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Integral type operators between logarithmic Bloch-type space
and F(p,q, s) space on the unit ball

By LI ZHANG (Tianjin) and ZE HUA ZHOU (Tianjin)

Abstract. Let H(Bxy) be the space of all holomorphic functions on the unit ball
By in (CN7 and S(Bxy) the collection of all holomorphic self-maps of By. Let ¢ € S(By)
and g € H(Bx), the generalized composition operator is defined by

c2(n) = [ Riea T,

and the product of composition and integral operators is defined by

RUNG) = [ reta) T

In this paper, we characterize the boundedness and compactness of these two integral
operators, acting from the logarithmic Bloch-type space to F(p, g, s) space on the unit
ball BN.

1. Introduction

Let By be the unit ball in the N-dimensional complex space CV, H(By)
the space of all holomorphic functions on By, and S(By) the collection of all
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holomorphic self-maps of By . For f € H(By), let

N of
Rf(2) = (VF(2),2) = Y _%5>(2)
=1 ’
be the radial derivative of f, where Vf = (%, ey a‘ifv).

For a > 0,5 > 0, the logarithmic weighted-type space Hggﬁ is the space of
all f € H(By) such that

B
_ o 2\« €
11y, = sup I 2P (1o =" ) <o 1)

The logarithmic Bloch-type space By ;, which was introduced in [14] and [15],
consists of all f € H(By) such that

B
boal) = sup I = ) (log =) <oe.

zEBN

The norm on the logarithmic Bloch-type space is defined as

e B
Ifllss , = 1FO)]+ sup [RF()](1 ~ o) (1ogl_z|2) @

z€BN

For a € By, let h(z,a) = log|pa(z)|~! be the Green’s function on By with
logarithmic singularity at a, where ¢, is the Mobius transformation of By with
¢a(0) = a,pa(a) = 0 and g, = ¢, '

Let 0 < p,s < oo,—n—1< qg<ooand g+s > —1. We say that f is a
function in F(p,q,s) if f € H(By) and

1150,y = SO + Sup/B [RF(2)IP(1 = [2*)7h*(2,a)dv(z) < c0.  (3)

a€BN

It is known that if ¢ + s < —1, then F(p,q,s) is the space of constant
functions.

Every ¢ € S(By) induces a composition operator C, defined by C,f =
foptor f € HBy), 2 € By. It is of interest to provide function-theoretic
characterizations for when ¢ induces a bounded or compact composition operator
on various spaces. For some results on composition operators, see, e.g. [1] and
the references therein.
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Let g € H(D) and ¢ € S(D), where D is the unit disk of C. The generalized
composition operator is defined by

o)z / 1 (9(E)a(E)de

for z € D and f € H(D). When g = ¢, we see that this operator is essenti-
ally composition operator, since the following difference C% — C,, is a constant.
Therefore, CY is a generalization of the composition operator C,,. The generali-
zed composition operator was introduced in [2] and [7]. For related results and
operators, see, e.g., [3], [4], [5] and the references therein.

Let ¢ € S(By) and g € H(By) with ¢g(0) = 0. The following operator, so
called, generalized composition operator on the unit ball

:/0 %f(go(tz))g(tz)%, f e HBy), z €By.

was recently introduced by S. STEVIC and X. ZHU and studied in [6], [8], [9],
[10], [17], [18], [20], [23], [25], [26], [28].

Let ¢ € H(D) and ¢ € S(D). The product of integral and composition
operators on H (D), was introduced and studied by S. L1 and S. STEVIC in [3]
and [4]. The operator is defined as follows:

J,Cof (2 /f ). (4)

In [11], S. STEVIC has extended the operator in (4) to the unit ball setting as
follows: let ¢ € S(By), g € H(By) and g(0) = 0, the product of composition and
integral operators in the unit ball By is defined in this way:

— [ setensen§ o)
0

for f S H(BN), z € By.
If N =1, then g € H(D) and g(0) = 0, so that g(z) = zgo(z), for some
go € H(D). By the change of variable £ = tz, it follows that

PI(f /f (t2))tzgo( tz /f )d§.

