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Unifications on a type of continuity

By BISHWAMBHAR ROY (Kolkata)

Abstract. In this paper, we investigate different properties of weakly (7, 1)-con-
tinuous functions. We also investigate the relations among (7, pt)-continuity, weak (7, u1)-
continuity and strong (7, u)-continuity.

1. Introduction

The notion of continuity is one of the basic concepts in the study of gene-
ral topology. This concept has been generalized by many mathematicians from
different point of view. Using the concepts of sets like semi-open sets, pre-open
sets, a-open sets, B-open sets several authors have introduced and investigated
different weak forms of continuity. In this paper we generalize several charac-
terizations and properties of a type of weak continuous functions called weakly
(7, p)-continuous functions from a topological space (X, 7) to a GTS (Y, ). The
aim of this paper is to investigate some fundamental properties of weakly (7, u)-
continuous functions.

We first recall some notion defined in [3]. Let X be a non-empty set and
exp X be the power set of X. We call a class € exp X a generalized topology
[3], (briefly, GT) if @ € u and union of elements of u belongs to pu. A set X,
with a GT p on it is said to be a generalized topological space (briefly, GTS)
and is denoted by (X, u). For a GTS (X, u1), the elements of p are called p-open
sets and the complements of u-open sets are called p-closed sets. For A C X, we
denote by ¢, (A) the intersection of all p-closed sets containing A i.e., the smallest
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p-closed set containing A; and by i,(A) the union of all p-open sets contained
in A i.e., the largest p-open set contained in A (see [2], [3] for details).

It is easy to observe that ¢, and ¢, are idempotent and monotonic, where ~ :
exp X — exp X is said to be idempotent iff A £ B € X implies y(y(A)) = v(A)
and monotonic iff y(A4) € 4(B). It is also well known from [2], [5] that if y is a
GTon X and A€ X withz € X, thenz € ¢ (A)iff e Mepu=>MNA#2
and ¢, (X \ A) = X'\ i,(A). Throughout the paper, by (X, 7) and (Y, 1) we shall
always mean a topological space and a generalized topological space respectively.

2. Properties of weakly (7, u)-continuous functions

Definition 1 ([4]). Let (X, u) be a GTS. The p(0)-closure of a subset A of
a GTS (X, p) is denoted by c,(9)(A) and is defined to be the set of all points
x of X such that for each U € pu(z), c,(U) N A # @, where p(z) = {U :
U is a p-open set containing x}.

Definition 2. A function f : (X,7) — (Y, ) is said to be weakly (7, u1)-con-
tinuous if for each € X and each p-open set V of Y containing f(x), there exists
an open set U of X containing « such that f(U) & ¢, (V).

Theorem 1. For a function f : (X,7) — (Y, u) the following are equivalent:

(a) f is weakly (T, ) continuous.

)
(b) f1 c [t ) for each p-open set V of Y.
(c) cl(f 1( W(F))) & ( ) for each p-closed subset F of Y.
(d) c(f~ (V) Cf ( (V) for each p-open subset V of Y.
(e) f(cl(A)) & cu)(f(A)) for any subset A of X.
(£) cA(f(B)) € f(cpo)(B)) for any B Y.

PROOF. (a) = (b): Let V be a p-open subset of Y and x € f~1(V). Then
f(z) € V. Thus by (a), there exists an open set U in X containing z such that
F(U)Ccu(V). Thenz € U C f1(c, (V). Soz € [(fHcn(V))).

(b) = (c¢): Let F be any pu-closed subset of Y. Then Y \ F is p-open
in Y and by (b) we have f~*(Y \ F) S [(f~ cu(Y \ F))) ie., X\ f7H(F) S
S HeuW\F))) = [(F7 (VNiu(F))) = [(X\f7H(0(F))) = X\el(f 7 (i (F)))-
Thus cl(f~1(i,(F))) € f71(F).

(c) = (d): Let V be any p-open subset of Y. Then ¢, (V) is p-closed in Y.
Thus by (c), cd(f~1(V)) € A(f~ (iplcn (V) € 7 Heu(V))-
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(d)= (a): Let x € X and V be any p-open set of Y containing f(x). Then
f(z) & cu(Y \ ¢u(V)). Thus by (d), x ¢ cl(f~1(Y \ cu(V))). Hence there exists
an open set U in X containing = such that U N f~(Y \ ¢,(V)) = @. Thus
FU)N Y\ cu(V)) = @ which implies that f(U) & ¢, (V).

