I =+/(J/T: R/T)R/I.

(iii) = (iv) The proof is clear.

(iv) = (i) Since M is a finitely generated weak multiplication R-module,
by [5, Theorem 2.7], M is multiplication. Now by (2.4), M is locally cyclic.

(i) = (v) We have Ra = (Ra : M)M, for each a € M. So 6(M)M =
(Caens(Ra: M)M =3,y (Ra: M)M) =¥, _,, Ra = M. If PM = M, for
a maximal ideal P of R containing Ann(M), then by Nakayama’s Lemma, there
exists 7 € Ann(M) with 1 —r € P, which is impossible.

(v) = (iii) We have (M) = R, otherwise there exists a prime ideal P of
R containing 0(M). So M = 0(M)M C PM, which is a contradiction. Now
1 € (M) implies that there exist n € N and ay,a9,as,...,a, € M such that
l=ri+re+--+r,, wherer; € (Ra; : M), V1<i<n.SoM CriM+roM+
coo4+r,M C Ray + Ras + -+ -+ Ray,. O

Note 1. There is no a ring R such that rad(N) = (N : M)M for every prime
submodule N of every (finitely generated) R-module M.

ProoOF. Consider M = R® R and suppose that P is a prime ideal of R. It is
easy to see that P@® R is a P-prime submodule of M. Then PR =rad(P®R) =
VP SR: M)M =PM = P& P, which is a contradiction. O

If Ay, Ay are two subsets of M, then we consider A; + Ay as the subset
{G,l + as | a; € Ay and as € Ag} of M.

Theorem 2.6. Let M = Z?:l M; such that M; is a P;-secondary submodule
of M for each 1 <1i < n. Thenrad(B) =Y., PiM; + E(B), for each B < M.
In particular rad(B) = /(B : M)M + E(B), if M is a secondary module.

ProOF. By [18, Corollary 3.11], every secondary representable module
s.t.rf., and since E(B) C > | P,M; + E(B) C (E(B)), it is enough to show
that Y. | P,M; + E(B) is a submodule of M.

It is easy to see that > ., P,M; + E(B) is closed under the multiplication.
Therefore it is sufficient to prove that a + 8 € Y.I | P,M; + E(B), for each
o, Bed | PM; + E(B).

Suppose & = z1 +x, 8 = y1 +y, where z1,y1 € >, P,M; and z,y € E(B).

We prove that z +y € Y., P,M; + E(B).
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There exist r,s € R, a,b € M and a positive integer k such that z = ra,
y = sb, and r¥a,s*b € B. If for some 1 < i < n, r € P or s € P;, then
obviously ra+ sb € > | P;,M; + E(B). Now suppose r,s € P;, for all 1 <i < n.
Since rs ¢ P; for all 1 < i < n, rsM = M. Thus there exists ¢ € M with
rsc = ra+ sb. Consequently (rs)*c = (rs)*~!(ra+ sb) = s*"1rFa+r*=1skp € B.
So x4y = (rs)c € E(B).

Now let  +y = 21 + 2, where z1 € Y./ | P;M; and z € E(B). Thus
a+B=z14+y1+2+z€>., P;M,+ E(B), which completes the proof.

If M is a P-secondary module, then it is enough to show that /(B : M) = P.

First note that (B : M) C P. To see the proof, let r € (B : M)\ P. Since M
is P-secondary, M = rM C B, which is a contradiction.

Evidently Ann(M) C (B : M), then P = \/Ann(M) C\/(B: M)C P. O

Lemma 2.7. Let M; be a P;-secondary submodule of a module M, and @
a P-primary submodule of M. Then P = Py, if M Q.

ProOOF. Consider r € P; = y/Ann(M;). Then r"™M; = 0 C @, for some
m € N and M; € @, hence r € P.