Thus operator (5) is a natural extension of the operator J,C, in (4). For some
recent results on this operator, see, e.g. [11], [12], [13], [16], [19], [21] and so on.
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Most of these papers are devoted to the discussions of the operators C and
Py,
are few results if the element of the image space is given by an integral condition,

whose the image spaces are Bloch-type or weighted-type spaces, but there

such as Hardy space, Bergman space, Dirichlet space and so on. More recently, S.
STEVIC [7], [13] characterized the equivalent conditions about the boundedness
and compactness of C¢ and PJ acting from logarithmic Bloch-type space to the
mixed-norm space in the unit ball, respectively.

The present paper continues this and the line of research in [17], and charac-
terizes the boundedness and compactness of CY and PJ acting from logarithmic
Bloch-type space to F(p,q,s) space. The paper is organized as follows: Some
necessary lemmas will be presented in Section 2. Sections 3 and 4 are devoted
to characterizing the conditions about the boundedness and compactness of the
operators C and PJ acting from logarithmic Bloch-type space to F' (p, q, s) space
in the unit ball respectively.

Throughout the remainder of this paper, C will denote a positive constant,
the exact value of which will vary from one appearance to the next. The notation
a = b means that there is a positive constant C' such that a < Cb. We say a < b,
if both a < b and b < a hold.

2. Auxiliary results

In this section we present several auxiliary results which will be used in the
proofs of some results in the next sections.

Lemma 2.1 (Lemma 4, [16]). Let f € By s Then

Hf”BfZgﬁ ae(0,1)ora=1, >1
of
|f(0)|+ba’5(f)max{1,logloglc;|i|} a=p=1
<C a/f \'F
PEO 0+ st (o127 =1 e
ba.5(f)
0 : 1, >0
o (1= |z)>=*(log fi?;)ﬁ S

for some C' > 0 independent of f.
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Lemma 2.2 (Lemma 6, [13]). Assume o > 1 and 8 > 0. Then there exist
n=n(N) €N and functions f1, fa,..., fn € B, such that

C
a— € B
(1= |z[?)>= (log =%72)

i)+ ()] + -+ [fal2)] =

R ZGBN,

where C' is a positive constant.

Lemma 2.3. Assume o > 1 and § > 0. Let f,,, m € {1,2,...,n} be the
functions satisfying the conditions in Lemma 2.2. Then the function sequence
{Fk{m’l}}zozo such that Fk{m’l}(z) = 2F f;(2) is a bounded sequence in the space
Bﬁ‘)gﬂ, and it converges to 0 uniformly on compact subsets of By as k — co. Here
z; is I-th component of z € By.

ProOOF. We have

B
{m,l} _ 2 € k
IFE s, = sup (0= ) (1o =) IRGEm(2)

zebN

e B
< sup (1= ) (g =z ) (R + st £ (21

zEBN

1= |22) (10g =572) b (fm
< b () + Cp sup O V)08 T=fep) benr)

seBy (1 |z log £272)°

<N fmllse , + Cs sup k(1 — [z])|ze/* || fnll 5= -
logh 2,€D logh

[k |

Let h(z) = k(1 — 2)2*, x € (0,1), k > 1. Then h/(x) = kz* [k — (k + 1)z, it is
easy to show that h(z) < h(kL_H) = (ﬁ)’”ﬂ so there is a positive constant M,
such that ||F,;{m’l}|\31a , <M.

Since for a compoaguct subset K of By, there is a positive constant r, such that

|z| < r <1 when z € K. By Lemma 2.1 and Lemma 2.2, it follows that

IEH ()] < |2 fn(2)]

ba,s(f) r

a1 e“/ﬁ ﬁ|zlk|§M a1 e"‘/ﬁ B?
(1= [z])*~* (log {=757) info<s<,(1 — 1)~ (log =)

<M

from which it is obvious that the sequence {F ,jm’l}},;“;o converges to 0 uniformly
on compact subsets of By as k — co. This ends the proof of this lemma. O

The following lemma was obtained by STEVO STEVIC in [14].



412 Li Zhang and Ze Hua Zhou

Lemma 2.4 (Lemma 7, [14]). Assume o > 0 and > 0. Then there exist
n =n(N) € N and functions f1, fa,..., fn € Hﬁ‘)gg such that

C

1 « e B’ ’
( ‘2|2) (IOg 1—|z|2)

1@+ + [ fa(2)] 2

where C' is a positive constant.
By the above lemma and Lemma 10 in [17], we have the following result.

