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On group algebras with unit groups of derived length three
in characteristic three

By HARISH CHANDRA (Lucknow) and MEENA SAHAI (Lucknow)

Abstract. Let K be a field of characteristic 3 and let G be a finite 3-group of
class 2. Necessary and sufficient conditions are obtained for the group of units U(KG)
to be solvable of derived length 3.

1. Introduction

Let KG be the group algebra of a finite group G over a field K of characte-
ristic p. Let U = U(KG) be the group of units of the group algebra KG. First
description of the solvability of the unit group U is given in [16, Chapter VI].
This problem has been discussed by many authors as can be seen in [3], [4], [5],
[6], [10], [11]. Computation of the derived length of U and its connection with the
order and nature of the commutator subgroup G’ of G is an interesting problem.
SHALEV [17] has found necessary and sufficient conditions for U to be metabelian
when p > 3. This work was completed by COLEMAN and SANDLING [7] and inde-
pendently by KURDICS [9] for p = 2. For p # 2, a complete description of group
algebras KG with centrally metabelian unit groups is given in [13]. The group
algebras with 43(61(U)) = 1 have been listed in [15]. BAGINSKI [2] and BALOGH
and L1 [1] have computed the derived length of U for finite p-groups and arbit-
rary groups with cyclic commutator subgroup of order p" (p > 2), respectively.
Recently we have obtained the necessary and sufficient conditions for U to have
derived length 3 when p # 2,3, see [8]. As in [8], for p = 3, if U"”" = 1, then
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G = P x H where P is a normal Sylow 3-subgroup of G and H is an abelian
3'-subgroup of G. So in this paper, we continue our work on this problem when
p =3 and G is a finite 3-group. In addition, we assume that y3(G) = 1. We will
use (z,y) = v~ 1y lzy for the group commutator of elements x and y of a group
G and if o(z) = n then T = 1+ x + 2% + --- + 2"~ 1. The Lie commutators are
denoted by [z,y] = zy — yz, z,y € KG.

Our main result is as follows:

Theorem 1.1. Let K be a field such that Char K = 3 and let G be a finite
3-group of class 2. Then the following conditions are equivalent:
() U =1;
(i) G’ is elementary abelian 3-subgroup such that |G'| < 33.

2. Proof of the Theorem

Throughout this section, K is a field of characteristic 3.

Lemma 2.1. Let G be a finite 3-group of class 2 such that U" = 1. Then G’
has exponent 3.

PROOF. Let 2,y € G, z = (z,y), o(z) = 3", wheren > 2. fu=1+x —y,

then

1

up = (u,y) =14+uz(z — 1),

ug = (u,z) =1+ u"

and w3 = (u,y ) =1—-wta(z-1)z""

Clearly (u1,us) = 1. Now

v = (uy,uz) = 14+ uy vy 'u?yeu(z — 1)%271

and  w = (uz,uz) = 1 —uz 'uy 'u2yzu=(z — 1)3272

Since U"" =1, so [v,w] = [u] ' B,uz ' B](z — 1)6273 = 0 where
B = uy 'u"?yzu~'. The annihilator A of (z—1)% in KG is a two sided ideal. The
above equation implies that B_luT and B_lfg commute in K G/A where @ is the

image of w € KG in KG/A. Hence

B ur, B ug) (2 — 1)° = 0.
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On simplifying we get

1,2 1

Wy — uz— 1 1,2 1

{2uug — aflyu*lxy* uily* TU TTU UL

1 1 2

+ur” Ty T et u T+ ur T y T T tyruug — (2 — 1)z (2 — 1) = 0.

As up € 1 + (2 — 1)KG, hence on multiplying this equation by (z — 1)3" =9,

we get (z — 1)2"~! = 0, which is a contradiction. Hence n = 1 and exponent of
G is 3. O

To prove the theorem we only need to show that |G’| < 3%. Suppose that
G’ # C3. Then, there exist z,y,z € G such that (x,y) # 1 and (z, z) ¢ ((x,y)).
If for all such triplets z,y,z € G, (y,2), (z,9) € ((z,y), (z,2)) for all g € G, then
G’ = C3 x (3, [14, Theorem 14, Step III]. So if G’ # C5 x Cj, then there exists a
triplet x,y, z € G such that either (y, z) ¢ ((z,y), (z,2)) or (z,9) ¢ {(z,y), (z, 2))
for some g € G. We first prove some preliminary results based on these two cases.