Now suppose t € P. Then t*M; C Q, for some k € N, and M; € Q,
then t*M; 7é M1 Therefore tM; # M;, and as M; is a secondary module,

t € /Ann(M . Hence P, = P. O

Let S and S’ be two P-secondary submodules of M. Then S + 5’ is itself a
P-secondary submodule. To see the proof, note that evidently /Ann(S + 5’) =
VAnn(S) N Ann(S’) = VP = P. Now assume r € R\ P. Then rS = S and
rS’ =5, andsor(S+5)=5+9".

Corollary 2.8. Let M =
of M for each i € I.

(i) (BE(B)) = > ,c; PiM; + E(B), for each B < M.
(ii) rad(B) = )_;c; PiM; + E(B), for each finitely generated submodule B of M.
Particularly rad(B) = (E(B)).

ser M; such that M; is a Pj-secondary submodule

PRrROOF. (i) To see the assertion, follow the proof of (2.6).

(ii) Note that the sum of two P;-secondary submodules is itself a P;-secondary
submodule. Hence we may suppose P; # P;, for each 4,5 € I, i # j.

Since B is finitely generated, it is contained in a finite number of M;’s, let
B <M =377 M;;. Weshow that:

radM(B) g radM/(B). (*)
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To prove this, it is enough to show that if N is a prime submodule of M’
containing B, then N is a prime submodule of M.

Since N C M’, then M;, Z N, for some 1 < k < n. Then (2.7) implies that
(N : M) = P,. We prove that M; C N, for each iy, #i € I.

If for some iy # i € I, M; € N, then again by (2.7), P, = (N : M) =P,
which is a contradiction. Therefore for each i #i € I, M; C N.

To prove that N is a prime submodule of M, let ra € N, where a € M and
r € R. Suppose a¢ = a;, + Z;’;M#k a;, where a;, € M;, and a; € M;, for each
1 <i<m,i+# i, Then ra; € N and since N is a prime submodule of M’, we
have a;, € N or rM;, C N. This implies that a € N or M C N.

Now from (x) and (2.6), we get:

X

radys(B) C Z P, M;, + Exp(B) C Z P;M; 4+ Ep(B) C (Ep(B)) C rady(B).
j=1 iel
O

3. Radicals of primary submodules

In this section, we will try to find some formulas for primary submodules of
some particular modules. Also we establish the conditions under which the radical
of a primary submodule @ of a module M is a prime submodule, if rad(Q) # M.
This subject has been noticed in [6], [17], [20].

Definition 3. Let M be an R-module. If for any primary submodule @ of M,
rad(Q) = M or rad(Q) is a prime submodule of M, then we say that for M
radical of primary submodules are prime submodules (for M r.p.a.p.).

If for every R-module r.p.a.p., then we say that for the ring R r.p.a.p.

According to [21] an R-module M is called special, if for each maximal ideal
M of R, each a € M and each m € M, there exist c € R\ M and k € N
such that ca*m = 0. Semi-simple modules (direct sum of simple modules), locally
Artinian modules (modules in which every cyclic submodule is Artinian) and semi-
Artinian modules (modules of which every homomorphic image has a nonzero
simple submodule) are special (see [21, Section 3]).

The following lemma is the main result of [6].

Lemma 3.1.

(1) If one of the following conditions is satisfied for a ring R, then for the ring
R r.p.a.p.
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R isa ZPI-ring, dim R = 0, R is an almost multiplication ring, an arithmetical
ring with locally ACC on principal ideals, or a ring with DCC on principal
ideals.

(2) If M is a special module, a secondary representable module, a module with
DCC on cyclic submodules, or a module with DCC on the submodules of the
form {r*M | k € N} for each r € R, then for the module M r.p.a.p.

In this section, we will generalize the results of [6]. In (3.8) of this paper, we
study when for M = M; & Ms r.p.a.p., where for M; r.p.a.p. Indeed the modules
introduced in (3.1)(2) are some particular cases of (3.8), where M; = 0.

Compare the following result with (2.5)(iii) and Note 1.

