Publ. Math. Debrecen
82/3-4 (2013), 607622
DOI: 10.5486/PMD.2013.5381

Gamma-mixed Ornstein—Uhlenbeck sheet

By CIPRIAN A. TUDOR (Villeneuve d’Ascq) and MARIA TUDOR (Bucharest)

Dedicated to the memory of Professor Constantin Tudor

Abstract. We construct a two-parameter variant of the Gamma-mixed Ornstein—
Uhlenbeck process introduced in [8]. This process is constructed as a limit of aggregated
Ornstein—Uhlenbeck sheet with common input and random coefficient. We will show
that the Gamma-mixed Ornstein—Uhlenbeck sheet has various interesting properties. In
particular, it approximates the Brownian sheet and its integral process approximates
the Liouville fractional Brownian sheet.

1. Introduction

In [8] an interesting stochastic process has been introduced. It is called
Gamma-mized Ornstein—Uhlenbeck process. Let us briefly recall its construction.
Consider a sequence of stationary Ornstein—Uhlenbeck processes (Xj)r>1 with
random coefficients, that is, for every k& > 1, X is the solution of the Langevin
equation

ka(t) = Ckak(t)dt + dB(t)

where X;(0) =0, B = (B(t)):er is a standard Wiener process with time interval R
defined on the probability space (Qp, Fp, Pg) and «j are independent random
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variables, also independent by B, defined on the probability space (Qq, Fo, Pa)- It
is assumed that for every k € N, the random variable « has Gamma distribution
(1 —h,\) with A\ >0and h € (O, %) Denote by

1 n
Yn(t): EZXk(t)v teR
k=1

the so-called aggregated process. Then Y™ converges as n — oo (in L2?(2g) for
fixed time and in the weak sense) to the stochastic process Y* = (Y*(t));er which
can be represented as a Wiener integral with respect to the Brownian motion B

= | ; (Hj_s)l_hdfﬁ(s). 1)

in the following way

The stochastic process Y is called Gamma-mixed Ornstein-Uhlenbeck process.
It has various interesting properties. First, as A — oo it converges (again in
L?*(Qp) for fixed time and in the weak sense) to the Wiener process while its
integrated renormalized process

ZMNt) = A2 /Ot Y (s)ds (2)

converges to (modulo a constant) the fractional Brownian motion with Hurst pa-
rameter H = h + % € (%, 1). It is stationary, it exhibits long-range dependence,
it is asymptotically self-similar and it is a semimartingale. As explained in [8], it
is a good candidate to be a model for various applications, such as heart rate va-
riability. Other results related to the Gamma-mixed Ornstein—Uhlenbeck process
can be found in [13]. Also we mention some related works on fractional sheets
and mixed Ornstein—Uhlenbeck processes: [2], [7], [6], [10].

The purpose of this paper is to study the two-parameter counterpart of the
Gamma-mixed Ornstein—Uhlenbeck process (1). We will define it as a limit of an
aggregated process involving the solution of the two-parameter Langevin equa-
tion (3) (this solution will be called Ornstein-Uhlenbeck sheet). But in the two-
parameter case, the situation is different given the more complex structure of
the solution of the Langevin equation. We will prove that, in order to find after
“aggregation” and limit a process that approximate the Wiener sheet and the
fractional Brownian sheet, the two-parameter Ornstein—Uhlenbeck sheet has to
be “mixed” by a different law, which is a product of a random variable with
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Gamma distribution and of an independent random variable with exponential
distribution.

Our paper is organized as follows. In Section 2 we analyze the solution of
the two-parameter Langevin equation with random coefficient and we investigate
the limit behavior of its aggregated process. Section 3 is devoted to the study of
the properties of the Gamma-mixed Ornstein—Uhlenbeck sheet.

2. Aggregated Ornstein—Uhlenbeck sheet with random coefficient

Let us consider a Brownian sheet (W, s);.s>0 on a probability space
(Qw, Fw, Pw). Recall that W is a defined as a centered Gaussian process, null
on the axis, such that

EW, Wy = (tAu)(sAv), forevery s, t,u,v>0.

