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Distribution functions of ratio sequences, II11

By VLADIMIR BALAZ (Bratislava), LADISLAV MISIK (Ostrava),
OTO STRAUCH (Bratislava) and JANOS T. TOTH (Komérno)

Dedicated to Professor Kdlmdn Gydéry on the occasion of his 70th birthday

Abstract. In this paper we study the distribution functions g(x) of the sequence
of blocks X,, = (””—1 2200 M), n =1,2,..., where x, is an increasing sequence of

Tn ’ I‘VL’ ’ Tn

positive integers. Assuming that the lower asymptotic density d of z, is positive, we
find the optimal lower and upper bounds of g(z). As an application, we also get the

optimal bounds of limit points of % > %, n=12,...

1. Introduction

Let 2,, n =1,2,..., be an increasing sequence of positive integers (by “incre-
asing” we mean strictly increasing). The double sequence x,, /@, m,n =1,2,...
is called the ratio sequence of x,,, which has been introduced by T. SALAT [Sa]. He
studied its everywhere density. For further study of ratio sequences, O. STRAUCH
and J. T. TOTH [ST] introduced the sequence X, of blocks

o= (220
LTn Tn In
and they studied the uniform distribution of X,, in the sense of the monographs
[KN] and [DT]. The authors in [ST] further studied the distribution functions
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g(x) of X,,. The motivation for this is that the existence of strictly increasing g(z)
implies everywhere density of x,,/x,, which is the primary problem of SALAT
in [Sal.

In what follows, we will use the following definitions, and basic properties,
see [SP, p. 1-28, 1.8.23].
e Denote by F(X,,,z) the step distribution function

i<n; I <z
F(X0) = TE0 o <7
n

for © € [0,1), and F(X,,1) = 1. Directly from definition we have
F(Xp,a) = —F <anx—m) (1)
m Tn,

for all pairs of integers m < n, and every z € [0,1).
e For any increasing sequence of positive integers z,, n = 1,2,..., we define a
counting function A(t) as

Aty =#{neN; z, <t}.
Then for every z € (0, 1] we have the equality

nF(X,,x) _ A(zxy,) @)

TXy Txy

which we shall use to compute the asymptotic density of x,. Here, the lower
asymptotic density d, and the upper asymptotic density d of z,,, n = 1,2,... are
defined as

d = lim inf A— = lim inf i, d = limsup M = lim sup A

t—o0 n—oo Ip t—o0 n—oo In
e A non-decreasing function ¢ : [0,1] — [0,1], g(0) = 0, g(1) = 1 is called a
distribution function. We shall identify any two distribution functions coinciding
at common points of continuity.
o A distribution function g(x) is a distribution function of the sequence of blocks
X,, n = 1,2,..., if there exists an increasing sequence m1,no,... of positive
integers such that
lim F(X,,,z)=g(x)

k—o0

almost everywhere in [0, 1]. This is equivalent to weak convergence; it means that
the preceding limit holds for every point x € [0, 1] of continuity of g(z).
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In this paper we frequently use the following two theorems of Helly (see First
and Second Helly theorem [SP, Theorem 4.1.0.10 and Theorem 4.1.0.11 , p. 4-5]).
e Helly’s selection principle: For any sequence g,(z), n = 1,2,..., of distribu-
tion functions in [0, 1] there exists a subsequence g, (x), k = 1,2,..., and a
distribution function g(z) such that limy_,cc gn, (x) = g(x) almost everywhere.

e Second Helly theorem: If we have lim, o gn(x) = g(x) almost everywhere in
[0,1], then for every continuous function f:[0,1]— R we have nlgrgofolf(x)dgn(z) =
Jo f(@)dg().
e Note that applying Helly’s selection principle, from the sequence F(X,,x),
n = 1,2,..., one can select a subsequence F(X,,,z), k = 1,2,..., such that
limg 00 F(Xp,,2) = g(z) holds not only for the continuity points x of g(x), but
also for all z € [0, 1].
e Denote by G(X,,) the set of all distribution functions of X,,, n =1,2,.... For a
singleton G(X,,) = {g(x)}, the distribution function g(x) is also called asymptotic
distribution function of X,,.
e We will use the one-step distribution function ¢, (z) with the step 1 at « defined
on [0,1] via

culx) = {0’ b= 0

1, ifz>q,
while always ¢, (0) =0 and ¢, (1) = 1.
e The lower distribution function g(z), and the upper distribution function g(z)
of a sequence x,, n =1,2,... are defined as
glw) = _inf g(x), glx)= S g(z).