Theorem 3.2. Let @ be a P-primary submodule of an R-module M. Then
rad(Q) = PM, if M is a distributive or a multiplication module.

PrROOF. Let 9 be a maximal ideal of R. First we prove that
Py = /(Qon : Mon).

If P C 9, then by [3, Proposition 4.8(ii)], Qs is a Pop-primary submodule of
Msy, and particularly Py = v/ (Qon : Moy). If P £ 91, then [3, Proposition 4.8(i)]
implies that ng = ng, and so Pgm = Rg;n = (ng : Mg;n)

Therefore (¢3(Q, M))m = (PM)m = /(Qoum : Mon)Man = ¢3(Qon, Mon).

Thus ¢3] 4~ commutes with the localization, where
A" ={(Q,M) € A|Q is primary }.

So by (2.1), we may suppose that R is a local ring.

Now assume that M is a distributive module. By [7, Theorem 2.16], every
distributive module over a local ring is a serial module, then we can suppose that
M is a serial module.

Consider m € M \ Q. Then @ C Rm. Let ¢ € Q. Then ¢ = tm for some
t € R, and as @) is a P-primary submodule, t € P. Thus ¢ € PM. So Q C PM,
which implies that @ C PM C rad(Q), hence it is enough to show that PM is a
prime submodule of M.

Let s € R and z € M \ PM such that st € PM. Then sz = Y. | a;yi,
where a; € P, y; € M for each 1 < i < n. Since every two submodules of M are
comparable, we may suppose that sz = ay, where a € P and y € M.

Let z be an arbitrary element of M and take My = Rx + Ry + Rz.

Note that @ € PM C Rx C M;. If radp, (Q) # M, then rady, (Q)
is a prime submodule of M, since radys, (Q) is an intersection of a chain of
prime submodules. Thus since sz = ay € PM; C /(Q : M1)M; C rady, (Q),
consequently x € rady, (Q) or sM; C radyy, (Q).
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We show that:

VI(Q: Mi)M; C PM. (%)

For the proof, let o € /(Q: M1)M;. Then o = Zle tyw;, where t; €
(Q: My), w; € My for each 1 < i < k. Since every two submodules of M; are
comparable, one can assume that o = tw, where t € /(Q : M;) and w € M.
Suppose that t*M; C @, where £ € N. Then as t‘w € Q, we have w € Q C PM
ort € P. Thus a =tw € PM.

If x € radjy, (Q). As every two submodules of M are comparable, M; is cyc-
lic, and so by (2.5) and (x), x € rady, (Q) = /(Q: M1)M; C PM, which
is a contradiction. Consequently sM; C rady, (Q), then sz € rady, (Q) =
V(Q : My)M; C PM. Thus sM C PM. This completes the assertion, when
M is a distributive module.

Now assume that M is a multiplication module. By (2.4), M is cyclic, and
the proof is given by (2.5)(iii). O

Finitely generated distributive modules are characterized in the following
corollary.

Corollary 3.3. Let M be a finitely generated R-module. Then the following
are equivalent:

(i) M is a distributive module;

(ii) M is a multiplication module and R/ Ann(M) is an arithmetical ring.

PROOF. According to [7, Theorem 2.16], M is a distributive R-module if and
only if Myy is a serial module for every maximal ideal 9 of R. (%)

If M is a multiplication module, then by (2.4), M is locally cyclic. Put
R’ = R/ Ann(M). Then as M is a faithful multiplication R’-module, it follows
that Mon = Riy, for each maximal ideal 9t of R’ ()

(i) = (ii) By (3.2) and (2.5)(iv), M is a multiplication R-module, and
evidently a multiplication and distributive R’-module. Thus by (x), Moy is a
serial module for every maximal ideal 90T of R" and by (*x), Mon = Rfy. Hence
R’ is an arithmetical ring, by ().