Corollary 2.1. Assume a@ > 0, § > 0 and r € (0,1). Then there exist
n =n(N) € N and functions Fy, Fs, ..., F, € ngﬁ such that
C
IRFL(2)| + -+ + |RF,(2)] > 5 —
(1= |2[?)*(log 1=f3=)

for |z| > r, where C is a positive constant depending only on r.

According to the lemmas in [8], [10], [12], we have the following lemma.

Lemma 2.5. Assume that ¢ € S(By), and g € H(By) with g(0) = 0. Then
for every f € H(By) it holds

RCZ(F)(2) = Rf(e(2))g(2)
and
RPJ(F)(2) = fe(2))g(2).

Lemma 2.6. Assume a >0, 8 > 0. Let {f,}"_; be the functions in Lem-
ma 2.4. Then there is a bounded sequence {Fy}%2, in By s such that RF(2) =
2F fm(2), 2 is I-th component of z € By, and it converges to 0 uniformly on
compact subsets of By as k — oc.

PROOF. For fixed m and I, let F{™ (z) = [} 20002 gy ()= 1,2,. ). It
is easy to see that F,;{m’l}(O) = 0 and that by Lemma 2.5, %F,;{m’l}(z) =2 fn(2).

Therefore,

B
{m,l} _ 2\« € k
I s, = sup (1= o) <1°g1_z|z) e bl < Wl < 0.

EBn

For a compact subset K of By, there is a positive constant r, such that |z| <7 < 1
when z € K. By Lemma 2.1 and Lemma 2.4, it follows that

1k
|Fk{,l}(z)| Srk/ |ft( Z)ldtSMTkamHHla 8
0 o8

for z € K. From which we can easily get that F’ ljm’l} converges to 0 on compacts

subset of By as k — oo. O
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Lemma 2.7 (Lemma 2.1, [24]). For 0 < p, s < o0, —p — 1 < ¢ < o0,
ntltg

qg+s>-—1,if f € F(p,q,s), then f € B~ » and

p

171 zs12a < CUS Iy

The next lemma is well-known.

Lemma 2.8. For 0 < p < oo, there is a positive constant C, depending on p
and n, such that (3", ;)P < Cp(> i, 2¥), when z; € (0,00), 7 € {1,2,...,n}.

The following lemma can be proved in a standard way (see, for example,
Proposition 3.11 in [1]), we omit its proof.

Lemma 2.9. Suppose that ¢ € S(By) and g € H(By), g(0) = 0. Then
the operator CY : Bl"(‘)gﬁ — F(p,q,s) is compact if and only if for any bounded
sequence { f }ren in Bﬁ)gﬂ which converges to zero uniformly on compact subsets

of By, we have ||Cgfk||’;(p,q)s) — 0 as k — oo.

Lemma 2.9 also holds if operator CY is replace by P3.

3. Boundedness and compactness of CY : Bﬁ;gﬁ — F(p,q,s)

In this section we study the boundedness and compactness of the operator

(07 Bl‘;gg — F(p,q,s).

Theorem 3.1. Suppose that o > 0, 8 > 0, ¢ € S(By) and g € H(By),
g(0) = 0. Then CY is bounded from By to F(p,q,s) if and only if

(1= [z[)e(2)g(2) PP (2,0)

o | P e ey ) <o ©)

PROOF. Suppose that (6) holds, we prove C¢ is bounded. By Lemma 2.5
and the equivalence of norm on Bﬁ‘) D it follows that there is a constant M such
that

€2 g = 30 [ (1= PV IRI (gD 2 a)du(2)

a€BN
/ (1 — |2*) e (2)g(2)Ph° (2, a)
S e D —

< sup
a€BN

p

du(z)

e B
(1=l (o8 =S ) T62)
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su (1 —[2[*)e(2)g(2)|Ph* (2, a) v(z) -
= OCLEBII)\// [(1—Jp(2)]?)*(log W)ﬁ]pd (2) - IF]

Pa < M| f|%a
Blogﬂ - ||f| Blogﬂ
So we have the boundedness of C¥.