In Section 2 of this paper we recall some known theorems, which we shall
use and extend. In Section 3 (Theorem 5) we solve Open problem no. 7 from
[SN, 1.9. Block sequence] stating that every sequence of blocks X,, has a dis-
tribution function g(z) such that g(z) > z for all z € [0,1]. Then, assuming
d > 0, we find (Theorem 6) boundaries hi(z) < g(z) < ho(x), which hold for
every distribution function g(z) € G(X,), and which are, in a sense, optimal.
As a consequence, we produce boundaries (Theorem 7) for %Z?:l f—: In the
last Section 4 (Example 3), we find the exact values of the liminf and lim sup of
LN = for integers z, from the intervals (yak,6a*), k=1,2,....
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2. Basic known results

For an increasing sequence x,,, n = 1,2, ... of positive integers the following
theorems are known.

Theorem 1 ([ST, Theorem 7.1]). For every sequence of positive integers x,
there exits g(z) € G(X,) such that

/ g(z)dz > = (4)
0

Theorem 2 ([ST, Theorem 6.2 (ii),(iii)]). If d > 0, then there exits g €
G(X,) such that g(x) > x for every x € [0,1]. Furthermore, for every g(x) €
G(X,), and = € [0,1] we have

— N =

z= <g(z) <z

allla
| =l

Theorem 3 ([ST, Propozicion 6.1]). Assume for a sequence ny, k = 1,2,...
that

(i) limg—soo F(Xn,,z) = g(a),

(ii) limg— oo ;T’“k =d,.

Then there exists

A(;c;cnk) o
T, -

(i) limg—oo dg(z) and

——dg = dy(x). (5)
Here the limits (i), and (iii) can be considered for all x € (0, 1], or all continuity
points x € (0,1] of g(x).

Theorem 4 ([ST, Theorem 4.1, Theorem 6.2]). Assume that every distri-
bution function in G(X,,) is continuous at 1. Then each distribution function in
G(X,) is continuous in (0,1], i.e. the only point of discontinuity is possibly 0.
Furthermore, if d > 0, then all distribution functions in G(X,,) are continuous in
[0,1].

3. Main results

We start with an extension of Theorem 1, and the first part of Theorem 2.

Theorem 5. For every increasing sequence of positive integers x,,
n=1,2,..., there exists g(z) € G(X,,) such that g(z) > = for all x € [0, 1].
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PROOF. If d > 0, select ny, so that - — d > 0, and F'(X,,,,z) — g(z). For
ng
such g(z), (5) implies

1) y> 4

T
Now, let d = 0. Select nj such that

ng . 7
= min —,
T, i<ng Tj

and F(X,,,z) — g(x). Then for every x € (0,1],

A(zxn,) o Mk~ 1

Ty, Tpy
Applying (2) yields
F(Xp,, ) ni o -1

- )
T Ty, Ty,

and taking the limit, as k — oo, we obtain g(z) > z for all z € [0, 1]. O
Now we are going to study in more detail the second part of Theorem 2.

Theorem 6. Let x1 < x3 < ... be a sequence of positive integers with
positive lower asymptotic density d > 0 and upper asymptotic density d. Then
all distribution functions g(x) € G(X,,) are continuous, non-singular and bounded
by hi(x) < g(x) < ha(x), where

xczl if x€ [O, 1;d] ;
m@ =9 ", o (©)
otherwise,

e = in (+21). .

