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The residual nilpotency of the augmentation ideal

By B. KIRALY (Eger)

1. Introduction

Let R be a commutative ring with unity, G' a group and RG its group
ring and let A(RG) denote the augmentation ideal of RG, that is the kernel
of the ring homomorphism RG — R which maps the group elements to 1.
It is easy to see that an R-module A(RG) is a free module with the elements
g—1(1+# g€ G) as a basis.

The ideal A(RG) of the group ring RG is said to be residually nilpotent

if | A"(RG) = 0. For convenience, we adopt the following notation:
n=1

A4(RG) = (| A"(RG).

We are interested in the residual nilpotence of the augmentation ideals
of group rings.

In the case when R is a field, the question about the residual nilpotence
of the augmentation ideal is completely solved (see in particular [6], VI,
Theorem 2.26).

If R is the ring of integers and if the finitely generated group G has
torsion elements then the question about the residual nilpotency of the
augmentation ideal is solved in [1].

In [5] the author gives a complete characterization of the residual
nilpotence of the augmentation ideal for a group ring over the integers.

For a group ring RG HARTLEY (see [3], Theorem E) gives a sufficient
condition for the residual nilpotence of the augmentation ideal in the case

when [ p"R = 0 and the group G has a finite N series.

n=1
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In this paper we give sufficient conditions for the residual nilpotence
of the augmentation ideal for all arbitrary group ring RG (Theorem 3.1).
These conditions are also necessary if the group G has a generalized torsion
element (Theorem 3.2). In the case when G is without a generalized torsion
element and the torsion group of the additive group of a ring R for some
prime p has no elements of infinite p-height, the question about the residual
nilpotence of the augmentation ideal is solved in Theorem 3.3.

2. Notations and some known facts

If H is a normal subgroup of G, then I(RH) (or I(H) for short when
it is obvious from the context what ring R we are working with) denotes
the ideal of RG generated by all elements of the form h — 1, h € H.
It is well known that I(RH) is the kernel of the natural epimorphism
Y* : RG — RG/H induced by the group homomorphism ¢ of G onto
G/H.

/ If K, L are two subgroups of G, then [K, L] denotes the subgroup
generated by all commutators [g,h] = g~ *h~tgh, g€ K, h € L.

Let p be a prime and n a natural number. Then G?" is the subgroup

generated by all elements of the form ¢?", g € G.

The subgroup W, (G) defined by W,(G) = G?"v,(G), where ,,(G)
=1

is the n-th term of the lower central series of G, i.e. 11(G) = G, 72(G) = G’
is the commutator subgroup [G, G] of G, and v, (G) = [vn-1(G), G].

The ideal J,(R) of a ring R is defined by J,(R) = () p"R.
n=1

If € denotes a class of groups (by which we understand that € contains
all groups of order 1 and, with each H € €, all isomorphic copies of H), we
define the class R€ of residually-€ groups by letting G € R€ if and only
if: whenever 1 # g € G, there exists a normal subgroup H, of the group
G such that G/H, € € and g ¢ H,.

We use the following notations for standard group classes: Dy —
torsion-free nilpotent groups, N, — nilpotent p-groups of finite exponent,
that is, nilpotent groups in which for some n = n(G) every element g
satisfies the equation g?" = 1.

Let € be a class of groups. A group G is said to be discriminated by
¢ if for every finite subset g1, ¢g2,...,g, of distinct elements of G, there
exists a group H € € and a homomorphism ¢ of G into H, such that

A series G = Hy D Hy O --- O H, O --- of normal subgroups of a
group G is called an N-series if [H;, H;] C H;; for all ¢,7 > 1 and also
each of the Abelian groups H;/H; is a direct product of (possibly infinitely
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many) cyclic group which are either infinite or of order p¥, where p is a
fixed prime and k bounded by some integer depending only on G.

It is easy to see that the lower central series of a nilpotent p-group of
finite exponent is an N-series.