Conversely, we assume that there exists a positive constant M such that
1CLfllF(p,g,s) < M||fHBa for every f € Blogﬂ For some rg € (0,1), by Corol-
lary 2.1, we can find fq,..., f, in Blogﬁ such that

~ C
S RAE] = >
k=1 (1 —[2[?)2(log W)

Then using Lemma 2.8, there are two constants C, and C such that

oo>Z||ogfk||F(pqs Z [ (1= g )R P

n

> sup /| - (1= [21*)]g(2)IPh* (2, )[R fi (0 (2)) Pdv(2)

k=1 a€BN

n

) P
— su 1—1212)9g(2)|[Ph%(2,a R z dv(z
> p /|<,o<z)|>ro( |2[%) g () [PR*( )(Zl i (ep( ))I) (2)

Cp a€Bn Pt
_ 2 PhHS
oy | 0PV )y,
a€BN Jp(2)[>r0 [(1 = [p(2)]?)*(log W) g

(
(1= 21 (2)9()Ph* (2, a)
/Isa(z)|>ro [(1 = |e(2)]?)2(log m)ﬁ]pdv(z)-

> C sup
a€BN

When |¢(z)| < 7o, put Gj(z) = z; for j = 1,2,..., N, it is obvious that

Gj(z) € B 5. Since [p(2)|* = |p1(2)]*+ - +lon(2)]? < (Isal( )+ +en(2)])?
and by Lemma 2.8, we have

su (1 — [z)?le(2)g(2)[Ph* (2, a) o
ae]B%I?v/ ()l<ro (1= 0(2)]?) (@W)ﬁ]pd (2)
N

o 02rEn [(1 o (log - r2) ]
'/|( s T |21%) 4 (2)9(2)IPh* (2, a)dv (=)

p

< C sup / (1 — |z]?)? ngj 2)|Ph%(z, a)dv(z)
e(2)|<ro

a€BN

—-p
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N

<Oy sw [ LRyl i)
j=12€BN J]p(2)[<ro

N
< CZ ICLG g0 < O©-

j=1
Thus we get (6). O
Now we characterize the compactness of the operator.

Theorem 3.2. Suppose that a > 0, 8 > 0, ¢ € S(By) and g € H(By),
g(0) = 0. Then CY is compact from B s to F(p,q,s) if and only if (6) holds

and
(1= 2»)9g(2)["h*(2,a)

lim sup / =
r1 aeBy Jip(a))>r (1= [9(2)12)*(log =1 Zm= )P IP
PROOF. First, assume that CY is compact, then it is bounded, and (6) follows

by Theorem 3.1.
Now we prove (7). Consider the test functions F,;{m’l} in Lemma 2.6.

dv(z) = 0. (7

Write » = (¢1,...,¢n), since C is compact, by Lemma 2.9, it follows that
as k — oo,

{m7l}
ICEE™ I p.g.0

= sup / lo1(2) |7 frn (0 (2)) P9 (2) [P (1 = [2)7h* (2, @) dv(2) — 0. (8)
By

a€BN

Note that |¢(2)| < |p1(2)| +---+|en(2)], by the relation (8) and Lemma 2.8, we
have

sup / [ o(2) "1 fin (0 (2))g () P (L = |2[*) 7R (2, @) dv(2)
By

a€BN

n kp
< sup/ (le(@l) [fn(9(2)g(2)[P(1 = |2[*)7h* (2, a)dv(z)
By \i=1

a€BN

< ¢ sup / <Z|WZ(Z)|]W> | fm(0(2)g(2)[P (1—|2[*)7h* (2, a)dv(2) = 0, k— 00
a€BN By =1
for m e {1,2,...,n}.
Since (1—|z|?)*(log ﬁ)ﬁ — 0 as |z| — 1, this means that for every e > 0,
there is a ko € N such that for every r € (0,1),

9P~ PR )
/Wm [ — lp(2) B (log )P )

rhop sup
a€BN
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Prlg(P (L ) a)
)

- e
aeBy Jip(z)>r (1= 1@(2)[?)*(log = Fm )17

kop - ’ DIP(1 = 1212905 (2, a)dv(z
SCsup/lw()M z)| (Z|fm >Ig()|(1 27)?h* (2, a)dv(z)

a€BN m=

<G [ letal (Z >|g<z>|P<1— =f%)h* (2. a)dv2)

a€BN

—

<G Y s [ (DI~ ) raie(z) < e

— 1aEBN

Thus when r > Z_Wlp, by the above inequality we obtain

N (1~ =) lg()Ph (2.0)
aGBl?v ~/|Lp(z)>r [(1 - “P(Z)IQ)(X(log W)ﬁ]p

From which (7) follows.

du(z) < 2e.