Also consider a sequence of independent identically distributed random variables
(o) e>1 defined on another probability space (o, Fo, Pa). We will assume that
W is independent by the sequence (ay)r>1 and we will consider W and «y, as ex-
tended versions on the product space. We will denote by Eyy, E, the expectation
with respect to Py, P, respectively. The expectation with respect to the product
probability measure with be denoted by E. Consider the following two-parameter
stochastic differential equation with additive noise W and with random coefficient
Ak

dX{, = —op X[ dtds + dWy (3)

with initial condition X(]io = Xé“’s = th,o = 0 for every t,s > 0, where W is a
standard Brownian sheet and k£ > 1. The equation has the integral form

t s
X, = / / —op X5 jdudv + W, t,5>0.
0 JO

The first step is to express the solution to (3) as a Wiener integral with
respect to the Brownian sheet W.

Proposition 1. For every k > 1 and t, s,ty, So > 0 define

PH(tt0050) = oyt (50) 3 b 6= o) (5 = s, (4
n>0 ’

Assume that for every k > 1 and for every t,s > 0

fk(t,8,~,-) ELQ([O, 00)2) (5)



610 Ciprian A. Tudor and Maria Tudor

/tdu/sdv/wdto/wdso (fk(u,v,to,so))2<oo. (6)

Then the unique solution to (3) can be written as follows:

Xf, = //f (t,5,t0,50)dWiy s0- (7)

PRrROOF. It is standard to show that (3) admits an unique solution (it suffices

and

for example to identify the chaos expansion of each side, see e.g. [11]). We will
show that this unique solution is given by (7). For every k > 1, using Fubini’s
theorem (note that assumption (5), (6) and Exercise 3.2.7 in [12] imply that the
hypothesis of the stochastic Fubini theorem are satisfied) we can write

t s
—ak/ / Xk dvdu
o ,
o
:—ak/ du/ dv/ / Z n' B (e — 1) (5 — 50)"dWiy 0

n>0
1 n+1an+1
:Z()'k/ thOsO/du/ dv(u — tg)" (v — so)"
7>0 (n!)? o Jo
(_1)n+1a’g+1 /t /S 1 .
= R AW, 50t —t0)" T (s — s0)™
§<WHW p Jo Wiasolt =10 (5 = 0)
a n
,Z n' k//thogo to)" (s — s0)
n>1
Tap
-y & n' D ag / / Wiy 0t — to)"(5 — 50)" — Wi
n>0
=X/, — Wi O

Remark 1. The stochastic integral in (7) is a Wiener integral with respect to
the Brownian sheet W. Since the Brownian sheet is a Gaussian process we can
define Wiener integrals with respect to it. This Wiener integral is an isometry
between L%(]0,00)?) and the Gaussian space generated by W.

Remark 2. The kernel (4) can be also expressed in terms of the Bessel function
(see [6]).

As mentioned in the introduction, we are interested in finding the limit of
the “aggregated” sequence

1 N
=5 2 Xie (8)
k=1
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More precisely, we want to find the suitable law of the random variables ay, which
will imply the convergence of Yy (in some sense that will be explicated later) as
N — oo to a two-parameter version of the Gamma-mixed Ornstein—Uhlenbeck
process. At this point, let us make some heuristic considerations in order to find
the candidate for the limit of Y. We have, for every t,s > 0

N
X / [ Wit =10 s
N
) (8—50 <NZ_: >th0750.

\

By the law of large numbers, for every n,

N
N Z . —?N—oo aa? (9)

almost surely with respect to P,. Therefore, for every s, ¢

Yn(t, s HN_,OO/ / AW, so (()(tto)"(s — so)"Eat

n>0 )

(at this point, the symbol “—” is only heuristic and we can use either the notation
E or E,). Now, we will introduce the common distributions of cy. Take H €
(3,1) and A > 0. We assume that for every k > 1 we have

o = akbk (10)
where ag, by are independent random variables defined on the space §2, such that

3
ap ~T (2 —H, )\) and by ~ Exp (1) (11)

(the notation above means that aj has Gamma distribution with parameters %—H

and A > 0 and by has exponential law with parameter 1). Then, with h = H — %
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(this notation will be used often throughout the paper)
E(®b})=T(n+1)=n! and