(ii) = (i) By (¥x), Man = Riy, for each maximal ideal 9t of R. According
to (x), Riy, is a valuation ring. Hence Myy is a serial module, which implies that
M is a distributive module, by (x). g

Lemma 3.4. Let M be an R-module and () a P-primary submodule of M.
If P is a maximal ideal, then rad(Q) is a prime submodule, if rad(Q) # M.

PRrROOF. Note that P C (rad(Q) : M). Now apply (2.2). O
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The following is a generalization of some parts of (3.1)(2).

Proposition 3.5. Let M be an R-module and ) a P-primary submodule
of M. If one of the following holds, then P is a maximal ideal.

(i) M has DCC on the cyclic submodules of the form {Rr*m | k € N}, for each
re Randme M.

(ii) R has DCC on the ideals of the form {Rr* | k € N}, for each r € R.

(iii) M is finitely generated and it has DCC on the submodules of the form {r* M |
k € N}, for each r € R.

PROOF. Let r € R\ P and m € M \ Q. We prove that (1 —rs)m = 0, for
some s € R and n € N. Hence (1 — rs)m € @, which implies that 1 —rs € P.
Thus P+ Rr = R.

(i) Since the chain --- C Rr3m C Rr?m C Rrm stops, there exists n € N
with Rr"m = Rr"™'m. Then r"(1 — rs)m = 0, for some s € R.

(i) Note that the chain --- C Rr3 C Rr? C Rr stops, then there exists a
positive integer n with Rr"™ = Rr"*!. So (1 — rs) = 0, for some s € R.

(iii) First suppose that Q + rM = M. Then as ’I"% = %, Nakayama’s
lemma implies that there exists ¢ € (Q : M) such that t — 1 € Rr. Therefore
(Q: M)+ Rr=R,and so P+ Rr =R.

Now assume m € M \ @ +rM. The chain --- C ™M Cr2M CrM stops,
so there exists a positive integer n with "M = r"t1M, that is r"m = r"Tlm/,
for some m’ € M. Now since " (m —rm’) € Q and r ¢ P, m —rm’ € @, which
is impossible. (I

Corollary 3.6. Let M be an R-module and () a P-primary submodule of M .
Then rad(Q) = Q + PM, if one of the following holds:
(i) M has DCC on the cyclic submodules of the form {Rr*m | k € N}, for each
re Randme M.

(ii) R has DOC on the ideals of the form {Rr* | k € N}, for each r € R.

(iii) M is finitely generated and it has DCC on the submodules of the form {r* M |
k € N}, for each r € R.

PRrROOF. Evidently @ + PM C rad(Q) and hence if Q + PM = M, then
rad(Q) = M, which completes the assertion.

Now suppose that Q@+ PM # M. Clearly P C (Q+ PM : M), and by (3.5),
P is a maximal ideal, then (Q + PM : M) is a maximal ideal, which implies
that @ + PM is a prime submodule of M containing @, by (2.2). Therefore
rad(Q) = Q + PM. O
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Proposition 3.7. Let M = M, ® My, where My, My are submodules of M
such that for M r.p.a.p. If QQ is a primary submodule of M containing Mo, then
radps (Q) = M or rad(Q) is a prime submodule of M.

PRrROOF. Let Q' be a proper submodule of M containing M. One can easily
see that:

(i) @' isa primary submodule of M if and only if M;NQ’ is a primary submodule
of M1 .

(ii) @’ is a prime submodule of M if and only if M; NQ’ is a prime submodule
of M;. Now we prove that:
(iii) raday, (M1 N Q/) =M N (radM(Q’)).

By (ii) in above, rady, (M1 N Q") € My N (radpy (Q')). Conversely assume
that 77 is an arbitrary prime submodule of M; containing (M; N Q’). Since
Ty C My, from the modular law we get MiN(Th+ Q) =T1+MiNQ =T;. As
Ty = MiN(T1+ Q') is a prime submodule of M7, by part (ii), (T} +Q’) is a prime
submodule of M containing @', and hence M1N(radp (Q')) C MiN(T1+Q') = T1.
Consequently rady, (M7 N Q') = My N (radp (Q')).