Conversely, suppose that (7) holds, then for £ > 0, we can find a constant
ro € (0,1) such that

st (= 2P gh (za)
A / ()50 (L= o du(z) <e. (9)

a€By 2)1?)*(log T Zm )P IP

Let {fr}ren be a bounded sequence in B, s with
I fellse , <M, keN,

and fr — 0 uniformly on any compact subset of By as k — co. Then
L0l ) = S0P | Q=P oA :)
N

< sup / (1 - [22)2lg(2)PR* (=, @) [ R (o (=) [P (=)
lp(2)|<To

a€BN

+ sup / (1= [2)9)g(2)[Ph* (2, a)|R fr (p(2))[Pdv(2)
lp(2)|>r0

a€B N
/ (= Pl )y
le(2)1<ro [(1 = ¢(2)[2)* (log W) P
/ (1= [21*)]g(2)[Ph* (2, a)
el [(1— [(2)[2)* (log T—r4z) 1P

< M} (rg) sup
a€BN

+ sup
a€EBN

dv(z) - || fi
logB

= Ii(k) + I2(k)
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o e B Rfr(z
here My (7o) = sup,c, g, {(1 — 2% (log 1_|Z|2) |f%()}}

Since fr — 0 as k — oo, uniformly on compact subset of By, My(ro) <
(log ﬁ)ﬁ SUD{|o(2)|<ro} | Ve (9(2))] it follows from (6) and the Weierstrass the-
orem that I (k) — 0 as k — oo.

Since ||fk|\31a , < M, it follows from (9) that I2(k) < eMP. Then, when
k — oo, |‘Cgka€r(p7q,s)
This completes the proof of this theorem. O

— 0, hence by Lemma 2.9, we get that C' is compact.

4. Boundedness and compactness of PJ : Bﬁgﬁ — F(p,q,s)

In this section we characterize the boundedness and compactness of PJ ac-
cording to the four cases depending on the choice of the parameters of o and (.

4.1. Case o > 1.

Theorem 4.1. Suppose that a > 1, 8 > 0, ¢ € S(By) and g € H(By),
g(0) = 0. Then PJ is bounded from B to F(p,q,s) if and only if

(L= =) lg()Pho ()
“u U(Z) < 00. (10)
aE]BIJ)v /]BN [(1 — |@<Z)|2)a—1(10g W)B}p

PROOF. First, we assume that (10) holds. Then by Lemma 2.1 and Lem-
ma 2.5, we have

120y = S0 / = Yl ) () P )
Cliflse , )pd @
(1 lp(2)))2~1 (log =222)°

(1 —|2)g(2)[Ph*(z,a)
= sub dv(z) - | fl%e < CllfI%a -
/BN [(1— |90(Z)|2)a71(10g w)ﬂ]p logh logf

< sup/B (IZIQ)qlg(Z)IphS(Z,a)(

a€BN

a€BN

From which the boundedness of PJ follows.
For the converse direction, we suppose that PJ is bounded. By Lemma 2.2,
we can find f1, fa,..., fn such that

n
Z Hpﬂgfi”%(p,qﬁ) <o
i=1
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and

PICIE ¢

(1= |2?)>="(log ﬁ)ﬁ

By some elementary inequalities and Lemma 2.8, we obtain

oo > Z ||ngi|‘zli“(p7q,5)

i=1
= sw /BN(I = [2*)7g(2)[Ph* (2, a) (; Ifi(w(Z))lp) dv(z)
1 g 3
> o, s /BN(l = [[*)g(2)Ph* (2, a) <; ﬁ(w(@)l) dv(z)
1 (1 — [2[*)]g(2)[Ph* (2, a)
— d .
2w [ e PR (log )PP )
The proof of this theorem is completed. O

Theorem 4.2. Let o > 1, 8 > 0. Suppose that ¢ € S(By) and g € H(By),
g(0) = 0. Then PJ is compact from B s to F(p,q,s) if and only if (10) holds
and

| (1= 2yl )P ()
lim su dv(z) = 0. (11)
e /|¢<z>|>r [(1 = lp(2)P)o" (log =r5zy) 1P

PROOF. First, assume that PJ is compact, then it is obviously bounded, and
the condition in (10) follows by Theorem 4.1.
Next we prove (11). Setting the test functions Fk{m’l} in Lemma 2.3.

