Publ. Math. Debrecen
82/2 (2013), 451-459
DOI: /PMD.2013.5374

Conditional oscillation and principal solution of generalized
half-linear differential equation

By GABRIELLA BOGNAR (Miskolc) and ONDREJ DOSLY (Brno)

Abstract. We establish an explicit formula for conditionally oscillatory potential
in the generalized half-linear second order differential equation. We also present an
alternative construction of the principal solution of this equation.

1. Introduction

We deal with the second order differential equation of the form
2" +c(t)f(z,2) =0 (1)

where ¢ is a continuous function and the function f satisfies the following as-
sumptions which were introduced in [5]:

(i) The function f is continuous on Q@ =R x [R\ {0}];
(ii) It holds = f(x,y) > 0 if xy # 0;
(iii) The function f is homogeneous, i.e., f(Az,Ay) = Af(z,y) for A € R and
(z,y) €
(iv) The function f is sufficiently smooth in order to ensure the continuous depen-
dence and the uniqueness of solutions of the initial value problem z(¢1) = o,
z'(t1) = x1 at some (zg, 1) € Q;
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(v) Let F(t) :=tf(¢,1), then

e dt .
[ T2 FD FO < oo and \t1|l~I>nooF(t) 0.
oo

Under these assumptions, the solution space of (1) is homogeneous. This is

the reason why this equation was called half-linear, its solution space has just one

half of the properties which characterize linearity. The word “generalized” reflects

the fact that (1) covers as a special case the “classical” half-linear differential
equation

(®p(x)) +e())@p(a) =0, Dy(x) = a2, p> 1, (2)

which was a subject of investigation of many recent papers, see, e.g., [3], [8], [10]
and the reference therein. Note also that the generalized half-linear differential
equation was introduced in BIHARI’s papers [1], [2] in the form

(r(t)e’) + c(t) f(z,(t)z") = 0 (3)

with a positive continuous function r. However, the change of independent va-
riable s = ft r~Y(7)dr transforms (3) into (1), so we suppose without loss of
generality that 7(t) =1 in (3).

Let ¢ be the differentiable function given by the formula

ds

g(u) = Ve ds
- Fs) if u <0,

and ¢g(0) = 0. Then g is increasing and lim, 4 g(v) = too. If x is a solution
of (1) such that z(¢) # 0, then the function v = g(a’/x) solves the Riccati type
differential equation

v' 4+ c(t) + H(v) =0, (4)

where the function H is given by the formula

H(v) =g~ (v)]*d' (97" (v) (5)

with H(0) = 0 (¢~ being the inverse function of g). Moreover, the function H

satisfies

< dv < < dv <
— < 00, — < 0.
H(v) < H(v)

— 00

Following [5], to study oscillatory properties of (1) in more details, we also
need the additional assumption:
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(vi) The function H given by (5) is strictly convez.

This assumption is satisfied e.g. when the function log F(t) is strictly concave,
see [5]. Under this assumption, the function H is decreasing for v < 0 and
increasing for u > 0. Moreover, it is locally Lipschitzian, hence solutions of (4)
are uniquely determined by the initial condition and hence graphs of solutions of
this equation cannot intersect.

The aim of our paper is to prove two conjectures posed in [4]. These con-
jectures concern the conditional oscillation and the construction of the principal
solution of (1). We recall these concepts in the next sections.

2. Preliminaries

It is known that many of the properties of the linear Sturm-Liouville diffe-
rential equation

(r(t)m’)/ +c(t)z=0

can be extended to (1). In particular, we have the full analogy of the Sturm
separation and comparison theory. This means that equation (1) can be classified
as oscillatory or nonoscillatory similarly as in the linear case. This is due to the
relationship between (1) and the Riccati type equation (4) via the substitution
v = g(z'/x). The existence of a solution z of (1) with consecutive zeros t; < to
means that v(t1+) = 0o, v(te—) = —oo for the associated solution v of (4). This
implies that any other solution & of (1) has to have a zero in (t1,t2), otherwise
the graph of & = ¢g(Z'/Z) intersects the graph of v, which contradicts the unique
solvability of (4).