Moreover, hq(x) and ha(x) are the best possible in the following sense: for given
0 < d<d, there exists t1 < T2 < ... with lower and upper asymptotic densitie d,
d, such that g(z) = hi(x) for v € [%, 1}; also, there exists 1 < g < ... with
given 0 < d < d such that g(x) = ha(z) € G(X,,).

PRrROOF. For g(z) € G(X,), let ng, k = 1,2,..., be an increasing sequence
of indices such that F(X,,,z) — g(z). From n; we can select a subsequence (for
simplicity written as the original ny) ! such that

ng

—dg > 0. (8)

Ty,

We call dg a local asymptotic density related to g(z).
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Then, by (5), we have

for arbitrary x € (0, 1].

We will continue in six steps 19-6°.

19. We prove the continuity of g(z) at = 1 (improving (iv) in [ST, The-
orem 6.2]) for each g(z) € G(X,,).

In view of the definition of the counting function A(t)

0 < A(zn,) — Axxn,) < Tn, — TTn,;
thus,

A(zn,)  Alzzy,) L 1 A(zzn,)

Tn

0< r<l1-uz,

k xnk mnk mxnk

and, as k — oo, we have 0 < d,; — dy(z)z < 1 — z, which implies
0<dy—dy(z)+dg(z)(1—2)<1-—uz.

dg ()
dg
g(x) € G(X,) is arbitrary, Theorem 4 gives continuity of g(z) in the whole unit

interval [0, 1].

Consequently, lim,_,1 dy(x) = dg4, and so lim,_1 g(x) = lim,_1 x = 1. Since

20, We prove that g(x) has a bounded right derivative for every z € (0,1),
and for each g(x) € G(X,,).
For 0 <z <y <1 again

which implies
o Ay Alwr)
ymnk xl‘nk

Letting k — oo, we get 0 < dy(y)y — dg(x)z < y — z, hence

dg(y)y —dy(z)z _ y — 30.

0<g(y) —glx) =

Consequently,
(10)
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for all z,y € (0,1), < y, which gives the upper bound of the right derivatives of
g(x) for every x € (0,1). Note that a singular distribution function (continuous,
strictly increasing, having zero derivative almost everywhere) has infinite right
Dini derivatives in a dense subset of (0,1).

39. We prove a local form of Theorem 5.
As d < d, <d, (9) implies

x <gx) <=z

(11)

Q&||&
S

for every z € [0,1]. It follows from (10), that there exists an extreme point

Ay = (z4,y4) on the line y = xdi such that g(x) has no common point with this
g

line for > x,. This point A, is the intersection of the lines

4 and L2 (12)
= e 1 = - -
) xdg and, y xdg dy
therefore,
1—-d, d1—-d
Ay = = g = g 1
g9 (xg;yg) <1_C_l7dg1_d (3)
It means that for a given g(x) € G(X,,), h1 4(x) < g(z) < ha 4(x), where
x% if x<yo= 11__‘2’;
hi,g(2) = (14)
g +1-1+ ify<z<l1,
. d
hog(z) =min (z—,1 ). (15)
dg

4%, Now we find hq(x), and ho(z) such that
Ba(2) < Ba g (@) < hog(2) < ha(2)

for every g € G(X»,).

In the parametric expression (13) of Ag, the local asymptotic density d,
defined by (8) belongs to the interval [d,d]. The well-known Darboux property
of the asymptotic density implies that for an arbitrary d € [d, d] there exists an
increasing ng, k = 1,2,..., such that ;T’“k — d 2, and then the Helly selection

2A simple proof follows from the fact that for every d € (d,d) there exist infinitely many n € N
such that A(n)/n <d < A(n+1)/(n+ 1). These n we denote as ny.
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principle implies the existence of a subsequence of ny, such that F(X,,,z) — g(z)
for some g(z) € G(X,). Thus, if g(z) runs over G(X,), then d, runs over the
entire interval [d,d]. Substituting d, = 1 — x,(1 — d) in A, = (24,7y,) We get