E(al) = Lﬁh /00 e Mgy = LF(n —h+1)
YT —n) J, CT'(1-h) '
This implies that
A" (n — h+ 1)n!
I'(1—h)

Eaf = (12)

Consequently, the natural limit of the aggregated sequence Yy as N — oo would
be

t s —1) (t —tg)* (s — s0)" T'(n — h + 1
Y)\(t,S):/O /0 th(),SOT;)( n|) ( 0))\(71 O) (F(l—h) ) (13>

Recall that the power series expansion of the function (1 — z)?~! with b > 0 is

(1—z)"t= go Wm z e (=1,1). (14)

Using this fact, we get that for A large enough, (13) equals

YAt s) = /Ot /O (1 + W)H_g AWy, 50

:/ot /0 (A+(t_:0)(s_80)>é_HthO,so. (15)

Definition 1. The process (Y*(t, s));.s>0 given by (15) will be called Gamma-
mixed Ornstein—Uhlenbeck sheet with parameter H and A. Note that the process
Y* is well-defined for every A > 0 as a Wiener integral in L?((2), although the
expansion (14) is valid only for z € (—1,1).

We now prove the convergence of Yy (8) to Y* (15). We start with the
following lemma.

Lemma 1. Assume (10) and (11). Then for every t,s > 0, A > 0 such that
A > 4ts and for every k > 1

E(x},)" <ts.
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Proor. Fix t,s > 0, A > 0,k > 1 with A > 4¢s. Using the isometry of the
Wiener integral and relation (12)

1
E ths 2 = E / dto/ dSo ﬂ(i - to)"(s - So)n
n>0

(n!)?
1)n+mE0¢an+m n+m n+m
/dto/ dso D) (= t0)" (s — o)
nm>0
1 n+m)\ (n+m)(m+n)
dt / ds
~f [l Z S

r(n+m+g—H)

X (t — to)ner(S — So)ner

L(5—H)
o LA g ) Tk S H) 1 -
- n%o (n!)Z(m!)2 F(% — H) (m+n+ 1)2 (ts) +m+

g CUMA T, Dt 4 = H)

nlm!(m+n+ 1)2 I -H)

(tS)n+m+1

n,m>0

1)IN9T(q+ 5 — H) : 1
- ( LA Y e/ S —
(;) G+1)? T(E-H) (t)7 > 97 (q —n)!

where we used the change of summation m 4+ n = ¢. Thus

1)‘1>\ 1T(q+ 3 -
st 2 ( q+1 Cn
‘ ;0 (¢+1)%2¢" T(3 - H) Z
)N (q+ 3 — H)
N E +)1 g )
g0\ LG - H)

because Y1 _((Cr)? = CF, (this identity is well-known: it can be proven by
developing (1+z)?" = (14)"(1+2)" and identifying the coefficient of ™). The
above series converges absolutely if A > 4t¢s. Indeed, denoting by

_(=1D)INT(q+ 3 — H)
“ ’((1+1)2q1 (3 —-H)

(ts)qHng

we have
Agrr 29+ 1)(2¢+2)(q+ 5 — H)ts 4ts

= % 00 PR
A, (g+1)(g+2)%A 1T
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and this is strictly less than 1 if A > 4ts. Moreover, denoting by B, = (4—f\'5)qwe

can see that % < % for every ¢ > 0 and a classical argument implies that
q q

Aqgg—g:ts. O

Theorem 1. Let Yy be given by (8) and assume (10) and (11). Then for
every s,t € [0,T] such that 4ts < A

Yn(t,s) = Noseo Y(t,5) in L2(Q).

Also, as N — oo, the family of stochastic processes (Yn)n>1 converges weakly in
the space C([a,b] x [c,d]) (with a < b,c < d, a,b,c,d > 0) to the process Y.