{m7l}
”P%ng ”%(nq@

= sup/B ot ()P fin (@(D)Pg(2) [P (1 = [2)7h* (2, a)dv(2) — 0

a€Bn

when k — oo, here ¢ = (¢1,...,0N)-
From which and by Lemma 2.8, we have

sup / 0(2) 7 (2 (g ()P (1 = [22)7h* (2, a)dv(2)
By

a€BN

< C sup / <Z|¢I(Z)|kp> | fn((2))g(2)[P(1 = |2*)7h* (2, a)dv(z) — O,
By \i=1

a€BN
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as k — oo form € {1,2,...,n}.
For every ¢ > 0, there is a ky € N such that for every r € (0, 1),

/ 9(2)[P(1 = [2]*)?h* (2, a) du(z)
@I [(1 = [p(2)[2)e= (log 1) 17

<Cp ) sup /B [(2)["P| fin (2 (2))Plg ()P (1 = [2)7h* (2, a)dv(z) < e.

m—1 0EBN

rhop sup
a€BN

Thus when r > Z_WIP, by the above inequality we obtain (11).
Conversely, suppose that (11) holds. Then for every € > 0, we can find an
ro € (0,1) such that

1— 2\q PhS
sup / (1= |2)%l9(2)I"h* (2, @) 5 pdv(z) <e. (12)
a€BN Jp(z)|>r0 [(1 - \(p(z)|2)°‘_1(log ﬁ) ]

Let {fx}ren be a bounded sequence in Bﬁ)gﬂ with

[ fxllse , <M, keN,

ogh T

and fr — 0 uniformly on any compact subset of By as & — oo. Then by
Lemma 2.1,

| P2kl gy = SUD / (1= [22)2lg ()P h* (=, @) fulp(=)) [P do(2)

a€BN

< sup / (1= [2*)7]g(2)[Ph* (2, )| fu(p(2)) [Pdv(2)
le(2)|<ro

a€BN

b [ Bl @)@ Pdu)
le(2)[>r0

a€Bn
P (1 —[2*)g(2)[Ph*(2, a)
M .
<MD 2 [ T o o e )
(1~ 2P lg(:)Ph 2. ) .
c P
' asel%Blir/lsD(znm [(1 = le(2)P)~ L (log s=rZmyp)P 1P v(2) Ml
= I(k) + L (k),

B
here My, (o) = sup, e, sy {(1 —[2[*)* ! (log ﬁ) |fx(2)]}
Since fr — 0 as k — oo, uniformly on compact subset of By, so My(rg) <
e ﬂ
(log ﬁ) SUD{|o(2)|<ro} | fx(0(2))], by (10), we get I (k) — 0 as k — oo.
Note that ||fk||31a , < M and by (12), we obtain I5(k) < CMPe. Thus,
og

HngkH%(pq o — 0ask — oo, and from Lemma 2.9 the compactness of Pg
follows. So the proof of this theorem is complete. ([
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4.2. Case a € (0,1), or « =1 and 8 > 1. Because when « € (0,1), or « = 1
and 8 > 1, the condition (6) in [17] holds, the results can be consulted in [17].

4.3. Case a =1 and § € (0,1).

Theorem 4.3. Assume o =1 and 8 € (0,1), ¢ € S(Bn) and g € H(By),
g(0) = 0. Then

(i) Pg is bounded from B to F(p,q,s) if
Sup / (1 — |Z‘2)q|g(z)‘phs(27a)dv(z) < 00. (13)
acBy Joy (108 75 )P A
(ii) Pg is compact from By to F(p,q,s) if (13) holds and
1— 2\q PRS
_— (= 1Pl Ph ) g
1 e p(1-8)
r=lacBy Jip(z)>r (108 T=5me)

PROOF. Assume that (13) holds. If f € By s, then by Lemma 2.1 and
Lemma 2.5, we have

B2 N5 a0y = SIIIBP/B (1= 12 7]g(2)IPh* (2, )| f (¢(2))[Pdv(2)

p
R Clifllse,,
< sup/ (L= [2[")"g(2)["h* (2, a) cro_yi7 | )
a€BN JBN (logl W(Z)‘)
(1= |22)7|g(2)[h* (2, )
= sup / e i v(2) ||f||%1a 5
a€BN JBy (IOgW) )

Thus we get the boundedness. The proof of compactness is also similar to that
of Theorem 4.2, so it is omitted. O