The following statement, which is presented in [5], summarizes the essentials
of the application of Riccati technique in oscillation theory of (1). Recall that a
proper solution of (4) is a solution which exists on some interval [T, 00), i.e., it is
extensible up to oo.

Proposition 1. The following statements are equivalent:
(1) Equation (1) is nonoscillatory.
(2) There exists a proper solution of the generalized Riccati equation (4).

(3) There exists a continuously differentiable function v defined on some interval
[T, 00) for which

V'(t) +c(t) + H(v(t)) <0, te][T,o0).
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We will also need the next statement which concerns nonnegativity of proper
solutions of (4).

Lemma 1. If ¢(t) > 0, then all possible proper solutions of (4) are nonne-
gative and tend to zero ast — o0.

PrOOF. Under assumptions on the function H, the function v(¢) = 0 is the
minimal solution of the equation

v+ H(v) =0, (6)

see [4], and by another result of the same paper all possible proper solutions of (4)
are greater than this minimal solution of (6). As for the limit of a proper solution
of (4), this limit v(00) is a positive number or zero. Since v is decreasing, we have
v(t) > v(co) and integrating (4) from 7' to oo

v(o0) + /TC><j c(t)dt + /Tij H(v(t))dt = o(T)

Note that the existence of a proper solution of (4) implies that [> ¢(t)dt < oo,
see [5]. Hence

/TOO H(v(o0)) dt < /TOO H(v(t))dt < o0.

This shows that v(c0) = 0. U

3. Conditional oscillation

We say that equation (1) with a nonnegative function c¢ is conditionally os-
cillatory if there exists a constant Ay > 0, called the constant of conditional
oscillation, such that (1) with Ac(t) instead of ¢(t) is oscillatory for A > Ag and
nonoscillatory for A < Ag. A typical example of a conditionally oscillatory half-
linear equation is the Euler differential equation

(@) + 5y (2) =0

with the oscillation constant
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This means that the potential c(t) = ~,/t? is a kind of borderline between oscilla-
tion and nonoscillation of equation (2). More precisely, this equation is oscillatory
provided

liminf tPe(t) >,

t—o0

and nonoscillatory if

limsup tPe(t) < 7vp.

t—o0

The next theorem answers Conjecture 2 of [4] and shows that conditional
oscillation of (1) is determined by the behavior of the function H in a right
neighbourhood of v = 0.

Theorem 1. Suppose that

lim H(ﬁv) =L e (0,00)

v—=04+ v

for some 8 > 1. Then equation (1) with c(t) = AMt~%, where o = % is the con-

Jjugate exponent of (3, is conditionally oscillatory with the constant of conditional

L 11—« O[—la
() T (5
a—1 a

PROOF. First consider the case A > A\g. There exists € > 0 such that

A > Yo (L_€>la. (7)

oscillation

a—1

Suppose, by contradiction, that (1) with ¢(t) = A\¢~¢ is nonoscillatory, i.e., by
Proposition 1, there exists a proper solution of the equation

A
v’+t—a+H(v):O.

Then v(t) — 0+ as t — oo by Lemma 1, i.e., there exists T such that
H(v(t)) > (L —¢)(v(t)”
for t > T, hence

v'(t) + t% + (L —¢)(v(1)? <. (8)
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The left-hand side of the last inequality is the Riccati operator corresponding to
-«
the half-linear equation (related to v by the formula v = <§:E> Py (2'/z))

(55) o]

which is the same as the equation

(®u(z)) + A (i - i)al £, (z) = 0.

We suppose (7), which means that the coefficient by t=*®,,(x) in the last equation

A
+ tiaq)a(x) = Oa

is greater than v, and this implies that this equation is oscillatory. But this is a
contradiction in view of Proposition 1 since we have found a function satisfying
inequality (8) on [T, 00).