Lemma 2.2. Let G be a finite 3-group of class 2 such that U"" = 1. Let
u,v,x,y,z € G such that a = (x,y) # 1, b= (z,2) ¢ {(a) and c = (y, 2) ¢ (a,b). If
(u, ), (u,y), (u,2) € (a,b,¢) and (u,v) ¢ (a,b,c), then (u, z)=(u,y) = (u,z)=1.

PROOF. Ift € G', then 1+ ¢g(t —1) is a unit for all g € G. Let o = (u,v) —1
and (u,z) = a'b™c". Now

ri=(1+za,y) =1+za(a—1) —z*(a—1)a?
and ro=(14+u o H)=1+1+u)""ta
Then wuy = (ri,r9) =1+ gt r — Lrg — 1] =14 [z, (1 + )" (a — 1)a?
=1—(1+u)  uz(l+u) " (a—1)((z,u) — 1)a® € U".
Also if
rs=(1+y e ) =1+1+y) o - 1)
andry = (1+z Ly H=1+1+2) " ! -1).
Then ug = (r3,r4) =1 —r3 ' (1 +y) 2(1 +2) 22y(a™ — 1)ce U".
As [uy,us] = 0, so we have
[(1+w)  ue(l+w) ™ (1 +y) 72 (1 + 2)*eyfac((z, u) — 1)a® = 0.

If M = {(a,b,c), then AT(M) = 0. Since (u,z), (u,y), (u,2) € M, hence we
have
[(1+u) ™ u, (1+3) 72 (1 + 2) " *zylac((z,u) — 1)a* = 0.
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Thus
(14 w)2uz,y 27 (1 + 2)*(1 + y)?]ac((z,u) — 1) = 0.

Equivalently

{(1+u)2ufz,y 27 1+ 221+ 9)?z !
1+ 02y (1 4 221+ ) fae((ew) — 1a® = 0. (21)

On replacing x by !

in r; we get
ri=14+z"ta(a™ —1) -2 2a*(a™ - 1).
Then
uhy = () =1 — (1 +u) fur (1 +u) (z,u) ™ = D™ = 1)

As [u},uz] = 0, so we have

{1+ w)2uflz™ y 27 1+ 2)2(1 +y)
11+ ) Pu,y T T (1 4 2) (1 + y)?}ac((z,u) — 1)o® = 0. (2.2)

Subtracting (2.2) from (2.1) we get

0={[z, 27 + 2]z — [z~ 27 4 z]z}ac((z,u) — 1)a? = 2m(z — zfl)ﬁgﬁa?

Thus m = 0.

Now take r5 = (1 +za,2), 15 = (1 + a2 tay2), 16 = (1 +y 1271, rr =
(14 271, 271) and the commutators uz = (r5,72), uy = (15, 72), us = (re,77) We
have

0 = [uz,uq] = [(14+u) tuz(l+u)~" (1+2)72(1 + y)fzyz]g/c\((x,u) — 1)
Equivalently
{1 +w)ufz, 27y (1 +9)? A+ 2)%Ja™!
11+ w) 2, 2y (1 + )21+ 2)2 (2, u) — 1)a? = 0. (2.3)
Also [uf, uq] = 0 implies

{(1+uw)Pulz 27y (14 9)*(1+ 2)%e
+ (14 uw) 2, 27y )2 (1 + 2)2]}68((33,10 —1)a?=0. (24)
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Subtracting (2.4) from (2.3) we get
0={[z,y  +ylz™t — [e 1y~ + yla}be((z,u) — 1)a? = 2(y — y~L)abca.
Thus [ = 0. Now

Us = (7'3,7”7)

=147y (1+2) " 1+y) tay(l+y) 1+ 2) Ha =17 =1)(c—1).

Hence [u1,us] = 0 yields

0=[(14u) tur(l+u)™?, 7’7_1(1 +2) 7 14yt
x zy(1+y) 1A+ 2)7ab — 1)(c — 1)((z,u) — 1)a?.