Yg = Yg(2g) = T

where x4 = 1172’ runs through the interval I = [%, 1} ford, € [d,d]. By putting
xg = x, and y, = hy we find a part of hi(z) for x € I in (6). The remaining
part of hy(z), and also the whole ha(x), follow from the basic inequality (11), see

Figure 1.

hy(x)

hy(x)
by (x)

Figure 1. Boundaries of g(z) € G(X,,)

5%, The optimality of hq(z) follows from the following example.
The increasing sequence x,, of the integers lying in the intervals

(’)/5 6)7 (’ya@ 60/)7 M (’ya’k) 6a’k)) MR

where 1 < v < § < a, has been used in [ST, pp. 774-777, Example 11.2]. For its
lower, and upper asymptotic densities d, and d, it has been shown that

= W=7 z_ =7

Va1 T sao1y (16)
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and that the graph of every g € G(X,,) lies in the intervals
[1/a,1] x [1/a,1]U [1/a®1/a] x [1/a* 1/a]U. ..

Moreover, the part of the graph in [1/a*,1/a*7!] x [1/a*,1/a*7!] is similar to
the part of the graph in [1/a**!,1/a*] x [1/a*™,1/a*] with the scale a. It is
also proved in [ST], that the graph of g(x) in [1/a,1] x [1/a,1] has the form
gla)=(1+ (2 - 1))71 for z € [1,1], and it coincides with the graph of hy(z)

in the interval I = [%, 1}, since %‘; =%

6°. Finally, we prove the optimality of ho(x). Before proving it in several

substeps, note that in 5% the graph of the upper distribution function g(x) in
[1/a, 1] X [1/&, 1} is a straight line which intersects the line y = 1 at z = % = %.

Thus, §(%) = hg(%) = 1 proving that the point (%, 1) is optimal.

To complete the proof of 6%, in the following steps a)- f) we shall construct
a sequence of positive integers 1 < o < ... with 0 < d < d such that hs (z) €
G(X,,). This implies ho(x) = g(z).

a) The condition hg(z) € G(X,,) for a sequence of positive integers z; <

T9 < ... is equivalent to the existence of an increasing sequence of indices ny
such that F(X,,,z) — ha(x) for « € [0,1], and nZil — 0. An application of (1)

ields that this is equivalent (see Fig. o the existence of m; < my < ny suc
yields that this is equivalent Fig. 2) to the exist f mj, h
that the values zp,; < Ty, < Zn, satisty

. m d
0 =%
(i) 2= 1,

(i) j—: 0,

(iv) & 0.

ni
Moreover, because the sequence of positive integers z,, increases, we have (see
Figure 3)

(V) Ty — Ty > My — My,

Vi) Ty, — T, = Mg — Mg,
(vii) Ty, |~ Ty > m;cﬂ — ng,
(viil) np <mjq,

(iX) my < LTon!
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hQ(,CC
mi
Nk
’
my
Ink
0 1
Tmf d Tmy
Ty, d Ty

Figure 2: F(Xn,, ,x) — h2(z), the properties (i)—(iv).

Lo !
H’Lk+1

Ty,

Tm

mj, mp ny my
Figure 3: The (v)—(viii) properties.

b) Before solving (i)-(ix) we must capture a role of d and d. By (i) and, (ii)

we have the limit
% T,
mk an

2l

Selecting a subsequence of (my,nk), k = 1,2, ..., we can assume the existence of
the limits ﬁi— — dp,, and %k— — dg (for simplicity, also assume F(X,,,,z) —
g(x)). Then

Ty
Nk Tmy,  “my

mk an

1
9

Qullls

Lny 1
Nk dh2
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and since

. dy
= min _—,
di,d2€([d,d] d2

aullle

we have dp, = d, and dy = d. This yields the additional conditions

(x) 7= —=d,

Ty,

(xi) 2 — 4.