PRrROOF. Throughout this proof, we will use the following notation:

(=)™ (t—to)"(s —so)" T'(n —h+1)
n! A" I(1—h)

F(t,5,t0,50) = L(0.6)(t0) 10,5 (s0) Z

n>0

and

3

FN(t,5,t0,50) = Lo,y (to)L(0,5)(50) Z 1)

n>0 (n')z

First, note that

2 bors 2
EaEB ‘YN(t,S) —YA(t,s)’ :Ea/ / (fN(t,S,tQ,So) — f)\(t,S,to,So)) dtodSo.
0 J0

Lemma 1 (which allows to interchange the order of integration before (9)) and
relation (9) show that, under the assumptions in the statement, for fixed ¢, s, to, so
the difference fV(t, s, to, s0) — f(t, s, to, S0) converges to zero almost surely with
respect to P,. In order to apply the dominated convergence theorem, we need to
show that for every t, s, tg, so,

2
Ea (fN(t7S7tO7SO) - fA(tasﬂanSO)) S g(tas7t0750)

where the function g that not depend on N (it may depend on \) and satisfies
for every t, s

t s
/ dtO/ dsog(tvsvt()vs()) <C
0 0

with C a strictly positive constant.
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First obviously |fA(t, s, to, so)| < 1 and for every t,s

2
EofN(t,s,t0,50)% = Ea (FN(t, 5,0, 50))

(-1)" -
:Ea Z>:O (n) (t—to S—So Z:

We follow the lines of the proof of Lemma 1. We have

EafN(ta 57t07 80)2

( 1)n+m n n 1 N
Z (n|)2(m|)2(t to) (s = 50) N2 Z alrp
n,m>0 ’ ’ k,l=1

E ( 1)n+m + + E + EN E.o"E
n+m n m_— m+n n n
(n!)2(m!)? (t—to) (s — Z >k aQ Ba
n,m>0 ’ ’ k#=l;k,l=1

By (12), using again the notation h = H — 1

2

-1 n+m
BofV(t s to50) = 30 T (p gy — gy

S
nlm! )
n,m>0

NREAICER)) A=FID(n — b+ DI (m — h+ 1)

e (1= h)?
(—=1)ntm - e L (nA+m)A T (n 4m — h + 1)
PR o
n,m>0

T(1— h)2
= T"(t, s, tg, s0) + T(t, 5, t0, 50).

The first sum correspond to the non-diagonal term while the first sum corresponds
to the diagonal term. Let us compute the non diagonal term.

a N(N-1 3 —1)mAn . JDn—h+1
’ (N2 : n>0( 31! (t=t0)"(s = 50) (I‘(l—h) :
N(N — ].) (t — to)(s — S(]) 2h=2
e (1 * A >

by (14). Obviously

t s
/ dto / dSOTnd(t, S, t(), 80) S ts.
0 0
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The diagonal term can be expressed as

1 (_1)n+m>\—(n+m)
T = — n o \ntm(, n+m
(t,s,t0, S0) N n%;() " Chym(t —to) (s — s0)
'n—h+1)I(m—h+1)
I'(1-h)
R R I e G AP A oo Dk —h+1)
_Ngﬁg I S vy
k
_ 1 CNky—k(s g \k(o p [(k—h+1) 1 n
- ng;)( DA = t0) (s = 50) T(1—h) ;n!(n—k)!c’“'

and as in the proof of Lemma 1,
t s
/ dt() / dSon(t7 S, t07 80)
0 0

Next, we will prove the weak convergence of Y to Y in the space of continuous

is less than ts.

functions C([a, b]  [c,d]) where a, b, ¢, d are as in the statement. Clearly the L>
convergence proved above implies the convergence of finite dimensional distribu-
tions of Yy to those of Y* as N — co. We need to show that Yy and Y have
continuous paths and the family (Yx )y is tight. Let us notice that the process
Y has continuous paths. Indeed, for every u,v > 0

E |Y/\(t +u,s+0) =Yt +u,s) — YNt s +v)+ Y>‘(t,s)‘2

tru psto A 3—2H
- <
/t /g <)\+(tt0)(330)) dtodsg < uv

and the continuity of Y* follows from the Kolmogorov criterium for two-para-

meter processes (see e.g. [1]).