(a) = (e): Let A € X and z € cl(A). Let V be any p-open set containing
f(z). Then there exists an open set U in X containing = such that f(U) <
cu(V). Then UN A # & and hence @ # f(U) N f(A) € ¢, (V)N f(A). Thus
f(@) € o) (f(A)) e, @ € f7H(eno) (F(A))). Thus f(cl(A)) S cpuo)(f(A))-

(e) = (f): Let B be any subset of Y. By (e), f(cl(f~'(B))) € cu)(B) =
cl(f7H(B)) € f~ ewe) (B))-

(f) = (a): Let z € X and V be any p-open set of Y containing f(x).
Then f(x) ¢ cuo)(Y \ cu(V)) ie, 2 ¢ 1 f7H(Y \ cu(V)) (by (f)). Thus there
exists an open set U in X containing = such that U N f=1(Y \ ¢, (V)) = & i.e.,
FOU)N (Y \cu(V)) =@. Thus f(U) € c, (V). O

Definition 3. A GTS (X, p) is called

(i) p-Urysohn [1] if for any pair of distinct points z,y € X there exist p-open
sets U and V such that € U, y € V with ¢, (U) Neu (V) = @.

(ii) p-To [8] if for any pair of distinct points z,y € X there exist two disjoint
open sets U and V such that r €e U and y € V.

Theorem 2. If f,g: (X,7) — (Y, u) are weakly (7, u)-continuous and Y is
pu-Urysohn, then A = {z € X : f(z) = g(z)} is closed in X.

PROOF. Let 2 € X \ A. Then f(x) # g(x). Thus there exist two disjoint
p-open sets V; and V;, containing f(z) and g(z) respectively such that ¢, (V1) N
cu(V2) = @. Since f, g are weakly (7, u)-continuous there exist open sets Uy, Ua
containing x such that f(U1) € ¢,(Vi) and f(Uz2) € ¢, (V2). Let U = Uy N Us.
Then U is an open set in X containing = such that U N A = @. Thus = ¢ cl(A4)
i.e., Ais closed. O

The next corollary is a generalization of the well-known principle of extension
of identities.

Corollary 1. Let f,g : (X,7) — (Y,u) be two weakly (1, u)-continuous
functions and Y be p-Urysohn. If A is dense in X with f = g on A, then f =g
on X.

Theorem 3. If f : (X,7) — (Y, p) is a weakly (7, u)-continuous function
andY is p-Urysohn, then A = {(z,y) € X x X : f(x) = f(y)} is closed in X x X.
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PROOF. Let (z,y) € (X x X)\ A. Then f(x) # f(y). As Y is u-Urysohn,
there exist p-open sets V7 and V, containing f(x) and f(y) respectively such that
cu(V1) Ney (Vo) = @. Since f is a weakly (7, u)-continuous function, there exist
open sets Uy, Us in X containing x and y respectively such that f(U1) & ¢, (V1)
and f(Us) € ¢,(V2). Let U = Uy x Uy. Then U is an open set in X x X with
(z,y) €U and UN A =@. Thus (x,y) ¢ cl(A4) i.e., Ais closed in X x X. d

Theorem 4. Let f: (X,7) — (Y, 1) be a weakly (7, u)-continuous injection.
Then the following holds:

(a) IfY is u-Urysohn, then X is Tb.
(b) IfY is u-To, then X is Tj.

PROOF. (a) Let x; and x5 be any two distinct points of X. Then f(z1) #
f(z2) and thus there exist y-open sets V4, Vo containing f(x1) and f(z2) respec-
tively such that ¢, (Vi) Nc,(V2) = @. Since f is weakly (7, pt)-continuous, there
exist open sets Uy, Uy containing x; and x5 respectively such that f(Uy) &€ ¢, (V1)
and f(Usz) € ¢,(Va). Since f~'(c,(V1)) and f~!(cu(V2)) are disjoint, we have
U NUy=@. Thus X is Ts.