The n-th dimension subgroup D,,(RG) of G over R is the set of group
elements g € G such that g — 1 lies in the n-th power of A(RG). It is well
known that for every natural number n the inclusion

m(G) € Dn(RG)
holds.

An element g of a group G is called a generalized torsion element if
for all natural numbers n the order of the element gv,(G) of the factor
group G/, (G) is finite.

It is clear that the torsion elements of the group G are generalized
torsion elements of G.

If g € G is a generalized torsion element then {1, denotes the set of
prime divisors of the orders of the elements gv,(G) € G/v,(G) for all
n=23,....

Lemma 2.1. For every natural number n the inclusions

I((G)) € I(Dn(RG)) € A™(RG)
hold.

The statement is well known.

Lemma 2.2. Let G be discriminated by a class of groups € and let
x be a nonzero element of RG. Then there exists a group H € € and a
homomorphism ¢ of RG into RH such that ¢(z) # 0.

The proof is evident.

Lemma 2.3. If G is discriminated by a class of groups € and for each
H € € the equality AY(RH) = 0 holds, then A“(RG) = 0.

The lemma follows immediately from Lemma 2.2.

Lemma 2.4. Let a class € of groups be closed for the taking of sub-
groups (that is all subgroups of any member of the class € are again in
the class €) and also for finite direct products and let G be a residually-€
group. Then G is discriminated by €.

The proof can be obtained immediately.
In this paper we shall use the following theorems:

Theorem 2.1 ([3], Theorem E). Let G be a group with a finite N-
series and R be a commutative ring with unity satisfying J,(R) = 0. Then
A“(RG) = 0.
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Theorem 2.2. ([6], VI, Theorem 2.15). If G is a residually torsion-
free nilpotent group and R is a commutative ring with unity such that its
additive group is torsion-free, then A¥(RG) = 0.

3. The residual nilpotency of the augmentation ideal

In this section R is a commutative ring with unity.

Lemma 3.1. Let g € G and g*" € D,(RG) for a prime p and a natural
number n. Then there exists a natural number m such that

p"(9—1) € AY(RG).

Proor. We prove this by induction on ¢. For ¢ = 1 the statement is
obvious. Let p®(g — 1) € A*"}(RG) for some s. From the decomposition

g?" as (g — 1+ 1)P" we have that

=1 om P m
m m p i p i
7" 1=+ (7 e+ X (7 )@

i=2
for every m. If m > n(s +t), then p® divides (p;n) ((p;n) is the binomial
coefficient p™ over i) for i = 1,2,...,t — 1 and ¢g?" € D,(RG). Therefore
we have

g —1=p™(g—1)+p*(g—1)? _Z_:dz-(g - 1)+ Z (p;n) (g—1)°

where d,-ps:(p;n) for i=2,3,...,t—1. By Lemma 2.1 g?" —1cA*(RG).
Then from the induction hypothesis and from the preceding identity
p™(g — 1) € A*(RG) follows. O

Lemma 3.2. Let h € GP" v, (G) for a natural number n. Then for all
natural numbers t and s for whichn > t+ s

h—1=p°F,(h) (mod A'(RG))
holds, where Fy(h) € A(RG).

Proor. Writing the element h as h = h’fnhgn...hfgyn (h; € G,
Yn € Yn(G)) and using the identity

(1) ry—l=@-y-1)+@-1)+(@y-1)
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we have
h—lz(%”ﬁa~W:—Q@m—l%F@f%f“ﬁﬂ—i>+@n—D~

Since t < n, by Lemma 2.1, (y, — 1) € A*(RG). It is clear that p* divides
(pjn) for j =1,2,...,t — 1. Then from the preceding identity

m m t—1
h—1= (hf" - 1) bi=p' > S dy (b~ 1) b =
i=1 i=1 j=1
= p*F(h) (mod A'(RQG))
m t—1 . n
follows, where Fy(h) = > > d; (h; — 1) b;, b; € RG and pd; = (pj ).
i=1j=1

|

We recall that if g is a generalized torsion element of a group G then
1, is the set of the prime divisors of the orders of the elements gvy.G €

G/v(G) for all k =2,3,... and also that J,(R) = (] p"R.
n=1

Lemma 3.3. Let g be a generalized torsion element of a group G, A an

arbitrary subset of Qg,7 € () Jp(R) andletz € () (I (G? 7(G)).
PEA pEQL\A n=1
Then one of the following statement holds:

1) if A is the proper subset of Qg, then r(g — 1)x € A¥(RG);
2) if A=y, thenr(g—1) € AY(RG);
3) if A=10, then (g — 1)z € A“(RG).

