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Variation problems and FE-valued horizontal harmonic forms
on Finsler manifolds

By HE QUN (Shanghai) and ZHAO WEI (Shanghai)

Abstract. This paper is mainly to find the variation backgrounds of strongly har-
monic maps and strongly minimal immersions between Finsler manifolds, and obtain an
equivalent statement of strongly harmonic map. First, an explicit example of non-trivial
strongly minimal immersions is given. By using the vertical Laplacian, we introduce the
notions of vertical mean value operator and vertical mean value section. We define
the generalized energy functionals and the volume functionals, and prove that they are
critical points for appropriate variations. Finally, we give the definition of horizontal
harmonic p-forms with values in a vector bundle E via the horizontal Laplacian and
derive the relation between an E-valued h-harmonic 1-form and a strongly harmonic
map.

1. Preliminaries

In recent decades, Finsler geometry has developed rapidly. Studies on har-
monic maps and minimal submanifolds have also made some progress ([1]-[8]).
By using the Holmes-Thompson volume form, harmonic maps and minimal im-
mersions between Finsler manifolds were introduced in [3], [5]and [6] respectively.
A harmonic map between Finsler manifolds is also defined as the critical point of
the energy functional. It is well known that a map between Riemannian mani-
folds is harmonic if and only if either its tension field vanishes or its differential
is a harmonic 1-form with value in the pull-back tangent bundle. Generally, this
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result does not hold for Finsler manifolds. Therefore, a map between Finsler ma-
nifolds is called strongly harmonic if its tension field vanishes in [8]. Analogously,
a minimal immersion in Finsler manifold is defined as the critical point of the
volume functional. An isometric immersion is called strongly minimal if its mean
curvature vector field vanishes.

There indeed exist some examples of non-trivial strongly minimal immersions
and many examples of minimal immersions that are not strongly minimal (see
Remark 2.4 and Example 2.6). So it is significant to study strongly harmonic
maps and strongly minimal immersions. A natural and interesting problem is
whether there are similar variation backgrounds for strongly harmonic maps and
strongly minimal immersions.

The main purpose of the present paper is to find the variation backgrounds
of strongly harmonic maps and strongly minimal immersions, and to derive the
relation between a harmonic E-valued 1-form and a strongly harmonic map. It
is well known that various kinds of Laplace operators play a very important role
in differential geometry and physics, especially in the theory of harmonic integral
and Bochner technique. The key point is to find a proper way to define the Laplace
operator. Therefore, we first generalize and define some suitable differential ope-
rators on Finsler projective sphere bundle SM. By using the vertical Laplacian for
functions on SM, notions of vertical mean value operator and vertical mean value
section of a pull-back vector bundle over SM are introduced. Next we define the
generalized energy functionals and the volume functionals such that strongly har-
monic maps and strongly minimal immersions, including totally geodesic maps,
are their critical points for appropriate variation vector fields respectively. The
first variation formulae are calculated in a more straightforward way than former
ones. Finally, we define a horizontal Laplacian for p-forms with values in the
vector bundle F over SM. Using the horizontal Laplacian, we give the definition
of an F-valued h-harmonic p-form, which is a horizontal harmonic p-form with
value in the vector bundle F, and prove that a smooth map ¢ from a Finsler
manifold (M, F') to a Riemannian manifold (M JF ) is harmonic if and only if d¢
is an h-harmonic 1-form with value in 7T*(¢*TM).

2. Harmonic maps and minimal immersions

Let (M, F) be an n-dimensional smooth Finsler manifold. The natural pro-
jection m : TM — M gives rise to the pull-back bundle 7*T'M and its dual
7*T*M. Let (x,y) be a point of TM with z € M, y € T, M, and let (2%, y%) be
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the local coordinates on TM with y = y'9/dz". We shall work on TM = TM\{0}
and rigidly use only objects that are invariant under positive rescaling in y, so
that one may view them as objects on the projective sphere bundle SM using
homogeneous coordinates. Denote by H the orthogonal complement of the verti-
cal bundle V= {X € C(T*(TM)) | «#(X) = 0} in T(T'M), which is the horizontal
bundle, and denote by H* = 7*T*M the horizontal subbundle of T*(TM). We
shall use the following convention of index ranges unless otherwise stated:

1<4,§,---<n; 1<ab,---<n-1;, i=n+i

1§A,B,§2TL—1, 1§a7ﬂ7"'§m-

The following quantities

1 Fl1 4
9ij = §[F2]yiyj7 Aijk = 5 {FQ one= g A, (2.1)

2 |2 L@ﬂy’“

are called the fundamental tensor, the Cartan tensor and the Cartan form respec-

tively.
Set
0 : 0 A o
= ——, 0;:=—-—, 0;:=0;—N]0j, t = = (dy' + Njda?), 2.2
0 (9.’1?17 0 8:[/1 ) a zaj 53/ F( Y + J €L ) ( )

where N7 = fy;kyk - %A;k'ygqypyq and 7, are the formal Christoffel symbols of
the secondkind for g;;. {d;} and {F;} are the local adapted bases of H and V
respectively, whose dual are {dz'} and {dy'}.

The Hilbert form w = [F],:dz’ is a global section of the covector bundle
m*T*M and its dual | = [°0;, with I’ = %7 can be viewed as a global section of
T M.

Express X € C(T(TM)), ¥ € C(T*(TM)) as X = X6, + X0, ¢ =
Yidxi 16yt Then X € C(TSM), v € C(T*SM) if and only if Xngi: 0, Y7y’ = 0.
Denote by X = X%0; and ¥ = 9;dx’ the horizontal parts of X and 1) respec-
tively, and by X+ = X9, and ¢+ = 16y’ the vertical parts.

Each fibre of 7*T*M has a positively oriented orthonormal coframe {w?}
with w” = w. Expand w’ as v}dxj, whereby the stipulated orientation implies
that det(v}) = /det(g;;).

The pull-back of the Sasaki metric from TM \ {0} to SM is a Riemannian

metric ~
§ = gizda’ ® da’ + b @ W’ = Sapw? @ WP,
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where w"** = v$dy’. The collection {w?} is an ordered orthonormal coframe on

SM. Thus, the volume element dVgy; of SM can be defined as
dVsyr = wl A W AT A AW = Qda A dr,
where

Q::det(%), de = dz' A--- A da”,

dr = Z(—l)i_lyidyl Ao Adyi A Ady™ (2.3)
i=1
The volume form of a Finsler n-manifold (M, F) is defined by

AV = o(z)dz, o(x) := ! / Qdr, (2.4)
SeM

Cp—1

where c,,_; denotes the volume of the unit Euclidean (n — 1)-sphere S"~1, S, M
is the fibre of SM at point x.
It is well known that there exists uniquely the Chern connection V on #*T M

with V% = wj- 6‘2,., and w} = Fékdxk. Another torsion-free Berwald connection
bV is defined by

'V=V+A4, B =Ti+A, °‘w =Bidd, (2.5)
where “-” denotes the covariant derivative along the Hilbert form.

- Lemma 2.1 ([3], [7]). For ¥ = W;da’ + W30y’ € C(T*SM), X = X'6; +
X'9; € C(TSM) and f € C°(SM), we have the following

div, ¥ = g1/ [\pi‘j — Ak + \1/;;]-] — g (U + 5], (2.6)

divy X = X[, — X'y + X7 +2X ", (2.7)

Dgf = divg(df) = g [30,f = Ouf Bly + F20:0,f] (2.8)

where “,” and “|” denote the horizontal covariant differentials with respect to the
Berwald connection *V and the Chern connection V respectively, and ;” denotes

the vertical covariant differential, i.e. ( ).; = Fd;( ).
Lemma 2.2 ([7], [9]). Let (M, F') be a Finsler manifold. Then

/ gI00,[F2fInQdr = | fg'1,0;[F?h)Qdr, (2.9)
S M Sz M

for all smooth functions f,h on SM. In particular,

/ g 05 [F* fldr =2n | - fQdr. (2.10)
S M S M
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Lemma 2.3 ([7]). Let (M, F) be a Finsler manifold. Then

/ H(f)dVsy =0, (2.11)
SM

for any compactly supported function f € C§°(SM).