Equivalently

{1+ w)Pufe,y 27 1+ 2)2 (1 +y) e
HA+w)Puy T 1+ 2)° (1 +y)*)
x a(b—1)(c—1)((z,u) — 1)a? = 0. (2.5)

Also [uf,us] = 0 yields

{(1+ u)_2u[a:_1, y_lz_l(l + 2)2(1 + y)2]$
F (1 +w) 2w,y (14 2)* (1 + )%}
x a(b—1)(c—1)((z,u) — 1)a? = 0. (2.6)

Subtracting (2.6) from (2.5) we get

0={[z,z7 + 2]zt — [z}, 27  + 2]z}a(b — 1)(c — 1)((z,u) — 1)a?

= 2n(z — 2~ )abea.

Thus n = 0 and (u,z) = 1.
On interchanging z and y in the above proof we get (u,y) = 1. Similarly, if
we interchange x and z we get (u,z) = 1. O

If for all triplets x,y,z € G such that a = (z,y) # 1, b = (z,2) ¢ (a), we

have ¢ = a’b’, then on replacing z by '~ 'z and y by z'~7y, we can assume that

c = ab.
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Lemma 2.3. Let G be a finite 3-group of class 2 such that U"" = 1. Let for all
triplets x, y, z in G such that a = (z,y) # 1, b= (z,2) ¢ (a), ¢ = (y, 2) € (a,b).
If u,v,g € G such that d = (z,g9) ¢ (a,b), (u,v) ¢ {(a,b,d) and (u,z), (u,y),
(u,2) € {a,b,d). Then (u,z) = (u,y) = (u,z) = 1.

PROOF. Let a = (u,v) — 1 and (u,x) = a'b™d". Now
rs = (1+za,9) =1+za(d—1)—2%(d—1)a?,

ro=14+2"ta,9)=1+ata(dt —1) —272a%(d ' — 1)

and
ro=(1+z"g ) =1+1+a)"(d-1).
Then
ug = (rg,m2) = 1 — (1 4+u) tux(l+u) " (d - 1)((z,u) — 1)a?,
ug = (rg,m2) =1 — (1 4+u) fur™ (1 +u) " Hd™! = 1)((z,u) ™" = 1)a?
and

ur = (ro,7¢)
=1+rylrg'(T+2) ' (1 +y) tyz(1+y) A +2) e —1)(c—1)(d - 1).
As [ug, u7] = 0, so we have
(1 +w) tur(1+u) gt A+ 2) A+ y) tye(T+y) (1 +2) 7Y
(a—1)(c—1)d((z,u) — 1)a® = 0.
Let N = (a,b,d), then AT(N) = 0. Since (u,z), (u,y) € N, hence we have
[(1 4+ w)2uz, (1+2)"2(1 + y) 2ya)(a — 1)(c — D)d((z, u) — 1)a® = 0.
Thus
[(1+w)2uz, 2 'y (1 +9)2(1 + 2)%(a — 1)(c — D)d((z,u) — 1)a® = 0.
Equivalently
{1+ w)2ufz, 2y A+ )2 (1 + )zt
(14w Pu ey (L4 y)* (1 +2)%))
x (a—1)(c— 1)d((z,u) — 1)a® = 0. (2.7)
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Also [ug, u7] = 0, so we have

{14 w)Pufz™ 27y (1 +y)* (1 +2)%x
+ (1 +u)Pu, (14 y)? (1 + 2)?]}

o~

x (a—1)(c — 1)d((z,u) — 1)a? = 0. (2.8)

Subtracting (2.8) from (2.7) we get

Thus m = 0.
Now take 719 = (1 + 271271, rin = (1+y 1, ¢971) and ug = (r10,711). We
have

0= [us,us] = [(1+u)  uz(l+u) " r (T+2) (1 +y)
xyz(L+y) " (1+2) (@ - Db((y, 9) — 1)((z,u) — 1)a®.
Equivalently
(1 +w)ufz, 2y (1 +9)*(1+ 2)%a™!
+ 11+ w)Pu,z Yy (L +y)* (1 + 2)%))
x (a—1)b((y,g) — D((z,u) — 1)a? = 0. (2.9)
Also [uf, ug] = 0 implies
{14 w)Pufz™ 27y (1 +9)* (1 +2)%x
+ (1 +uw)Pu,z Yy (14 9)? (1 +2)%]}
x (a—1)b((y,9) — 1)((z,u) — 1)a? = 0. (2.10)

Subtracting (2.10) from (2.9) we get
0={fz,y  +ylz~t — [z~ Ly +ylzha - Db((y,g) — D ((z,u) — 1)a?
=2(y —y~1)ab((y, 9) — 1)((z,u) — 1)a.