Now for the proof of this proposition, let r(m; + ms) € radp(Q), where
r € R, my € My and my € Ms. Note that rmg € My C Q C radp(Q). Then by
(iil), rmy € radp, (M1NQ). According to (i), (M;NQ) is a primary submodule of
M and for M r.p.a.p, then my € rady, (M1NQ), or rM; C radyy, (M1NQ). Thus
my € radp (@) or My C radp (Q), according to (iii). Now from My C rady(Q),
we get my + mg € rady (Q) or rM C radps(Q). O

In [21] a module M was called generalized torsion divisible, when M =
> ier M; for submodules M;, such that for each i € I, there exists a prime ideal
B; of R such that B, M; = 0 and M; is a torsion divisible %-module.

Theorem 3.8. Let M = My ® Ms, where My, M5 are two R-modules such
that for My r.p.a.p. Then for M r.p.a.p., if one of the following holds:

(i) R is an integral domain and Ms is a divisible R-module.
) My is a generalized torsion divisible R-module.
(iii) My is a special R-module.
) My =3 ,c;Si, where for each i € I, S; is a P;-secondary submodule of M

and \/Ann(M,) € P; for each i € I.
(v) Mj has DCC on the cyclic submodules of the form { Rr"m | n € N}, for each
r € R and m € M.
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(vi) My is finitely generated and it has DCC on the submodules of the form
{r"Ms | n € N}, for each r € R.

(vii) My = ), Si, where for each i € I, S; is a submodule of My such that
Ann(S;) is a maximal ideal of R, in particular when My is semi-simple.

(viii) /Ann(Ms) is a finite intersection of maximal ideals.

PROOF. Let @ be a P-primary submodule of M such that rad(Q) # M. If
0® M> C @, then according to (3.7), rad(Q) is a primary submodule of M. Also
note that if P is a maximal ideal, then by (3.4), rad(Q) is a prime submodule.

(i) If (@ : M) = 0, then @ is a prime submodule of M, and obviously
rad(Q) = @ is a prime submodule of M.

Now suppose that 0 £ r € (Q : M). Then 0 My =0®rMs CrM C Q.

(ii) Assume that My =}, ; M; is a sum of submodules M; such that for
each ¢ € I, there exists a prime ideal P; C Ann(M;) of R and M; is a torsion
divisible %—module.

We show that 0@ My C Q). Let i € I and x; € M;. Since M; is a torsion P%—
module, there exists r € R\ P; such that 7(0,z;) = (0,0) € Q. Hence (0,2;) € Q,
or there exists n € N with r"M C Q. Therefore (0,2;) € @, or (0,2;) € 0 M; =
0er™M; Cr"M C Q.

(iii) Let 9 be a maximal ideal of R containing P. If P = 9, then by (3.4),
rad(Q) is a prime submodule of M.

Now suppose that a € 9\ P and consider my € M. Then there exist
a positive integer n, and an element ¢ € R\ M such that ca”ms = 0. So
ca™(0,mz) € @, and so (0, m2) € @, hence 0 & My C Q.

(iv) Since the sum of two P;-secondary submodules is P;-secondary, we may
assume P; # P;, for each i # j € I. Evidently one of the following two cases is
satisfied:

Case 1. Foreachi e I, 00 5; C Q.

Case 2. For some i€ I,09S; Z Q.

If Case 1 holds, then since 0 @ My C @, the result is given by (3.7).

Now suppose that Case 2 is satisfied. Assume that 0 ® S; € Q. In this case
we show that for each prime submodule N of M containing @, (N : M) = Py,
and consequently rad(Q) is a prime submodule of M.

According to (2.7), Py = P. If for some 1 # j € I, 0 S; Z Q, then again
by (2.7), P; = P = P;, which is a contradiction.