T

c) In what follows, we assume d < d, because from Theorem 2, by 0 < d = d,
we get G(X,,) = {z}, and also ha(x) = 2.

d) To find a sequence x,, which satisfies (i)—(xi), we define xy,,, Tm,, Mk,
Ty, My by using ng (for a simplifying the definitions, the integer part will be
omitted):

ng
S
d ng
T = TG =
Mp = Tim,d — 0(Ng) = N — /N,

for some d’ € (d, d).
These Ty, Ty, Ty, M, My, satisty (1)—(vii), (x), (xi). For (viii) we need

d 1,
Nk+1 > ﬁ?nk
for k=2,3,..., and for (ix) the n; must be large.
e) For linearity of ha(x) in [0, %}, and to guarantee the asymptotic densities
d, d, define
(xii) xp = xq+ (n—a)®=7* for n € (a,b), where (a, b) coincides successively with
(m;ca mk)a (mk; nk)a or (nk7m9¢+1)~

Then
n a+ (n—a)

Tn :L'a+(n7a)%

)
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AerB)’ _ AD-BC
Cxz+D — (Cz+D)?>
of = for n € (a,b) are attained at the endpoints n = a, and n = b, i.e., for

the minimum and maximum

and because the derivative (

n = mk,mk,nk. Since the limits of -, - b are from [d,d], and the
n mip 7n;€ _
boundary points are attained, lim infnﬁoo_xﬂn =d, and limsup,,_, mﬂ =d.
f) For such 71 < z2 < ... we have d,d, and F(X,,,z) — ha(z) for z € [0, 1];

hence, the proof of Theorem 6 is finished. O

Remark 1. In a sharp contrast to ha(z) € G(X,,) in 6° we note that for every
sequence of integers z; < x3 < ..., 0 < d < d, we have hi(z) € G(X,,), because
for every g(z) € G(Xn), h1,4(z) < g(x) < ho 4(z), and hy g(x) # hi(x).

Theorem 6 implies the following best possible boundaries of the sum

n

1 x;
w2

i=1
Theorem 7. For every increasing sequence x1 < xo < ... of positive inte-
gers with 0 < d < d we have
1d 1 2
“E Climinf - S 2, (17)
2d n—oo N Tn

n . )
z; 1 1 (1—min(\/d, d)) ( d )
lim su < oo | ) [ 1 —=]. 18
,Hoopngx =3 2( 1-d min(v/d, d) (18)
Here the equality in both (17) and (18) can be attained.

PRrROOF. By the Helly theorem, F(X,, ,z) — g(z) forces

1 Nk T /1 1
xdF (X, ,© — — acdgle—/gxdx; 19
[ ) = o [ e == [Lawan o

thus,

1~ !
lim inf — Z Ti_1- max / g(x)dz, (20)

n—oo N 4 7 T 9e€G(Xn) Jo
1=

1
lim sup — le— — min /g(x)dx. (21)

n—oo N geG(Xn) Jo

3 = ) o 1
If /d < d then the right-hand side in (18) is Vi
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If d > 0, then by Theorem 6, hi(z) < g(z) < ha(x), which implies

n

1 1 1
1- / ho(z)dz < liminf — Z — <limsup — Z —<1- / hi(z)dz. (22)
0 0

n—oo 1 < ll'n n—oo T T
i=

For 71 < x5 < ... in step 6°, where ha(x) € G(X,,), we have equality on the left
hand side of (22). On the other hand, Remark 1 implies a sharp inequality on
the right hand side, therefore,

2

ot $5 <1 WD) (i -a0)

holds for an arbitrary sequence of integers r1 < x2 < ... with 0 < d < d.
Applying the inequality hi 4(z) < g(z) < hog4(z) for every g € G(X,,) from
step 3% to (19), we obtain

1 < xT; !
1 — — < 1-— h d . 24
mm%gx_mg&( [ inatola) (24)

If the maximum in (24) is attained for go(z) € G(X,), and hy 4 (z) € G(Xy),
then go(x) = 1,4, (), and