Let ¢ : (M, F) — (M, F) be a non-degenerate smooth map, i.e. ker d¢ = 0,
and let ¢; : (M, F) — (M, ﬁ), t € (—e,¢), be a smooth variation of ¢ with ¢g = ¢
and ¢¢lonr = dloy. Then V = %H:O € C(qS_ITM) is the variation vector field
of ¢. The energy functional for ¢ can be written as

1 1, .
B@) = —— [ 50750t ¢ aVen
Cp—1 SM2

__n / F2(¢(),doy) . n
QCnfl SM F2 SM 2077,71

/ gl 2dVen.  (2.12)
SM

The first variation of the energy functional for ¢ is given by [5], [7]

d
GE@lima=— [ V)i, (2.13)
M
where
1
po(V) = Cn_la/s M(T((;S),V>§QdT: CHZU/S M(%(¢),V>§Qd7, (2.14)
. 1 . o .
#6) = (Vid)() = 570, 7% = G5y — 65CH + G
7(¢) =700, 7%= %giiéiéj [75]5°7, (2.15)

here we have set 9, = 8%1 for convenience, G¥ and G* are the geodesic coefficients
for (M, F) and (M, F) respectively. 7(¢) is called the tension field and e is called
the tension form of ¢. A harmonic map is naturally defined as the critical point of
the energy functional. By (2.13), ¢ is harmonic if and only if ;1 = 0. In particular,
¢ is called strongly harmonic if 7(¢) = 0.

~ Let ¢ : (M, F) — (M, F) be an isometric immersion, that is, F(z,y) =
F(¢(x),do(y)) for all (x,y) € TM\{0}. Then g;;(z,y) = gag(i,gj)qﬁf‘gﬁf. Denote
by (7*TM)* the orthogonal complement of 7*TM in w*(qS*TM) with respect
to g and denote

V* = {€ € C(n*(¢*TM)) | £(dpX) = 0, VX € C(TM)},
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which is called the normalbundle of ¢ [1]. Setting

h=7(0), H=_r(0), n=ps (2.16)

we see that h, H € (m*T M)+ and p € V*. An isometric immersion ¢ : (M, F) —
(]T/f , F ) is called minimal if on any compact domain of M, ¢ is the critical point
of its volume functional with respect to any variation vector field in W*((b*TM ).
It has been shown in [6] that ¢ is minimal if and only if p = 0. h, H and u
are called the normal curvature, the mean curvature normal vector field and the
mean curvature form of ¢ respectively [1], [6]. Analogously, ¢ is called strongly
manimal if H = 0.

Remark 2.4. By (2.14), one can easily see that a strongly harmonic map (resp.
strongly minimal immersion) must be harmonic (resp. minimal). In general, a
harmonic map (resp. minimal immersion) is not necessarily strongly harmonic
(resp. strongly minimal). It has been shown that in Randers space (]Tj ,a+ B), a
submanifold (M, o+ ) is minimal if and only if (M, o) is minimal in Riemannian
manifold (M ,&), [10] but it is not necessarily strongly minimal.

From (2.15), (2.16) and [15], a straightforward calculation gives the following
Lemma 2.5. Let f : (M,a+ ) — (M,o? + B) be an isometric immersion
into a Randers (n + p)-space. If B is a closed 1-form, then

a R (U ol O LC 7

h=glh= B0, H= H(H - A -

(h—B(h)0), (217)
where h and H are the normal curvature and the mean curvature normal vector
field with respect to the Riemannian metric &, respectively.

Example 2.6. Let (V3, F) be a Randers space with F' = & + 3, where

L 72dE — #ldi?
e = ~OC 2 e P ——— ~3. _1
a Ea (7)%, B T @) + di (2.18)

Then dB =0.
Let M be a helicoid defined by

flu,v) = {ucosv,usinv, av}, (2.19)

where a # 0 is a constant, and let F = f*F = a+ /3 be the Randers metric on M.
Then
_2ay1y2

H=0, h=———"—
) a?(u? + a?)

(asinv, —acosv,u).
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From (2.17), we have

(n+1)a(l — a)y? -

H= ST (h — B(h)0).