It remains to show that Yy has continuous paths for every N > 1 and
the family (Yy)n>1 is tight in C([a,b] x [c,d]). Both claims will follow from
the following calculations. Let z,y > 0. We will estimate the LP norm of the
rectangular increment

Yn(t+z,s+y)—Yn(t+a,s) =Yyt s+y)+Yn(ts)

1 N
§ k k k k
N Xt+x,s+y - XtJrz,s - Xt,erx + Xt,s
k=1

N

1 t+x s+y X
_N Z A /t /s Xu’vdvdu + Wt+z,8+y — Wt+a:,s — Wt,s+y + Wt,s'
k=1
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Then

E|Yn({t+x,s+y)—Yn(t+x,8) —Yn(t,s+y)+ Yn(ts)]

(Eq|ag|? %/ / E|X 1) ? dvdu

+E‘Wt+x,s+y —Wiyas — Wt,s+y + Wt,8| < C(fy + (xy)%)

using Lemma 1 and the Hoélder continuity of the Brownian sheet W, where the
constant C' may depend on a, b, ¢, d. Since for every Gaussian random variable
X one has || X||z> = /5 || X||z1 and since Yy is Gaussian, we obtain that

E|Yn(t+a,s+y) = Yn(t+a,s5) = Yn(t,s+y) +Yn(ts)”
S CE[YN(t+,s+y) = Yn(t+z,5) = Yn(t,s +y) + Yn(t,s)| < Cp(zy)

P
2

The above inequality, together with a tightness criterium for the two-parameter
processes (see e.g. [3]) will give the conclusion. O

Remark 3. We notice that, in contrast to the one-parameter case, the con-
vergence above holds in L?(Q) = L?(Qw x Q). In the one-parameter case,
EwE,Yn(t)? = oo for every t > 0 (see Remark 2 in [8]).

3. Properties of the Gamma-mixed Ornstein—Uhlenbeck sheet

Recall (see [8]) that the (one-parameter) Gamma-mixed Ornstein—Uhlenbeck
process (1) converges to the Brownian motion as A — oo and its integrated
renormalized process (2) converges to the fractional Brownian motion. Moreover,
the process (1) is stationary and almost self-similar. We will investigate these
properties in the two-parameter case. Note that the Wiener integral in (15) is
defined only on square of the positive real line while in (1) the negative line is
also included. These will lead to some new situations in the two-parameter case.
One losses the stationarity but we will have the self-similarity property. Also, the
integrated process will convergence, in the two-parameter case, to a variant of the
fractional Brownian sheet called Liouville fractional Brownian sheet.

We first remark the following.

Proposition 2. Let Y* be given by (15). Then for every a,b > 0

(YX(at, bs)), oo = ((ab)%yﬁ(t,s))

t,s>0
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PRrROOF. Fix a,b > 0 and recall that the Wiener sheet W satisfies the follo-
wing self-similarity property: (War.ps)t,s =(d) ((ab)%Wt,SZO)t,SZO (“:(d)” means

the equivalence of finite dimensional distributions). Then

at bs

Y (at,bs) = A3 H / AWy (A + (at — t) (bs — s0)) "~

— 00 — 00

wjw

3
2

(MY

t S
= _H/ / AWatg bso (A + (at — ato)(bs — )
0 Jo

t s H—
=(d) A%*H(ab)Hfl/ / AWy 5o ()\+(tt0)(sso)>
0 0 ab
= (ab)2Y @ (8, 5)

ol

O

The result in Proposition 2 suggests that when A is close to infinity the

process (15) is self-similar of order % as the Wiener sheet W. It is therefore

natural to expect the convergence of Y to the Brownian sheet when A — oo.

Proposition 3. For every a,b,c,d € R, a < b,c<d

sup E |Y>‘(t, s) — Wt75|2 —A—o0 0.
(t,s)€la,b] x[c,d]

PROOF. Indeed, for every (¢,s) € [a,b] X [c,d]

%_ 2
()\+(t—t><\3)(5_30)) H_I]

m) — 1 as A — oo (for fixed

‘(/\Jr(t—:))(s_s()))‘gl. -

Remark 4. Using the result in Proposition 3, the weak convergence of Y to
W in C([a,b] X [¢,d]) can be also obtained as in the proof of Theorem 1.