1 ; !
lim sup — Z —=1- / hi,g (z)dz. (25)
- 0

Using (14) we get

! 1( 1—d, [ d
h de==(1+ 9(:—1)),
/0 1,9(%) D) 1-d \d,

and taking derivative with respect to d, € [d,d]

<A%”@M01201@<1(5P>

shows that min fol hi4(z)da is attained for dy, = min(\/d, d).
Now, to prove (25) we shall construct integers x; <z < ... with 0 <d <d
such that hi ¢ (z) € G(X,,). We start with the sequence of indices ny, and then
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by (14) we shall find indices m}, < my < ng, and integers Ty < Ty, < Ty, sSuch
that

(i) znkk — dg,

(i) 2e - At
(i) 5= — T
(iv) —& 0,

(v) k=0,
(vi) 23

'k

Then from (i), (ii), and (iii) it follows that -*-~ — d. Furthermore, assume

A
(V) @y — Ty, = 0 — Mg,

(Vi) Xp, — T, > ng — my,

(viii

)
)
(vii) Tt — Ty = My 1 — Nk,
) e <my g,

)

(ix) mj <z

For these (i)—(ix) a sequence of integers x,, can be found similarly to 6°d). The
rest of the terms of z,, define linearly as in e). O

4. Examples

Ul

Ezample 1. a) If 0 < d =
to %, which implies

, then the bounds in both (17), and (18) equal

This also follows from the fact that G(X,,) = {«}, see Theorem 2.
b) If d = 3, and d = 1, then by (23), limsup,,_,, = 31", 2 <2-logd < 1.

Using (18) we have an even better estimate limsup,,_,,, 2 >0 | £ <2 — /2.

Ezxample 2. Omitting d > 0, we can find a sequence of positive integers
21 < T3 < ... such that ¢o(z),c1(x) € G(X,), where co(z),c1(z) are one-steps
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distribution functions defined by (3) in the Introduction. In this case

1 - ; !
liminf — L - f/ co(z)dez,
n— o0 ni:l xn 0
lim sup — L=1=1- c1(x)dx
msup -3 2 | aw

We shall construct such z,, by applying [GS, Theorem 5]. For the index sequences
mj, < my < nj, < ny we shall find sequences of positive integers Tt < Ty, <
Tp; < &y, such that

’
n
—£ 0,
Nk

x

7L/
—& =1,

:cnk
T,

"k ().

Ty,

)

(i) 21,
)
)

Furthermore,

!
Ty, — Tpt 2 N — Ny,

’
Tnf — Tmy, > ny — my,

/
mk+1 > Nk,

)
)
(Vil) @y — Ty > Mg — My,
)
) Ty >,
)

li
Ty~ Tng > My q — Tk-

Then (i)-(x) will be satisfied, if for a given nj, we put z,, = n3, Ty, = n? — ny,
Ty, = N3 — 20y, Tyny = N, Ny, = Mk, My = /N — Nk, My, = /N — 2¢M;
further, (viii) holds if ng11 > n}. For the other n’s in the intervals (m)},my),
(mw,ny), (ny,nx), and (ng, my,) define z,, linearly.

Now, by (i), and (iii) we have F(X,,,x) — ci(x), and (ii), (iv) imply
F(Xm,,x) = co(x).

Example 3. In this example we extend a characterization of distribution func-
tions of the sequence z7 < xo < ... in [ST, Example 11.2]. This sequence was
used in the proof of Theorem 6, part 5°.
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Let z,, n = 1,2,..., be the increasing sequence of all integer points in
the sequence of intervals (ya*,da*) (in short a*(v,6)), k = 0,1,2,..., where
1 < v < 4 < a are real numbers.