It is obvious that H = 0 if and only if @ = 1. That is, M is a strongly
minimal surface of (V3, F) if and only if @ = 1. So M is minimal but not strongly
minimal when a # 1.

3. The vertical mean value operator and the vertical
mean value section

In Lemma 2.1, we set
A = divg(df)? =g fiu ;. ATf = divg(df)t = F2¢"0,0;f, (3.1)

which are called the horizontal Laplacian and the vertical Laplacian for functions
on SM respectively [11]. Obviously, we have A; = A# + AL and

/ N T At fdVgy =0, (3.2)
SM SM

for any compactly supported function f € C§°(SM). In fact, we assert from
Lemma 2.2 that the condition that f for AL is compactly supported is unneces-
sary, i.e.,

Lemma 3.1. Let (M, F') be a Finsler manifold, f € C*°(SM). Then
/ AL fdVsy = 0. (3.3)
SM

Definition 3.2. The map pt : C®°(SM) — C>®(SM) defined by putf =

g [F?f], i, for any f € C(SM) is called the vertical mean value operator.

2n

A straightforward calculation gives that
gijéia'j [F2f] = 2nf =+ Fzgij(’.)i(‘.)jf.

Lemma 3.3.

1 .
1 = 7AL —+ Idcoc(SM). (34)

H 2n
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Set
M= [C%(SM)], Mo ={f € CX(SM) | u*f = [} =ker A*.  (3.5)

It follows from Lemma 3.1 that A+ f = 0 if and only if f is a vertical constant,

ie.,
My =7"C*(M) C M. (3.6)
Assume that M is compact. Then from Lemma 2.2, one obtains
G = [t Ondva = [ gt aven = (Gt G1)
SM SM

Lemma 3.4. The operator u* is selfadjoint on C*>°(SM).

From the above lemma, we see that (f,u>h) = (uf,h) = 0 always holds
for any f € ker u* and h € C(SM). Thus, we have the following proposition by
(3.4): ker ut is just the eigenspace of A+ for eigenvalue —2n, and orthogonal to
M with respect to the global inner product. Thus M # C>®(SM) if ker u* # {0}.

Remark 3.5. Generally, ker u* # {0}. For example, set f = a;;I'’, where
a;; are independent of y, satisfying g*/a;; = 0. Then f € C*°(SM) and utf=0.

Let £ : E — M be a smooth vector bundle over M, 7*E be the pull-back
bundle over SM and {E,} be a local frame field of E. We still denote by {E,}
the lifts of {E,} to SM. Moreover, we can also define the vertical mean value
operator ut : C(m*E) — C(7*E) by

ptX = ptH (X9 E,, for X = X°E, € C(n*E). (3.8)
It is easily to check that the definition above is independent of our choice of {E, }.

From Lemma 2.2, we have the following proposition: Let (M, F) be a Finsler

manifold and X € C(7*E), € C(n*E*). Then

/ 5 (X)dVep = [ Dt X)dVen, (3.9)
SD SD

for any compact domain D on M.
Similarly, we denote the image set and the set of fixed points of u* on
C(m*E) by
M(E) = pt[C(n*E)], Mo(E)={X €C(r"E) | p* X = X} = 7*C(E), (3.10)
respectively. The vector fields in M(FE) are called the vertical mean value sections
of ™ E. Clearly,
Mo(E) C M(E) C C(m"E). (3.11)
Denote by 7*(¢) and 7*(¢) the dual forms of 7(¢) and 7(¢) respectively. Then
(2.15) and (2.16) show that ut7*(¢) = 17%(¢), p*h* = H*, i.e. 7*(¢) and H*
are vertical mean value sections of 7*(¢*T*M).
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4. Variation backgrounds of strongly harmonic maps
and totally geodesic maps

Let (M, F) be a compact Finsler manifold and ¢ : (M, F) — (M, F) be a
non-degenerate smooth map. Denote ¢p = 7*¢ : SM — M, (x,y) — ¢(x) and
consider the variation v; of 1, defined by

Yo(x,y) = ¢(x), Yi(,y)|zcoms = dlonr, (4.1)

where 9 (x,y) are homogeneous of degree zero with respect to y. Then ¢y (z,y)
induces a variation vector field V(x,y) as follows