Proor. Clearly, it is enough to show that for an arbitrary natural
number t the elements r(g — 1), (9 — 1)z, (g — 1)z all lie in the ideal
AY(RG).

If g € v (G) then, by Lemma 2.1, (¢g—1) € A*(RG) and the statements
follow.

Now let g ¢ v(G) and let n, = pi*p5? - - - p¢s be the order of the ele-
ment gv;(G) of G/v:(G). We can renumber the primes so that py,po, ...,
pr € A and p; ¢ A for all i > k.

Let g7v(G) = ¢g192--9s7:(G) be a decomposition of the element
97:(G) of the nilpotent group G/ (G) into a product of p;-elements g;v:(G)
such that ¢gJ* € v(G), where ¢;=p;*, i = 1,2,...,s. Then g = g192 - gsYs
for suitable y; € :(G). From (1) we conclude that

g—l=v+w+(y: — 1)
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k s
where v = > (g; — )a;, w= > (¢9; —1)a; and a; € RG.
i=1 i=k+1
(If An{p1,p2,...,ps} = 0 we assume that v = 0, k = 0, and in
the case AN {p1,p2,...,ps} = {p1,P2,...,Ps} we assume that w = 0 and
k = s.) Since y; — 1 € A*(RQG),

(2) g—1=v+w (mod A'(RQG)).

We know that ¢! € 7:(G) holds for all i« = 1,2,...,s. Therefore g' €
D{(RG) and, by Lemma 3.1, there exist natural numbers m; for i =
1,2,...,s such that

(3) p{"(9: — 1) € AY(RG).

We notice that if ¢ < k then p; € A. So, for all : = 1,2,...,k, we can

decompose the element r from the ideal () J,(R) as r = p;"'r; (r; € R).
pEA

k
Therefore r(g — 1) = Y rip""(g; — 1)a; + rw (mod A*(RG)). Then from
i=1
(2) and (3) we obtain that
(4) r(g—1)=rw (mod A'(RQG)).

Now we prove that every component (g; — 1)a;z of the sum wx =
S

>~ (gi — 1)a;z lies in the ideal A*(RG). Let p; be a fixed prime, where
i=k+1
k+1<j<s. Then p; € Q,\ A and from the conditions

ze N N I(GP7.(G)) of our lemma it follows that
pEQG\A n=1

xe 1 (anvn(G)), where ¢ = p;. For every natural number n we

n=1
4
can decompose the element x as © = > Bnzm(fm — 1), where 3, € R,
m=1
fm € anfyn(G), and z,, are the elements from a left transversal of the
cosets of G7",,(G) in G. If n > m; +t then, by Lemma 3.2, we have that

fm—1= p;nj Fy(fm) (mod A'(RQG))
where Fi(fn,) € A(RG), and so

L
(5) r=p]" Y BmzmFi(fm) (mod A'(RG))
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holds. Then by (3) we obtain that

l
(95 — Dajz = p;‘nj (9 — D)a; Z BrzmFi(fm) =0 (mod A*(RG))
m=1

ie. (gj —1ajx € AY(RG) for all j = k+1, k+2,...,s. Thus we have

(6) wr =0 (mod A'(RG))
and
(7) rwr =0 (mod A'(RQ)).

If A is a proper subset of €, (case 1) then by (4) and (7) we get
r(g — 1)z € AY(RG).