Let (y,g9) = a"d®. On replacing y by zy, if needed, we can assume that s # 0.
Hence
2n(y — y~Y)abda® = 0.
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Thus n = 0. Now let ug = (r9,74). Then

0 = [ug,uo] = [(1 4+ u) tuz(l+u) Lr; (1 +2) (1 +2)7!
x zz(1+2) " (1 +2)" (b= 1)(c — 1)d((z,u) — 1)a>.

Equivalently

{(1+w)2ufz, 2 27 (1 4 2)2(1 + 2)? ]2t
+ (1 +uw)2u,x 27 1+ 2)2(1 4 2)?)}

~

x (b—1)(c— 1)d((z,u) — 1)a® = 0. (2.11)
Also [ug, ug] = 0 implies

{(1+w)2ufz e 27 1+ 2)?(1 + )%
(4w w27 T (14 2)° (1 4+ 2)°])

~

x (b—1)(c—1)d((z,u) — 1)a® = 0. (2.12)

Subtracting (2.12) from (2.11) we get

~

0={[z,z  + 2]t — [z 27 + 2]2} (b — D)d(c — 1)((z,u) — 1)a?
=2(z — 2 Yb(c — 1)d((z,u) — 1)a® = 21(z — 2~ ")abda?>.

Thus I = 0 and (u,z) = 1. On interchanging x and y in the above proof we get
(u,y) = 1. Similarly interchanging  and z leads to (u, z) = 1. O

Theorem 2.1. Let G be a group of class 2. Then U =1 if and only if G’
is an elementary abelian 3—subgroup of G such that |G| < 33.

ProOF. Let U” = 1. Then by Lemma 2.1, G’ is an elementary abelian
3-subgroup of G. Suppose that G’ # Cj, then there exist z,y,z € G such that
(z,y) # 1 and (z,2) € ((x,y)). If for all such triplets z,y,z € G, (y,2),(x,9) €
((z,y), (z,2)) for all g € G, then G’ = C5 x C5 by [14]. Now we have two cases
which we examine one by one:

Case (I): Let z,y,z € G such that a = (z,y) # 1, b = (x,2) ¢ (a), ¢ =
(y,2) ¢ {(a,b). Then we show that G’ = (a, b, c¢) = M. Let, if possible, u,v € G such
that (u,v) ¢ M. Forany t € G,let rio = (1+27 1, y™1), 7113 = (1+2((z,t)—1), 2),
ria=(1+z71t7 1Y),

w10 = (riz,76) = 1 +r5 (1 +2)72(1 + y) 2yza(c— 1) € U”
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and -
upy = (r13,714) = 1 — (1 + 2) 2zab(z,t) € U”.
Thus [u19, u11] = 0 leads to
[rgl(l + )7 2(1 +y) 2y, (1 + x)_sz]ag(c — 1)(:5/,?) =0.
Equivalently

0= [y~ (1 +)2 Jab(c — 1){m,1) = [y + vy, zJab(c — 1)(w, 1) = (1 — y)abe(, 1).

Thus (z,t) € M, for all t € G. On interchanging = and y in the above
proof, we get (y,t) € M, for all ¢ € G. Similarly, interchanging = and z leads to
(z,t) € M, for all t € G.

Now by Lemma 2.2, (u,z) = 1 = (u,y). So (zu,z) = b}, (zu,y) = ¢!
and a = (z,y) ¢ ((zu, z), (2u,y)) = (b,c). This yields (zu,v) = (z,v)(u,v) € M.
Hence (u,v) € M.