0 ~
lico =V 00, Vi lucont = 0. (42

which is well defined. For example, ¢;(x,y) can be defined as
Vi (z,y) = 2%(2,y,t) = ¢ (x) + 1V (2, y)
under the local coordinates (z,y¢), (2%, 7). Defining ¢y : SM — SM by
dule.y) = (e, y), din(y™)), (4.3)
and setting E = 5;‘]3, we have
ﬁt<xay) = ﬁ(ww,y),dwt(yH)) = ||d¢t(yH>||§-

The generalized energy functional for v; is defined by

V(z,y) =

n
E : 2|24y, 4.4
(%) = 2, 1/SM FQdVSM %en 1 Jsur ldabel ™ ||5dVs (4.4)
Using (2.12), one obtains E(¢¢)|:=0 = E(¢) and
n o F?
(wt”t 0= 20n . 8t F2|t OdVSM (45)

Denoting Fy = ¢*F by F, one obtains from (4.2) that
d F? 2F
WFE == F2
— 25(del, V,u V) = 207 (
= 21" (g(del,V)) - 24(7

[FaVE + Fyay (V“)]=§[N§Fgavﬂ+ﬁgay’j’(va>]
G(del, V) — 2(V,u§)(ddl, V) — 2§(Vudgl, V)
(9), V). (4.6)

Combining the last two statements with Lemma 2.3, we have the following
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Theorem 4.1. Let ¢ : (M, F) — (M, ﬁ) be a non-degenerate smooth map
and ¢, be a smooth variation satisfying (4.1) and (4.2). Then the first variation
formula of the generalized energy functional is given by

n

GEea =~ [ 3700 V) Vear (4.7

Cp—1

Firstly, if %E(zﬁt)\tzo = 0 for any variation vector field
V(z,y) € C(n*(¢*TM)), then 7(¢) = 0, i.e. ¢ is totally geodesic. Secondly, if
4 E(y)]t=0 = 0 for any variation vector field V(z,y) € M(¢*TM), i.e. for any
W(z,y) € C(n*(¢*TM)) and V(x,y) = ptW(z,y), then from (4.7) and (2.15),

we have

d
0= GE@mo =" [ PO WiV

[ n 1 ~x% _ 1 "

- /SMM 7 () (W)dVsar = p— /SMT (6)(W)dVss.

Hence 7(¢) = 0, which implies that ¢ is strongly harmonic. Moreover,

if 4 FE(4)|t—0 = 0 for any variation vector field V(z,y) € Mo(¢*TM), ie. for
any V(z,y) = V(z) € C(¢*TM), then from (2.14) we have ¢ = 0, which implies
that ¢ is harmonic.

Theorem 4.2. Let ¢ : (M, F) — (M, ﬁ) be a non-degenerate smooth map
and i be a smooth variation satisfying (4.1) and (4.2). Then ¢ is strongly
harmonic if and only if it is the critical point of the generalized energy functional
with respect to any variation vector field V(z,y) € M(d)*TM). Furthermore, ¢
is totally geodesic if and only if it is the critical point of the generalized energy
functional with respect to any variation vector field V (z,y) € C(m*(¢*TM)).

5. Variation backgrounds of strongly minimal immersions

Let (M, F) be a compact Finsler manifold and ¢ : (M, F) — (M, F) be
an isometric immersion. Then ¢ induces a map ¢ : (SM,j) — (SM,g) with

(z,y) = (6(x), dy).

Lemma 5.1. The immersion ¢ is isometric if and only if ¢ is totally geodesic.

PROOF. Set h$ = 2[h%],:,;. Since ¢*67* = h§,l*dz’ + ¢6y", we have

6" = Gop(o7 da’) @ (¢5da)
+ (Jap — Fop) (il da’ + 6520y") @ (W] 1°da? + ¢]/5y7)



Variation problems and F-valued horizontal harmonic. . . 335
= gijdz’ @ da’ + (Jap — FoFp) [R5 1505, 1 da’ ® da’!
Wbl dat @ Sy7 + Wi 1R 628y’ @ da' + 696 oy @ dy).
It is easy to verify that § = ¢*¢ if and only if h?kl’C = 0. Thus h = h;-"k,lil”C =0,
i.e. ¢ is totally geodesic.