(b) Let 21 and x2 be any two distinct points of X. Then f(z1) # f(x2) and
thus there exist disjoint p-open sets Vi, V, containing f(x1) and f(z2) respectively.
Then f(x1) ¢ cu(Va) and f(x2) ¢ cu(V1). Since f is weakly (7,
there exist open sets U; in X containing z; such that f(U;) & ¢, (V;) for i =1,2.
Thus we have zo ¢ Uy and 21 ¢ Us. Hence X is T7. O

)-continuous

Ezample 1. Let X = {a,b,c}, 7 = {@,{a}, {a,c},{a,b}, X} and p = {2, {a},
{b},{a,b},{a,c},{b,c}, X}. Then (X,7) is a topological space and (X, u) is a
GTS. Consider the constant mapping f : (X,7) — (X, u) defined by f(z) = a
for all z € X. It can be easily checked that f is weakly (7, u)-continuous which
is not injective. We note that (X, u) is p-Urysohn (and hence p-T5) but (X, 7) is
not even T7.

Definition 4. A function f : (X,7) — (Y, p) is said to have a strong (7, u)-
closed graph if for each (x,y) € (X x Y)\ G(f), there exist an open set U in X
and a p-open set V in Y such that (z,y) € U x V and (U x ¢,(V))NG(f) =@
where G(f) denotes the graph of f.

Theorem 5. If f : (X,7) — (Y,u) is weakly (7, u)-continuous and Y is
u-Urysohn, then G(f) is strongly (7, p)-closed.

PROOF. Let (z,y) € (X xY)\ G(f). Then y # f(x) and by hypothesis
there exist p-open sets V and W in Y containing f(x) and y respectively such
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that ¢, (V) Necu(W) = @. Since f is weakly (7, u)-continuous, there exists an
open set U in X containing z such that f(U) & ¢, (V). Thus f(U)Nc, (W) = .
Hence (U x ¢,(W))NG(f) = @. Thus G(f) is strongly (7, u)-closed in X xY. O

We call f: (X,7) = (Y, ) to be (7, u)-open if f(U) is p-open for each open
set U in X.

Theorem 6. Let f: (X,7) — (Y, ) be a weakly (7, u)-continuous function
having a strong closed graph G(f). Then

(a) If f is injective, then X is Tb.
(b) If f is a (7, u)-open surjection, then Y is p-Ts.

PRrROOF. (a) Let z7 and x5 be any two distinct points of X. Since f is
injective, f(z1) # f(z2) and thus (z1, f(x2)) ¢ G(f). Since G(f) is strongly
(7, u)-closed, there exist an open set U in X and a p-open set V' in Y such that
(21, f(z2)) € (UxV)and (U x ¢, (V))NG(f) = @ and hence f(U)N¢, (V) = @.
Since f is weakly (7, pt)-continuous, there exists an open set W in X containing
x9 such that f(W) & ¢, (V). Therefore, f(U)N f(W) = @ and hence UNW = @.
Thus X is Ts.

(b) Let y; and yo be any two distinct points of Y. Since f is surjective there
exists x € X such that y; = f(z) and (z,y2) ¢ G(f). By the strong (7, u)-
closedness of the graph G(f), there exist an open set U in X and a p-open set
V in Y such that (z,y2) € U x V and f(U) Ne¢,(V) = @. Thus f(U)NV = 2.
Now, since f is (7, u)-open, f(U) is p-open and hence f(z) = y; € f(U). Thus
Y is pu-T5. (I

Ezample 2. Consider the Example 1. By Theorem 5, the graph G(f) of f is
strongly (7, u)-closed. As f is not an injective function, X is not T5.

Definition 5. A GTS (X, u) is said to be p-connected [5], [7] if there does
not exist any non-empty disjoint p-open sets Uy and Uy such that X = Uy U Us.

Theorem 7. If f : (X,7) — (Y, u) is a weakly (7, u)-continuous surjection
and X is connected, then Y is u-connected.

PROOF. Suppose that Y is not p-connected. Then there exist non-empty
disjoint p-open sets Vi and V5 in Y such that ¥ = V3 U Va. Hence we have
vy n 7 (ve) = @ and foH(Vi) U fH(Ve) = X. Cleatly, f~'(V1) and
f~1(V,) are non-empty (as f is surjective). By Theorem 1, we have f~1(V;) C
J(f Y (cu(Vi))) for i = 1,2. Since V;’s are p-open and also p-closed, we have
FEVH)E [(f~1(Vy)) for i=1,2. Hence f~*(V;) are open sets in X for i=1,2.
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Thus X has been decomposed into two non-empty disjoint open sets. This cont-
radicts the fact that X is connected. Thus Y is u-connected. (]

The next example shows that surjection in the above theorem is not a suffi-
cient condition.