Therefore for each 1 #j5€ 1,00 S5; C Q. (%)

Now if 0 ® Sy € N for all prime submodules N of M containing @, then
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(2.7) implies that P, = P = (N : M). Thus rad(Q) is a prime submodule of M.
Otherwise let 0 @ .S; C Ny for some prime submodule Ny of M containing Q.

Now from (x) we get 0 & My C Np. ()

According to our hypothesis, /Ann(M;) € Py, then let a € /Ann(My)\ P;.
Thus a’(M; ®0) € Q, for some ¢ € N, and since a* € P, = P, M; 0 C Q C Np.
Now from (#*) we have M C Ny, which is a contradiction.

(v) Let (0,mz) € 06 Ms \ Q and suppose r € R\ P. Then there exists k € N
with Rrfmgy = Rr¥+lm,. So there exists s € R with 7F(1 — st)mg = 0. Then
r*(1 — st)(0,mz) € Q, which implies that P + Rr = R, that is P is a maximal
ideal of R.

(vi) Let r € R\ P. There exists k € N with r* M, = r"+1M,. By Nakayama’s
lemma there exists s € Rr such that (s—1)r* My = 0. Then (s—1)r*(0®M>) € Q,
which implies that s —1 € P. Therefore P + Rr = R, that is P is a maximal
ideal.

(vii) If 0 My € @, then there exists j € I such that 06 S; Z Q. Now let
r € /Ann(S;). Then evidently for some n € N, »" (0@ .5;) C @, and this implies
that r € P. Hence y/Ann(S;) C P, and so P is a maximal ideal.

(viii) Let NP_,9M; = /Ann(Mz), where 9; is a maximal ideal for each
1<i<n. If forsome 1 < j <n, M; C P, then P is a maximal ideal.

Now assume r; € M; \ P, for each 1 < i < n. Then r = rirars...r, €
VAnn(Ms) \ P, and so for some m € N, v (0 ® M) C Q. This implies that
0® My CQ. O

Corollary 3.9. Let n € N and M = @} M,;, where for each 1 <1 <n, M,
is an R-module. Then for M r.p.a.p., if for each i, M; is a quotient of a module
introduced in one of (i) to (viil) of the previous theorem.

PROOF. Observe that, if for a module r.p.a.p., then for any quotient of that
module r.p.a.p. O

Note 2. Let M = ®;c;M;, where for each i, M; is an R-module. If for M
r.p.a.p., then for each M; r.p.a.p., because each M; is a quotient of M. However
the converse is not true. For example let M = R @ R, where R = Z[z]. Then
by [6, p. 3, Note(d)] for the R-module M, the radical of primary submodules are
not necessarily prime.

Proposition 3.10. Let R = @} R;, where each R; is a ring. Then for the
ring R r.p.a.p., if and only for each ring R;, r.p.a.p.

PROOF. (<) Let M be an R-module. For each i € I, consider M; = e; M,
where e; = {0;;};er. The proof follows from the following simple observations:
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(1) M; is an R;-module, for each 1 <4 < n.

(2) For each submodule B of M, B = @ ,B;, where B; = ¢;B, and B; is a
submodule of M;. Also, B is a prime [resp. primary] submodule of the R-
module M if and only if each B; is a prime [resp. primary] submodule of the
R;-module M;. Furthermore, rad(B) = &} rad(B;).

(=) Consider i € I. Then R; & R/K, for some ideal K of R. Now let M be
an R/K-module. Then obviously M is an R-module by considering the natural
epimorphism R — R/K. The proof is completed by the following evident facts:

(1) Prime [resp. primary] submodules of M as an R/K-module are exactly the
prime [resp. primary] submodules of M as an R-module.

(2) radg/k(B) = radr(B), for each submodule B of M. O

Corollary 3.11. Let R = @] R;, where for each i, R; is a ring. Then for
the ring R r.p.a.p., if for each i, R; is a quotient of a ring introduced in (3.1)(1).
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