Case (II): For all z,y,z € G such that (z,y) # 1 and (x,2) ¢ ((z,v)),
let (y,2) € ((z,9), (z,2)). Out of all such triplets, there is a triplet z,y,2 € G
such that (z,9) ¢ ((z,v),(x,z)) for some g € G. Let a = (z,y), b = (z, 2),
¢ = (y,2z) and d = (z,9). Then we shall prove that G’ = (a,b,d) = N. As
noted earlier, we can assume that ¢ = ab. For all t € G, let ry5 = (1 + g~ %, 271),
rie = (1+y((z,t) — 1), 2),

ure = (r16,714) =1 — (1 +2) " ay(1 +2) (@~ — 1)(c — 1)(z, 1) € U”
and R
uyz = (r15,710) = 1+ 170 (1+¢) (1 + ) 2gz(b—1)d € U".
Thus
0 = [u12, u13]
= [(1+2)  ay(l+ @) (14 9) (1 + 2)"2ga) (@™t = 1)(b — 1)(e — Dd(a, b).
Equivalently
0=[y,2 " (1+2)% " (1 + 9)*)(a — 1)(b - 1)(c — 1)d(z, )
={ly, e +alg 1+ 9P +a7 (1 +2)%y, 07" + 9]}
x (a — 1)(b—1)(c — 1)d(z,1). (2.13)

Since d ¢ (a), we can write (y,g) = a"d®. On replacing g by z"g, we get
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(y,2"g) = d° and the above equation yields
(x — 1)abd(z, t) = 0.

Thus (x,t) € N. On interchanging = and y in (2.13) we get

{loy "+l "0+ 92 +y A +y) [z, gt + 9]}
(a—1)(b—1)(c~1)(y,9)(y.1) = 0.

As before, on replacing g by x"g we get
s2(y — 1)abd(y, 1) = 0.
So if s # 0, then (y,t) € N. If s =0, then replace y by zy to get
(zy — 1)abd(zy, t) = 0.

Since (z,t) € N, we conclude (y,t) € N. Similarly on interchanging = and z
in (2.13) we get

—

{y, 2 42l (14922 (14 2%y, g+ g} a—1)(b—1)(c=1)(z, 9)(2, 1) = 0.

Now d ¢ (b), so (z,g) = b'd™ and on replacing g by x'g, we get (z,2'g) = d™
and (y,2'g) = a"~'d*. Thus if r = [, we get

m2(z — 1)abd(z,t) = 0

and (z,t) € N, if m # 0. For m = 0, replacing 2z by 2%z leads to the same
conclusion. If r # [, then replacing z by xz for m # 2 and by 22z for m = 2,
yields the same result.

Let u,v € G such that (u,v) ¢ N. Then (u,z) =1 = (u,y), by Lemma 2.3.
Thus (z,uy) = a, (z,uz) = b, (x,ug) = d, and hence (uy,v) = (u,v)(y,v) € N.
So (u,v) € N.

Conversely, if G’ is a central and elementary abelian 3-subgroup of G of order
< 3% then by [12, Theorem 2.3], we have §)(KG) =0 and hence U =1. O

Finally, we give an example of a finite group G with G’ = C35 x C3 x C3 but
non-central and show that for this group derived length of U is more than 3.
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Ezxample 2.1. Let G = (a,b,c,d|a® = b3 = ¢ = d* = 1,(a,b) = (a,c) =
(b,¢) =1, (a,d) = a, (b,d) =b,(c,d) = ¢). Then G' = C3xC5xC3 = (a)x (b) x(c)
is not central in G and U"’ # 1.

Let K be a field with Char K = 3, then

uy = (1+dla—1),d) =1+da(a—1)+a,
r=(u1,b) =1+da(a—1)(b~" —1) +a(b~* — 1),

up = (1+d(c—1),d) =1+dc(c—1)+7¢
and s = (ug,b) =14+dc(c—1)(b~* =1)+2c(b~ —1).

Then

(r,8) =1+77"s" da(a—1)(b~" =1) +@(b~" 1), de(c — 1)(b~" — 1) +e(b~" —1)]
=1+ r*lsfldg(a —D{cla—1)—a(c—1)} =1+ dg(a —1)(c—1)(a—c).

This implies that §3(U(KQG)) # 1.
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