Ezample 3. Let X = {a,b,c}, 7 = {@,{b},{b,c}, X} and p = {@,{a}}.
Then (X, ) is a connected topological space and (X, i) is a p-connected GTS.
Consider the mapping f : (X,7) — (X,u) defined by f(a) = f(¢) = a and
f(b) = b. Then it is easy to verify that f is weakly (7, u)-continuous which is not
surjective.

Definition 6. A function f : (X,7) — (Y, p) is said to be (7, u)-continuous
(resp. O(T, )-continuous) if for each x € X and each p-open set V' containing
f(z), there exists an open set U in X containing x such that f(U) € V (resp.
f(U) € eu(V)).

Remark 1. Tt follows from Definitions 2 and 6 that (7, u)-continuity = weak

(7, p)-continuity and also 0(7, 1)-continuity = weak (7, u)-continuity. None of the
implications are reversible as shown by the next example.

Ezample 4. (a) Let X ={a,b,c,d}, r={2,{a}, {b},{a, b}, {b,c},{a,b,c}, X}
and p = {2, {a,c},{b,c},{a,b,c}}. Then (X, 1) is a topological space and (X, u)
is a GTS. Consider the mapping f : (X,7) — (X, u) defined by f(a) =b, f(b) =
f(d) =d and f(c) = c. Then it is easy to verify that f is weakly (7, u)-continuous
but not (7, u)-continuous.

(b) Let X ={a,b,c}, 7={2,{c},{b,c}, X} and p={o, {c}, {a,c}, {b,c}, X }.
Then (X, 7) is a topological space and (X, pu) is a GTS. The identity map f :
(X,7) = (X, p) is weakly (7, u)-continuous but not 8(r, u)-continuous.

Definition 7. A GTS (X, p) is said to be u-regular [6], [8] if for each p-closed
set F' of X not containing x, there exist disjoint p-open sets U and V such that
zeUand FCV.

It is known from [6, 8] that a GTS (X, i) is p-regular iff for each z € X and
each U € p containing x, there exists V' € p such that x € V- E ¢, (V) EU.

Theorem 8. Let (Y, i) be a u-regular space. Then for a function f : (X, 7) —
(Y, u) the following are equivalent:
(a) f is (7, p)-continuous.
(b) f is O(t, u)-continuous.

¢) f is weakly (7, p)-continuous.



Unifications on a type of continuity 509

PrOOF. (a) = (b) : We shall first show that if f is (7, u)-continuous, then
for any subset A of X, f(cl(A4)) € ¢, (f(A)). Let z € cl(A) and V be any p-open
set containing f(x). Then by (7, u)-continuity of f, there exists an open set U
in X containing x such that f(U) € V. Since z € cl(A), ANU # &. Hence
FA) A F(U) S F(A) NV £ 2. Thus f(2) € eu(f(A)) and f(el(4)) € eu(f(A)).
Now let W be a p-open set containing f(x). Then by p-regularity of Y, there
exists a p-open set V such that f(z) € V & ¢, (V) & W. Also there exists an
open set U in X containing z such that f(U) & V. Thus f(cl(U)) € c.(f(U)) &
c(V)EW.

(b) = (c): Follows from Remark 1.

(¢c) = (a): Let € X and V be any p-open set containing f(z). Since (Y, u)
is p-regular, there exists a p-open set W such that f(z) € W & ¢, (W) & V.
Since f is weakly (7, u)-continuous there exists an open set U in X containing x
such that f(U) € ¢, (W) E V. O

Theorem 9. If (X, 7) is regular then the function f : (X,7) — (Y, u) is
0(r, p)-continuous if and only if f is weakly (7, u)-continuous.

PROOF. One part of the theorem follows from Remark 1. Suppose that f is
weakly (7, p)-continuous. Let z € X and V is a p-open set containing f(z). Then
there exists an open set Uy in X containing x such that f(Up) & ¢,(V'). Now by
regularity of X, there exists an open set U such that z € U € cl(U) € Uy. Thus
we have f(cl(U)) & ¢,(V). This shows that f is 6(7, p)-continuous. O
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