If A = Q, (case 2) then w = 0 in (2) and by (4) we obtain that
r(g — 1) € A"(RG).

If A =0 (case 3) then v = 0 in (2) and by (6) (¢ — 1)z € A(RG)
follows. Because t is arbitrary, from the above facts it follows that the
elements (g — 1)z, r(g — 1) and (g — 1)z lie in A“(RG), which proves the
lemma. O

Let G be a nilpotent p-group of finite exponent. It is clear that its
lower central series is an N-series.

We now prove the following
Lemma 3.4. For a nilpotent p-group G of finite exponent
AY(RG) C Jp(R) - A(RG).

PROOF. Let z = ) o;g; be an element of RG and let R, = R/J,(R).
i=1

Then J,(R,) = 0 and, by Theorem 2.1, A“(R,G) = 0. Let ¢(z) =

> ¢(c)g; where ¢ is the natural homomorphism of R onto R,. Then
i=1 _
¢ is a homomorphism of RG onto R,G. If z € A“(RG) then ¢(x) lies in

A“(R,G). Concequently, ¢(x) =0 and a; € J,(R) fori=1,2,...,n.
O

Let © be a nonempty subset of the set of primes and let 91, be the
class of nilpotent p-groups of finite exponent. Define Mg by N = J N,.
peEQ
We have the following
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Theorem 3.1. Let () be a nonempty subset of the set of primes such

that () Jp(R) =0 and a group G is discriminated by the class of groups
peN
Nq. If for every proper subset A of the set {2 at least one of the conditions

1) N Jp(R)=0;
PEA
2) G is discriminated by the class of groups Mo 4 ;
holds, then A¥(RG) = 0.

PROOF. Let z = Y a;9; € AY(RG) and let A be the set of those
i=1
primes of 2 for which there exists a homomorphism ¢, of G into the
nilpotent p-group H, of finite exponent with the property ¢,(g:) # ¢p(9;)
for all ¢ # j. Since the group G is discriminated by the class of groups
MNa, A is nonempty.

Let p be an arbitrary element of A. 1If ¢7 : RG — RH, is the
ring homomorphism, induced by the homomorphism ¢,, then gzﬁ;’;(ac) =
> aipp(gs) lies in AY(RH,). Because p is an arbitrary element of the set
i=1
A, by Lemma 3.4 we obtain that

ai € () Jp(R)

peEA

forall i =1,2,,...,n. If [ J,(R) # 0 then from the conditions of this
peEA

theorem it follows that G is discriminated by the class of groups Jg\x.

Then there exists an element ¢ € Q \ A and a homomorphism ¢, of the

group G into the nilpotent g-group of finite exponent H, for which ¢,(g;) #

¢q(g;) for all i # j, 4,5 = 1,2,...,n. Then by construction of the set A

it follows that ¢ € A. This a contradiction. Consequently, () J,(R) =0
PEA

and a; =0 for i = 1,2,...,n. Therefore z = 0 and AY(RG) = 0. O

Lemma 3.5. Let & be a class of groups and {G,} («a € J) a family
of the normal subgroups of G such that the conditions

1) G/G, € & for each a € J;
2) G, is torsion-free for all a € J;

hold. If G is not discriminated by a class of groups & then there exists a

finite subset of distinct elements g1, g2, . . . , gs from G such that the nonzero
element y = (g1 — 1)(g2 — 1) - -+ (g9s — 1) lies in the ideal [\ I(G,).
acdJ

Proor. If the group G is not discriminated by the class of groups &
then there exists a finite subset of distinct elements hq, hs, ..., A, from G
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such that for every o € J, h;Go = h;G, for some i # j. Then hihj_1 € Gqu
and the element hihj_l has infinite order.

Let M = {g1,92,...,9s} be the set of all those elements of the form
hz-hj_1 which have infinite order (1 < ¢,j < m). It is well known that if g is
an element of infinite order then from the equation (g — 1)z = 0 it follows
that © = 0 (see for example [7], III. Proposition 4.18). Since g;
(1=1,2,...,s) have infinite order, the product y=(g1—1)(g2—1)--- (gs—1)
is nonzero. From the construction of the set M it follows that for every
a € J there exists at least one element g; of M such that ¢g; € G,.