Now assume that only ¢ is isometric, while (;~5 is not necessarily so. We also
consider the variation v of ) = 7*¢, which satisfies (4.1) and (4.2). Set

Fie,s) = Fln dinty™), oy = |3F ] (5.1)

Note that g; are positive definite for all ¢t € (—¢,¢), since go = ¢ is positive
definite. That is, { F;} are all Finsler metrics. By (2.4), our volume functional for
(M, F}) takes the form

V(t) = Vol(M, F,) = Qudr A dz, (5.2)
Cn—1 JSMm
where €; = det (F%gtﬁj), Qo = Q. Hence
R | / 8
V(0) = p— 87,‘ lt=odT A dz. (5.3)
(5.1) together with (2.3) and (2.4) yields
8 agﬂz n 81@
=Q =Q (g7 2 =
<at t>| 0( ot F, at>|t—°
=Q<{g¢¥ |==(F? —— Y
{g |:2 at( t >:| iy Ft ot } |t—0
1 OF 1 OF
— L2t — ¢
—no ot (F o) - gl G
and
1 0F;

1. -~ - 1 ~ =~ -
fﬁ\tzo = F[FWV“ + Fpay™ (V)] = f[NgFﬂaVB + Eyay™ (V)]

= §(dol,Viu V) = 1" (§(dol, V) — §(h, V). (5.5)

By (3.7) and the above formulas, one obtains

- 2n 1 OF; n 1 OF;
V'(0) = dVsar — dV.
(0) Cnfl/SM'u (F at|t 0)dVsar Cnfl/SMFat lt=0dVsnr

S / (7 (G(dL V) — 3(h V)}dVisar. 0
SM

Cpn—1
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Therefore, by Lemma 2.3, we have the following

Theorem 5.2. Let ¢ : (M, F) — (M, F) be an isometric immersion and 1,
be a smooth variation satisfying (4.1) and (4.2). Then the first variation formula
of the volume functional is given by

n

V'(0) = — /S y G(h, V)dVsas. (5.6)

Cn—1

Firstly, if V/(0) = 0 for any variation vector field V(z,y) € C(x*(¢*TM)),
then the normal curvature h = 0, ie. (M, F) is totally geodesic. Secondly,
if V/(0) = 0 for any variation vector field V(z,y) € M(¢*TM), i.e. for any
W(z,y) € C(ﬂ'*((b*TM)) and V(z,y) = utW(x,y), then from (3.9) and (2.16),

we have

0= V(0 = =" [ W WV
Cn—1 Jsm
n
= — / pth*(W)dVsy = — H*(W)dVsyr.
Cn—1 JSsmMm Cn—-1 Jsm

Hence H = 0, which implies that ¢ is strongly minimal. Moreover, if 174 (0)=0
for any variation vector field V (z,y) € /\/lo(qﬁ"kTM)7 i.e. for any V(z,y) =V (z) €
C(d)*TM), then we have py = 0 from (2.14), which implies that ¢ is strongly
minimal.

Theorem 5.3. Let ¢ : (M, F) — (M, F) be an isometric immersion and 1,
be a smooth variation satistying (4.1) and (4.2). Then ¢ is strongly minimal if
and only if it is the critical point of the volume functional with respect to any
variation vector field V(z,y) € M(¢*T]T/f). Furthermore, ¢ is totally geodesic if
and only if it is the critical point of the volume functional with respect to any
variation vector field V (z,y) € C(x*(¢*TM)).

6. Horizontal Laplacian for E-valued p-forms on SM

In this section, we consider the differential operators acting on smooth p-
forms with values in a vector bundle [12]. Let (M, F) be a compact Finsler
manifold without boundary and £ : E — SM be a smooth vector bundle over
SM. Set

p P
AP(E) :c(/\T*SM®E), HP(E) = C(/\W@E),

which are the space of p-forms and the space of horizontal p-forms on SM with

values in E respectively. Let {E,} be a local frame field of E and assume there



Variation problems and F-valued horizontal harmonic. . . 337

exists a Riemannian metric § and a linear connection V with VE, = WP Es on E.
For any ¢,¢ € HP(E), set

b= g%, et Adr A A e © By, P = g2 g ginin,
P

' i]iz‘“l i]iz“'ip

and define the global inner product in H?(E) as follows

1 i B~
(6,9) = /SM<¢J/)>HP(E)dVSM = E/SM Drigiy P GapdVsr.  (6.1)