4.4. Case a = = 1. By using the same methods as in the proofs of the previous
theorems, we can prove the next theorem.

Theorem 4.4. Assume o = =1, ¢ € S(By) and g € H(By), g(0) = 0.
Then

(i) Pg is bounded from Bﬁ‘)gﬁ to F(p,q,s) if

/ (1—2[*)g(2)["h* (2, a)
By (max{l log log 1= W(z)lg })

(ii) Pg is compact from B} R F(p,q,s) if (14) holds and

/ (1 —[21*)?g(= )|ph5(z,a)
le(@)>r (

max{1,loglog = = })?

sup

5dv(z) < oo. (14)
a€BN

lim sup
r=14cBy

dv(z) = 0.
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5. Other two operators

If we use the radial derivative of some function k to instead of g in operators
Pg and C%, we can get the following two operators:

1
(LN = [ REGAEDRE) T, f e HEN), 2 By,

and
(VEDG) = [ flee)Rhe) T f € H(Bx), 2 € B,
0

The operator Vf is called Volterra composition operator and studied in [22],
[25], [27], [29]. According the previous sections, we can obtain the results about
the operators at once, here we just list partial results.

Theorem 5.1. Suppose that « > 0, 8 > 0, ¢ € S(By) and k € H(By).
Then L’:, is bounded from Bﬁ‘)gﬁ to F(p,q,s) if and only if
1— 2\q PhHS
p [ O EENRCIRCIPI ) )
a€By JBy [(1 - |¢(2)[2)*(log 7=Zmy) 1P
Theorem 5.2. Suppose that o > 0, 8 > 0, ¢ € S(By) and k € H(By).
Then L’; is compact from By, ; to F(p,q,s) if and only if (15) holds and
/ (1 — [2[*) 7[Rk (2)[Ph* (2, a)
« € B
[p(2)|>r [(1 — |()0(Z)|2) (log W) }p
Theorem 5.3. Suppose that « > 1, 8 > 0, ¢ € S(By) and k € H(By).
Then Vf is bounded from Bl‘f)gﬂ to F(p,q,s) if and only if
/ (1 — |2*)7|RE(2)[Ph* (2, a)
By (1= lp(2) )~ (log 7 5mp2)
Theorem 5.4. Let « > 1,3 > 0. Suppose that ¢ € S(By) and k € H(By).
Then Vj is compact from Bl‘;gﬁ to F(p,q,s) if and only if (17) holds and
— |z|%)e PhS
oy s | (L= [P RHPH o)
ot aeBn Jig@)isr (1= p(2)2) ! (log t=5ze) 17
Theorem 5.5. Assume o € (0,1), or a =1 and 8 > 1, ¢ € S(By) and
k € H(By). Then V} is bounded from Bg.s to F(p,q,s) if and only if

(15)

lim sup
=1 4eBy

dv(z) = 0. (16)

su
a€BN

ﬂ]pdv(z) < 0. (17)

dv(z) = 0. (18)

sup / IRE(2)[P(1 — |2]?)9h* (2, a)dv(z) < co. (19)
By

a€BN

ACKNOWLEDGEMENTS. The authors would like to thank the referees for the
useful comments and suggestions which improved the presentation of this paper.



422

(1]

[2

3

[4

[5

6

[7

8

[9

[10]
[11]
[12]
[13]
[14]

(15]
(16]

(17]
(18]
19]
20]
(21]

(22]

Li Zhang and Ze Hua Zhou

References

C. C. CoweN and B.D. MAcCCLUER, Composition Operators on Spaces of Analytic Func-
tions, CRC' Press, Boca Raton, 1995.

S. L1 and S. STEVIC, Generalized composition operators on Zygmund spaces and Bloch
type spaces, J. Math. Anal. Appl. 338 (2008), 1282-1295.

S. L1 and S. STEVIC, Products of composition and integral type operators from H to the
Bloch space, Complex Var. Elliptic Equ. 53 (2008), 463—-474.

S. L1 and S. STEVIC, Products of Volterra type operator and composition operator from
H®° and Bloch spaces to the Zygmund space, J. Math. Anal. Appl. 345 (2008), 40-52.

S. L1 and S. STEVIC, Products of integral-type operators and composition operators between
Bloch-type spaces, J. Math. Anal. Appl. 349 (2009), 596-610.

S. L1 and S. STEVIC, Products of integral-type operators and composition operators between
Bloch-type spaces, Appl. Math. Comput. 215 (2009), 3106-3115.

S. STEVIC, Generalized composition operators from logarithmic Bloch spaces to mixed-norm
spaces, Util. Math. 77 (2008), 167-172.