Concequently, y € () I(Ga). O
acJ

Theorem 3.2. Let a group G contain a generalized torsion element.
Then A(RG) is residually nilpotent if and only if there exists a nonempty
subset 1 of the set of primes such that [\ J,(R) = 0, the group G is

pEQ
discriminated by the class of groups N, and for every proper subset A of
the set §2 at least one of the conditions
1) N Jp(R)=0;
peEA
2) G is discriminated by the calss of groups Moz ;

holds.

PrROOF. Let AY(RG) = 0 and let the group G contain a torsion el-
ement. Then in G there exists a p-element g. Let p™ be the order of g.
We show that in this case the set 2 = {p} satisfies the conditions of this
theorem.

Then element gP" belongs to 7;(G) and v,(G) C Dy(RG) for every t.
Therefore, by Lemma 3.1,

(8) p"(g—1) € AY(RG)

for some m depending only on ¢. If r € J,(R) then for every m the
element r can be decomposed as r = p™'ry,, (1, € R). Therefore from (8)
we obtain that r(g — 1) € AY(RG) for every t. Hence r(g — 1) € A“(RGQG)
and r(g — 1) = 0. This equation is possible only if r = 0. Consequently,
Jp(R) = 0.

Now we how that the group G is discriminated by the class of groups

M, Let 1 # h € () GP"4,(G). Hence for every ¢t and m there exists i
n=1

such that h € GP"~;(G) and i > t +m. Then, by Lemma 3.2,

(9) h—1=p™F(h) (mod A'(RQG))
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folows, where F;(h)€A(RG). Therefore from (8) we have that (g—1) - (h—
1) € AY(RQG) for all t. Then (9—1)(h—1) € A¥(RG) and (9—1)(h—1) = 0.
This is possible only if g = h, g*> = 1, p = 2 (because g is a p-element
of G) and the characteristic of the ring R equals 2. Then (9) implies that
h —1 € A'(RQG) for all t. Therefore h —1 € A“(RG) and h = 1 which

is a contradiction. Consequently, (| GP"7,(G) = 1. From this equation
n=1

it follows that G is a residually-2t, group. Since the class of the groups

N, is closed for taking subgroups and forming finite direct products, by

Lemma 2.4 we have that G is discriminated by the class of groups M.

Concequently, we can choose the set {2 such that Q = {p}.

Now let GG be a torsion-free group with the generalized torsion element

g of infinite order. Because A“(RG) = 0, from Lemma 2.1 g ¢ [ 7 (G)
n=1
follows. Therefore €2 is nonempty.
Now we show that the set {) can be chosen as 2 = Q,. By Lemma 3.3

(case 2) for every r € [ J,(R) the element r(g—1) lies in A“(GR). Then
peE
r(g —1) = 0. Therefore r =0 and () J,(R) = 0.
peE

Let A be a subset of 2. If G is not discriminated by 9o\ then,
according to Lemma 3.5 (here we suppose that the family {G,} of the
normal subgroups of G coincides with {GP",,(G), p € Q\A,n =2,3,...},
the class & is 91\ o) there exists a nonzero element z in the ideal

N N LG 7(G)) of the form z = (g1 — 1)(gs — 1) -+ - (gs — 1).
peQ\A n=1

If A is empty then, by case 3 of Lemma 3.3, we have that (¢ — 1)z €
A“(RG). Therefore (9 — 1)z = 0. In the group ring of torsion-free groups
such an equation is impossible. Hence G is discriminated by the class of
groups NMgq.