Since the Chern connection V is torsion-free, we can define the horizontal
differential operator df : HP(E) — HPHL(E) by

d"¢ = 552( nigeiy AT AT N N da't @ B

1 . . _
= iy, A (0)dx Ada' A A da' @ Ep
1 . , ,

= =07, |Z-d;v’ Adz'* A--- Adx'» @ E,, (6.2)
p! 172 D

for any ¢ = I%!¢?1i2_“ipdxil ANdz2 A - Ndztr @ B, € HP(E).

Accordingly, the horizontal codifferential operator 67 : HP+1(E) — HP(E)
can be defined such that (d7¢,v) = (¢,%4) holds for any ¢ € HP(E),¢ €
HPTL(E). Taking into account that g is parallel along the horizontal directions,
one obtains from Lemma 2.1 that

(d" &, VYoo () = {lp+1) Ziz‘-»ip|iwiili2“.ipﬁ§aﬁ}

1
(p+1)!
1 o
= AX"Z7 — ﬁgzj(bum ZPO‘(1/)§1i2---ip\jgo‘5 - ¢ii1i2»--z’pgaﬁ\j)

. i 1 oii iiigei - _
_ legX “V‘ini . Hglj(éum lpa(,d]glizmipljgaﬁ _ w?iliQ--*ipgaﬁlj)

where X = $¢a YpiiizinBg 5. Hence

i1igeip

(6.8M2p) = (@, ) = / (07 6, )00y AV

SM

1 L -
o B ~ . B - I -
= }; /SM (z)’Ll’L2 Zpozgw (’(/Jl-ilh__,ipgaﬁnj - wiiliz,,‘ip‘jgaﬂ - wiiliz...ipga@\j)dVSM.
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Theorem 6.1. The horizontal codifferential of the horizontal E-value (p+1)-
form 1) can be expressed as

1 ij a . ~ ~yo i i
§yp=— oY T (Wiisi gy = Yiiyiziy i wiﬁili2“'ipgﬁ’y‘jg’y Jdz™ A A dr @B,
(6.3)

Definition 6.2. The horizontal Laplacian A" : H?(E) — H?(E) is defined
by
AH = gH o §H 4 1 o ¥, (6.4)

In particular, an E-value p-form ¢ is called h-harmonic if AH ¢ =0.

It is obvious that

(Al g, 4) = / (@ 0 8 + 67 0 d™)6, 6)30n (my AVt
SM

= /SM(<dH¢, dH¢>Hp(E) + (68 ¢, 5H¢>HP(E))dVSM = (¢ AHq/;), (6.5)

for any ¢, € HP(E).

Lemma 6.3. The operator A is selfadjoint and positive with respect to
the global inner product. An E-valued p-form 1) is h-harmonic if and only if
dfp = 0,509 = 0.

Let ¢ : (M,F) — (]\A/[/, ﬁ) be a non-degenerate smooth map and E =
7 (¢*TM), then dp € H'(E). Tt follows from (6.2) that

d"(dp)(X,Y) = (Vxudp)Y — (Vyndg)X =0,
0" (dp) = g7 (651, — 6915 + 0] 351387 Doy
for any X,Y € C(n*TM). In particular, when (M, ﬁ') is Riemannian,
5" (dg) = g ¢ 00 = 7(9).

Theorem 6.4. Let ¢ be a smooth map from a Finsler manifold (M, F)
to a Riemannian manifold (M, F). Then ¢ is harmonic if and only if d¢ is an
h-harmonic 1-form with value in 7*(¢*TM).

In particular, when E = R, the expression of A accords with that in [13].
For a O-form, i.e. a function f € C*°(SM), we have

AT =—g" fi; ;. (6.6)

Therefore, the relation between the h-Laplacian A for scalar fields and the h-
Laplacian A for 0-forms is given by A” = —AH.
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