Now we deal with the case A < \g. Let € > 0 be so small that

L4\
A< Ya <a—1>

and consider the function

u(t) = (L+E>l_arat1—“, T, = <a_ 1>a_1. (9)

a—1 le}

Then v(t) — 0+ as t — o0, i.e., there exists T such that H(v(t)) < (L+¢)(v(t))?
for t > T. We have
A L+
Ul(t) + tiaz + H(’U(t)) < Ul(t) + Yo (ai

Substituting for v from (9) into the right-hand side of the last inequality we have

11—«
) Y+ (L+e)(v®)?.  (10)

L l—a
UI+%( +€> + (L +epn?

a—1

L+e\'™™ L+e\'™ L4e\loP
= 1—a)Ty, o L

(F55) a-oreen(35) rea(EH)

L+e\ * _[L+e L+e¢

_(Oé—l) t |:a_1(1—a)1—‘a+a_1"¥a+(L+6)’}’a:|

(£20) o[ )

Hence v is a proper solution of the Riccati inequality associated with the equation
A
"+ t—af(x,x’) =0

which means that this equation is nonoscillatory by Proposition 1. O
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4. Principal solution and Priifer transformation

In this concluding section we briefly describe the construction of the so-
called principal solution of (1) based on the generalized Priifer transformation.
We follow essentially the idea of the paper [7], where the principal solution of the
“classical” nonoscillatory half-linear equation

(r(t)®p("))" + c(t)Pp(z) = 0

was introduced via the Priifer type transformation.

Following [6], consider the equation (1) with ¢(t) = 1, i.e., the equation
2+ f(z,2') =0

and denote by S = S(t) its solution given by the initial condition S(0) = 0,
S’(0) = 1. This solution defines the generalized sine functions and its deriva-
tive the generalized cosine function. Then any nontrivial solution of (1) and its
derivative can be expressed in the form

z(t) = p(t)S(e(t),  2'(t) = p(t)S" (o(1)), (11)

where p is the positive radius function. Of course, in the linear case f(x,z') = z,
this is nothing else than the classical Priifer transformation. The angle variable
© is a solution the differential equation

¢ =1+ (c(t) = DG(yp). (12)

The function G is given by the formula

F(T(¢)) g
G(p) =4 L+ F(T(p)’ £50) #0. (13)

1, if () =0,

where T'(¢) = S(9)/S’(¢) is the generalized tangent function and the function F
is given in the assumption (v) of Section 1. The function G is periodic with the

_/OC dt
P=] 11 F@

is the first positive zero of S, and equation (12) is uniquely solvable. Moreover,

period 2p, where

we have ¢'(t) = 1 at points where p(t) = 0, and S(p) = 0 if and only if ¢ = kp,
ke Z.
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Suppose that (1) is nonoscillatory and let T be so large that there is a solution
Z for which #(¢) # 0 for ¢ > T. This solution can be expressed in the form (11)
and let ¢ be its Priifer angle. Then ¢(t) € (kp, (k + 1)p) for some integer k and
without loss of generality we can suppose that k = —1. Now, let 7 € (T, 00) and
denote by ¢, the solution of (12) given by the initial condition ¢.(7) = 0. The
unique solvability of (12) implies that @(¢) < ¢, (t) < ¢, (t) for t > T whenever
T < 71 < 79. This means that there exists a finite limit ¢* := lim, o @+ (T).
The solution Z of (1) given by the initial condition

2(T) = S(¢"), (T)=5"(¢")

we call the principal solution of (1).

The concept of the principal solution of a nonoscillatory generalized half-
linear equation (1) was introduced in [4] via MIRzZOV’s method (see [9]) of the
minimal solution of the associated Riccati equation (4). Next we show that the
principal solution defined above using the generalized Priifer transformation “pro-
duces” via the substitution v = g(2’/x) the minimal solution of (4), i.e., both defi-
nitions are equivalent. Indeed, let 2, be a nontrivial solution satisfying x..(7) = 0.
According to homogeneity of the solution space of (1), this solution is determined
uniquely up to a nonzero multiplicative factor. The solution z, can be expressed
in the form

z-(t) = p(t)S(p- (1),  27(t) = p(t)S (07 (1)),
where @, is the solution of (12) satisfying ¢,(7) = 0. The solution v,(t) =
g(xl (t)/x-(t)) of (4) satisfies, in view of the properties of the function g, the
relation v, (—7) = —oco. The minimal solution of (4) is defined by
Umin () = Tlirgo v (1),
ie., it is just the solution satisfying vmin(T) = g(5'(¢*)/S(¢*)). Hence o(t) =
'Umin(t)'
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