Now let A be a proper subset of the set 2 and r be an arbitrary element

from (| J,(R). If G is not discriminated by Mo\ a then, by Lemma 3.3
pEA
(case 1), r(g — 1)z € A“(RG). Therefore r(g — 1)z = 0. This equation
is possible only if r = 0. Hence if G is not discriminated by the class of
groups Mg\ then [ J,(R) = 0.
PEA
Sufficiency is proved in Theorem 3.1. O

If the additive group of a ring R is torsion-free and if a group G has
no generalized torsion elements then the question about the residual nilpo-
tency of the augmentation ideal is solved (see in particular [2] Theorem
15.5).
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The torsion subgroup T(R™) of the additive group R of a ring R is
the direct sum of its primary components S,(R™) which are the ideals of
the ring R.

Let II be the set of those primes for which the p-primary components
S,(R*) of T(RT) are nonzero.

Lemma 3.6. Let A(RG) = 0andT(R") # 0. Then G is a residually-
N, group for all p € 11.

PROOF. Let p € Il and 0 # r € Sp(R™). Then p*r = 0 for some s. If
g € () GP"4,(G) then, by Lemma 3.2, we obtain that for all ¢

n=1

g—1=p°F,(g9) (mod A'(RQG)) (Fi(g9) € A(RG), n >t+s, s >1). Hence
r(g—1) = p*rFi(g) =0 (mod A*(RQG)) for all t and r(g — 1) € A“(RG)).

Consequently, g = 1 and [ GP"v,(G) = li.e. G is a residually-0N, group.
n=1
O

The element g of the additive Abelian group G is called an element of
infinite p-height if the equation p”z = g has a solution in G for all natural
numbers n.

Theorem 3.3. Let the torsion group T(R™) of the additive group R*
of a ring R be nonzero, and suppose that for some p € II the group T(R™)
has no elements of infinite p-height. Further let G be a group with no
generalized torsion elements. Then A“(RG) = 0 if and only if G is a
residually-N,, group for all p € 1I.

Proor. Let G be a residually-0, group for all p € II and let R, =
R/J,(R). Then J,(R,) = 0 and, by Theorem 2.1, we obtain that
AY(R,H) = 0 for all H € M, and every prime p € II. Therefore, by
Lemmas 2.3 and 2.4, we have that AY(R,G) = 0. If the element x =
i, @;g; lies in the ideal A¥(RG) then from the last equation we conclude
that

(10) a; € Jp(R)

for all p € II and every i = 1,2,...,n.

Let \/.(G) = {9 € G | g™ € 7,(G) for some integer m > 1} be
the isolator of the subgroup 7, (G) in G. Obviously, the G/\/7,(G) are

oo
torsion-free nilpotent groups and [ 1/7»(G) = 1 because the group G
n=1

has no generalized torsion elements. Consequently, G € R i.e. G is a
residually torsion-free nilpotent group. Since the additive group of the
ring R/T(R*) is without torsion, by Theorem 2.2. A¥(R/T(R*)G) = 0
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follows. From this we infer that «; € T(R™) and by (10) we obtain that

a; € N (Jp(R)NT(RT)) for i = 1,2,...,n. It is known that T(R") is
pell

the serving subgroup of R*. Therefore

)3

J(R)NT(RY) = ﬁ p"R|NT(R") =

n=1 n

(pP"R)NT(RT)) =

P'T(RT) = J,(T(RT)).

I
8

Hence o; € () Jo(T(RT)) for i = 1,2,...,
pell

po € II, the torsion group T'(R™) has no element of infinite po-height,

Jpo (T(RT)) = 0. Therefore (| J,(T(R")) =0 and o; = 0 for all ¢ =

3»—‘

Because for some p =

pell
1,2,...,n. Consequently, z = 0 and A“(RG) = 0.
The necessity is proved in Lemma 3.5. O

Remark 1. Tt is obvious that T(RT) C pT'(R™) for all p ¢ II and
consequently the question about the residual nilpotency of the augmenta-
tion ideals remains open in the case when the group G has no generalized
torsion elements and the torsion group of the additive group of the ring R
has an element of infinite p-height for all primes p.

Remark 2. Theorems 3.1, 3.2 and 3.3 were announced in [4].
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