It is proved in [ST, Ex. 11.2] that

19, The set of all distribution functions can be expressed in parametric form
as G(X,) = {g:(z);t € [0,1]}, where

F(Xn,,z) — g¢(x) for ny  such that z,,, = [a®y + ta*(6 — 7)) (26)
20, The function g;(x) has constant values g;(z) = m for z €
(6.a7) i =0,1,2,..., and in the component intervals it has a constant

aTF T (y+2(6—7))”
derivative g;(z) = % for z €

S (m,l)4

3%, The graph of every g € G(X,,) lies in the intervals

(v.9)

) .
m, 1 = 0,1,2,..., and

[1/a,1] x [1/a,1]U [1/a® 1/a] x [1/a® 1a/]U...,

and the graph of g in [1/ak, 1/ak_1] X [1/ak, 1/ak_1] is similar to the graph of g
in [1/a*"1,1/a*] x [1/a*",1/a"] with coefficient a.
49 We have go(z) = g(z), g(z) ¢ G(Xy,), and the asymptotic densities d, d

G- 5 (0=9a
5y T

We can add the following new properties 59-8°:

50. By definition (8) of the local asymptotic density d,, along with (26) for
g(x) = gi(x) we get

k=1 i
iy Zico @'(0 =) +ta(E — )
k=00 T,  k—roo aky + tak(§ — )

(6 =)L+ t(a— 1))

= , 27
(=D +H6—7) )
fort =0,dg, =d, fort =1, dg, = d, and we have
, 1
giw) = (28)
gt

for x in intervals where the derivative of g:(x) is constant.

4Here, as above, we write (zz,yz) = (z,y)z, and (z/z,y/2) = (z,y)/=.
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6°. For the function hy 4(z) defined in (14), putting g(z) = g:(z), we have
4 a+t6—y) 1-dy _ v d 1—d, 1
Gy (0T Ha— 1) 1-d 5 THO-7) dy 1-d T+ éa—1)
Then

hig, () = — f gl (29)
o) = ey T @ - )
1=0,1,2,...,
see Figure 4.
(1,1)
gi(z)
hlagt(m)
(3:3)
(%, 2%)

Figure 4: g+(x) and hqg, ().

7%, In the proof of the upper bound (18) we have proved that 1 fﬂ} hi,g(x)dz
is maximal for dy = min(v/d,d). Let to € [0,1] be such that dy, = min(v/d,d).
This ¢ = t¢ we shall find from (27) as

t = dgt(a’i 1)’77 (577)
(6 =7(a—1)(1—dg)

8%, Let P(t) be the area in [1,1] x [1,1] bounded by the graph of g(x).
Then

(30)

1 1

1 a—0
1 1+a+1 B )
-

1
2 (a+1) (1 +ta—1)(y+tE—7))

2
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1 t(d — va)
T T e D)+ 16— 7)) (3D

and, since go(z) = g(z), maxep 1 fol gt(z)dz is attained at t = 0. Putting
P'(t) = 0 it follows that min,c[o,1] fo gi:(z)dx is attained at ¢ = 1. This can be
derived also from the fact that for z,+1 = x, + 1,

1 n+1 n

T; 1 T;
n+1iz: l _ﬁzi

=1 Tnt1 i=1
1 L 1 12"::@- -
T+l Nzl on+ll+ LR \nZay, ’

and, because ¢1(z) ¢ G(Xp), limsup,, o, = >, =
for ,,, = [a*§], the limsup of L ) S ++ is attained over n = ny, k=0,1,2,...,
and for such ny (see (26)) we have F(X,,,z) — g1(z) for x € [0,1].

It follows, by (20), and (21) that

n

1 1 1 1 1 -
lim inf = T —/ go(x)dx = 5 % (Va 6) , (32)
0

n—oo n = I Y

lim sup — Z—l/olgl(z)d:c%Jr%.(ail) (7(155). (33)

n—oo N

The upper bound in (18) coincides with the maximal value of 1 — fol ha g( )dx at-
tained for dg = mm(\/_ d). Since 1— fo g1(x)dx is maximal for all 1— fo gt(x)dz,
t €[0,1], and 1 — fo gi(x)dr < 1-— fo h1,g, (z)dz, the upper bound (33) satis-
fies (18).

Using the explicit formulas (16) for asymptotic densities, we see again that
(32), and (33) satisfy (17), and (18), respectively, in Theorem 7.
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