t s
E[Y*(ts) - Wt73|2 = / / dsodto
0 Jo

and the conclusion follows since (
t, s, to, So and

Remark 5. We remark first that the process Y is not stationary. On the
other hand, the process given by

(N

—H

YA(ks) = /_; [ (A P e 80)> .
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is stationary (here we allow the integration domain to contain negative values).
Indeed, for every s,t,u,v >0, t > u,s > v and for every a,b > 0 we have

EY Mt +a,s+ b)Y Mu+a,v+b)

uta v+b A %—H
:/_OO /_m ()\+(t+at0)(s+bso)>
> H

A
8 ()\—l—(u—l—a—to)(v—i—b—so

=EY Mt )Y Mu,v)

3_
) ) dthSQ

Next we will prove that the integrated process of Y* converges to a variant of
the fractional Brownian sheet called Liouville fractional Brownian sheet. Several
extensions of the fractional Brownian motion have been proposed in the literature.
This includes for example the fractional Brownian field ([4]), the Lévy’s fractional
Brownian field ([5]) and the anisotropic fractional Brownian sheet ([9], [1]), which
we consider in this paper.

We begin with the definition of the anisotropic Liouville fractional Brownian
sheet.

Definition 2. Let «, 8 € (0,1). The Liouville fractional Brownian sheet with
Hurst parameters «, 8 is defined by

t s
WP (t,s) = / / (t—1t0)* 2 (s — 50)° 2dWyy 5y, t, s> 0. (16)
0 0

Let us also consider the integrated process
3 t s
ZM\t,s) = )\H_i/ / Y u,v)dvdu, t,s>0. (17)
o Jo

Proposition 4. For every s,t > 0, Z*(t,s) converges in L*() as A — 0 to
the random variable W-H  Also, for every 0 < a < b,0 < ¢ < d the family of
stochastic processes (Z*, A > 0) converges weakly in C([a,b] x [¢,d]) (a,b,c,d > 0,
a < b,c < d) to the Liouville fractional Brownian sheet WH-H multiplied by the
constant (H — %)_2.
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PROOF. By interchanging the order of integration (this can be argued as in
the proof of Proposition 1, since Y is in L? and fot f;(Yu):U)zdudv < oo for every
t, s, which can be seen from the below computations), we can write

Z’\(t7s):/0t/odet0,80 /t:du/s:dv(A—l—(u—to)(w—so))H

and the L? follows from the trivial convergence as A — 0 (for fixed t, s, tg, o) of

[N

e

/t:du/sjdv(A+(u—to)(v_SO))H_

to (H — 4)72(t — t0)H =2 (s — s9)#~2 (then we can casily apply the dominated

convergence theorem).

The convergence of the finite dimensional distributions of Z* to the finite
dimensional distributions of W is a consequence of the L? convergence of
ZA(t,s) to WHH (¢ 5) for every s,t. It suffices to show that the family (Z*, X > 0)
is tight in C'([a, ] X [¢,d]) and this follows since for every z,y > 0

2
E’Z)\(t+l‘78+y) _ZA(t_’_va) —Z)‘(t,s—&—y)—l-Z)‘(t,s)’

t+x sty uwoorv 3
/ du/ dv/ / AWy, 5o (A + (u — to) (v — 59)) 72
t s 0 0
t+x s+y t+x s+y 3
[ [ ([ [ w0k - o) s
0 0 toVt soVs
t+x s+y t+x s+y 3 2
< / dto/ dso ( du/ dv((u —to)(v — 80))H_2>
0 0 toVit soVs

t+x s+y
= K/ dto / dSQ
0 0

X ([(tﬂ:ftO)H*%f(tvtofto)H*%H(Hyfso)H*% — (sV 5o — s0)H
S K(xy)QHfl

2
E

2

Nl

I

where the constant K depends on H,a,b,c,d. Thus

E|Z\(t+2,5+y) — 2Nt +2,5) — 2Nt s +y) + 2Nt s)| < Cplay)y? D)