S. STEVIC, On an integral operator from the Zymund space to the Bloch type space on the
unit ball, Glasgow Math. J. 51 (2009), 275-287.

S. STEVIC, Integral-type operators from a mixed-norm space to a Bloch-type space on the
unit ball, Siberian J. Math. 50, no. 6 (2009), 1098-1105.

S. STEVIC, On an integral operator between Bloch-type spaces on the unit ball, Bull. Sci.
Math. 134 (2010), 329-339.

S. STEVIC, On a new operator from H® to the Bloch-type space on the unit ball, Util.
Math. 77 (2008), 257-263.

S. STEVIC, On a new integral-type operator from the Bloch space to Bloch-type spaces on
the unit ball, J. Math. Anal. Appl. 354 (2009), 426-434.

S. STEVI¢, On operator Pg from the logrithmic Bloch-type space to the mixed-norm space
on the unit ball, Appl. Math. Comput. 215 (2010), 4248-4255.

S. STEVIC, On an integral-type operator from logarithmic Bloch-type spaces to mixed-norm
spaces on the unit ball, Appl. Math. Comput. 215 (2010), 3817-3823.

S. STEVI¢, On new Bloch-type spaces, Appl. Math. Comput. 215 (2009), 841-849.

S. STEVI¢, On an integral-type operator from logarithmic Bloch-type and mixed-norm
spaces to Bloch-type spaces, Nonlinear Anal. 71 (2009), 6323-6342.

S. STEVIC, On some integral-type operators between a general space and Bloch-type spaces,
Appl. Math. Comput. 218 (2011), 2600-2618.

S. STEVI¢C and S. UEKI, Integral-type operators acting between weighted-type spaces on
the unit ball, Appl. Math. Comput. 215 (2009), 2464-2471.

S. STEVIC and S. UEKI, On an integral-type operator between weighted-type spaces and
Bloch-type spaces on the unit ball, Appl. Math. Comput. 217 (2010), 3127-3136.

S. STEVIC and S. UEKI, On an integral-type operator acting between Bloch-type spaces on
the unit ball, Abstr. Appl. Anal. 2010 (2010), Art. ID 214762.

W. F. YANG, On an integral-type operator between Bloch-type spaces, Appl. Math. Com-
put. 215 (2009), 954-960.

W. F. YaNg, Volterra composition operators from F(p, ¢, s) spaces to Bloch-type spaces,
Bull. Malays. Math. Sci. Soc. (2) 34, no. 2 (2011), 267-277.



[23
[24]
[25]
[26]
[27]
28]

[29]

Integral type operators between logarithmic Bloch-type space and. .. 423

W. F. Yang and X. G. MENG, Generalized composition operators from F(p,q,s) spaces
to Bloch-type spaces, Appl. Math. Comput. 217 (2010), 2513-2519.

X. J. ZHANG, Multipliers on some holomorphic function spaces, Chin. Ann. Math. Ser. A
26, no. 4 (2005), 477-486.

X. L ZHuu, Generalized composition operators and Volterra composition operators on Bloch
spaces in the unit ball, Complexz Var. Elliptic Equ. 54, no. 2 (2009), 95-102.

X. L ZHuu, Generalized composition operators from generalized weighted Bergman spaces
to Bloch type spaces, J. Korean Math. Soc. 46, no. 6 (2009), 1219-1232.

X. L ZHu, Volterra composition operators on logarithmic Bloch spaces, Banach J. Math.
Anal. 3, no. 1 (2009), 122-130.

X. L ZHu, On an integral-type operator from Privalov spaces to Bloch-type spaces, Ann.
Polon. Math. 101, no. 2 (2011), 139-147.

X. L ZHu, Volterra composition operators from weighted-type spaces to Bloch-type spaces
and mixed norm spaces, Math. Inequal. Appl. 14, no. 1 (2010), 223-233.

LI ZHANG

DEPARTMENT OF MATHEMATICS
TIANJIN UNIVERSITY

TIANJIN 300072

P.R. CHINA

E-mail: zhangli0977@126.com

ZE HUA ZHOU

DEPARTMENT OF MATHEMATICS
TIANJIN UNIVERSITY

TIANJIN 300072

P.R. CHINA

E-mail: zehuazhou2003@yahoo.com.cn

(Received September 26, 2011; revised February 16, 2012)