1

2
and by using the criterium in [3] for the tightness of multiparameter stochastic

processes. ([

and the conclusion is obtained by using the fact that Z* is Gaussian, H >
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Remark 6. It is also possible to construct variants of the Gamma-mixed
Ornstein—Uhlenbeck sheet (15) that converges as A — oo to the Wiener sheet
and as A — 0 to the Liouville fractional Brownian sheet with Hurst parameters
Hi, Hs € ($,1) as defined in (16) . Indeed, for ¢, s > 0, consider

N t s A %*Hl A %*HZ
YRtz = _ _— AWy v 1
(t,5) /0/0 (/\+t—u) ()\—I—s—v> W, (18)

where (W, v)u,ver is a Brownian sheet.
We can show that, for every ¢,s the sequence YM1:Hz2(¢ s) converges in
L?(Q) as A — oo to the Brownian sheet Wi,s and the integral process

t s
ZA,Hl,HQ (t, S) — )\H1*%)\H2*% / / Y)\’Hl’HQ (U7U)dudv
0 0

converges in L?(Q) for every t,s to (Hy — %)_1(H2 - %)_IWHl’HQ(t,s) with
WHuHz given by (16). On the other hand, the process (18) cannot be easily
interpreted as limit of aggregated Ornstein—Uhlenbeck processes.

References

[1] A. AYACHE, S. LEGER and M. PONTIER, Drap brownien fractionnaire, The fractional Brow-
nian sheet, Potential Anal. 17(1), 2002, 31-43 (in French).

[2] O. E. BARNDORFF-NIELSEN and N. SHEPARD, Non Gaussian Ornstein—Uhlenbeck-based
models and some of their uses in financial mathematics, J. R. Stat. Soc. Ser. B Stat.
Methodol 63, no. 2, 2001, 167—241.

[3] P. J. BIcKEL and M. J. WICHURA, Convergence criteria for multiparameter stochastic
processes and some applications, Ann. Math. Statist. 42, 1971, 1656-1670.

[4] A. BoNaMI and A. ESTRADE, Anisotropic analysis of some Gaussian models, J. Fourier
Anal. Appl. 9(3) (2003), 215-236.

[5] Z. CiesiELsKI and A. KAMONT, Lévy’s fractional Brownian random field and function spa-
ces, Acta Sci. Math. 60, 1995, 99—-118.

[6] J. CLARKE DELA CERDA and C. A. TUDOR, Least squares estimator for the parameter of
the fractional Ornstein—Uhlenbeck sheet, J. Korean Statist. Soc. 41, no. 3 (2012), 341-350.

[7] L. CouTiN and M. PONTIER, Approximation of the fractional Brownian sheet via Orns-
tein—Uhlenbeck sheet, ESAIM Probab. Stat. 11, 2007, 187-205.

[8] E. IcLé1 and G. TERDIK, Long-range dependence through Gamma-mixed Ornstein—Uhlen-
beck process, Electron. J. Probab 4, 1999, 1-33.

[9] A. KAMONT, On the fractional anisotropic Wiener field, Probab. Math. Statist. 16(1), 1996,
85-98.

[10] S. LEGER and M. PONTIER, Drap brownien fractionnaire, C. R. Acad. Sci. Paris Sr. I

Math. 329, 1999, 893-898.



622 C. A. Tudor and M. Tudor : Gamma-mixed Ornstein—Uhlenbeck sheet

[11] I. NoUurDIN and C. A. TUDOR, Some linear fractional stochastic equations, Stochastics
78(2), 2006, 51-65.

[12] D. NuALART, Malliavin Calculus and Related Topics, Second Edition, Springer, New York,
2006.

[13] C. TubOor and M. TUDOR, Multiple fractional integrals through Gamma-mixed Orns-
tein—Uhlenbeck processes, Publ. Math. Debrecen 75, 2009, 327-338.

CIPRIAN A. TUDOR
LABORATOIRE PAUL PAINLEVE
UNIVERSITE DE LILLE 1

F-59655 VILLENEUVE D’ASCQ
FRANCE

E-mail: tudor@math.univ-lillel.fr
MARIA TUDOR

DEPARTMENT OF MATHEMATICS
ACADEMY OF ECONOMICAL STUDIES

BUCHAREST
ROMANIA

E-mail: maria.tudor@csie.ase.ro

(Received November 21, 2011; revised June 7, 2012)



