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Metric properties and exceptional sets of beta-continued
fractions of Laurent series

By MEL-YING LU (Chongging)

Abstract. In 2010, M. JELLALI et al. [10] introduced a new kind of continued
fractions algorithm of Laurent series, called -continued fractions. In this paper, we
discuss metric properties of the partial quotients {e,(z),n > 1} occurring in S-continued
fractions, and for the -continued fractions with sequences of partial quotients and the
[B-continued fractions whose sum of degrees of partial quotients tends to infinity with
generally functional growth rate, we give their Hausdorff dimensions.

1. Introduction

Let F, be the finite field of ¢ elements and F,((27!)) denotes the field of all
formal Laurent series with coefficients in F,. Recall that F,[z] denotes the ring
of polynomials in z with coeflicients in F,,.

For each # = > 07,27 € Fy((z71h)), call [z] = Y o, cocnz ™ € Fylz]

the integral part of z and degx = —inf{n € Z : ¢, # 0} the degree of x, with
the convention that deg0 = —oo. Define the absolute value on F,((271)) as
|z| = ¢4°®® which is a non-Archimedean absolute value, the field F,((z71)) is

locally compact and complete under the metric p(z,y) = |z — y|.

The regular continued fraction over the field of formal Laurent series is intro-
duced by E. ARTIN [1], and the metric and ergodic properties of this dynamical
system have been studied in [2], [5], [6], [13], [14], [15], [16], [17].

In 2010, M. JELLALI et al. [10] introduced the S-continued fractions of Lau-
rent series, they studied the metric and ergodic properties of this new continued
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fraction of Laurent series and gave the Hausdorff dimensions of bounded-type set
and the set of series having a given rate of convergence. In this paper, we discuss
metric properties of the partial quotients {e, (z) : n > 1} occurring in -continued
fraction expansions, obtain the so-called ‘0-1’ law and limits results on the partial
quotients. Furthermore, for the g-continued fractions with sequences of partial
quotients and the -continued fractions whose sum of degrees of partial quotients
tends to infinity with generally functional growth rate, we give their Hausdorff
dimensions. Our results are inspired by works [3], [8], [11], [12], [18].

2. Preliminary

Let B = {B;}icz with B; € F,((271))\{0} such that {deg f3;}icz is a strictly
increasing sequence of integers, and

S ={{si}co<i<k kK €Z, s; € Fylz], degs; < degBiy1 —deg;}.

Then each z € Fy((27')) admits a unique representation x = > _ ___, ;. sif;,
{8i}—co<i<k € S. Conversely, for any given string {s;}_co<i<k € S, there exists a
unique z € Fy((z71)) suchthat = >, sB;. Foranyz =% _, . s €
F,((z71)), we define the B-integer part by [;c]g = o<i<k SiBi- Let -

Ho(B) :={dBo : d € Fy[z], 0 < degd < deg 1 — deg o},
H,(B) :=={dofo+ -+ dnBy : d; € Fylz], degd; < deg fi11 — deg B, dy, # 0}

and

H(B) == Ho(B) U | Hn(B)-

n>1

Let 7 := {x = Y ocic_15iBi {8i}—cocic—1 € S}. For r > 0, denote by
D(x,7) = {y € F((z7Y)) : ly — 2| < r} the disc with center z and radius r. It is
easy to see that T = D(0,|By|) and isomorphic to Fg°. A natural measure on T is
the normalized Haar measure p given by u(D(z,q™ ™)) = %.

Now we recall the S-continued fraction of Laurent series. Consider the trans-

formation T3 : Z — Z defined by

2 2
TBCL' = ﬁfo - |:BO] y T@O = 0.
T T 8
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Then each x € 7 have the following unique continued fraction expansion:

B3
T = = [0;e1(x), e2(x), .. .15,
A

en(x) + .-

where e, (z) € H(B) and e,(z) = [T,f‘?( )],6’ is called the 3-partial quotient.
B xT

Similarly, denote {p,(z)/gn(x), n > 0} the (5, n)-th convergent of z, i.e.

Pn(z) _ 5 = [0;e1(z), ea(x en(
i) erla) + — = [0;e1(2), €2(), ., en(2)]5-
0

Next we collect some known results which we will use frequently.

Proposition 1 ([10]). For any = € Z, let p,(x)/qn(x) denote the (8,n)-th
convergent of xz. Then we have
(1) lan(@)] = |5ollgn-1(2)[;
(2) lan ()| = ler(z)---en(@)[;
(3) deggn(z) = 3J4_ degen();
(4)

4 _pngm;’_ |Bo|2"*2 |Bo| "+
qn (T

E T @ @l <T@

Proposition 2 ([10]). Let e1,...,e, € H(B), pn/qn = [0;€1,...,€,]3 and

put
Aler,...,en) = {[0;e1,...,e, +0]g, 0 €L}
Then B[+
Pn 0 "
Aler,...,en) =D | —, ———
(ex ) (Qn |qn|? )
with _—
Aer,...en)] = O ol ey e aesi,
glexl?---lenl> ¢

where |A(ey, ..., e,)| denotes the diameter of A(ey, ..., e,).

Remark 2.1. We call A(eq,...,e,) a (8,n)-th order cylinder. Since the va-
luation || is non-Archimedean, it follows that if two cylinders intersect, then one
contains the other.

Theorem 2.1 ([10]). The transformation Tg is invariant and ergodic with
respect to the Haar measure p.
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3. Metric properties of the partial quotients

In this section, we give the metric properties of the partial quotients {e,(-)}
occurring in the S-continued fraction expansions.

Theorem 3.1. The random variable sequence {e,(-)} is independent and
identically distributed with respect to the Haar measure L.

PRrROOF. For any n > 1,b € H(f), since the transformation T converse the
Haar measure and e, (z) = el(T[gn_l)(m)), then

—(n— Bol?
plz €T en(x) = b} = p{T; " Ve e T:ei(a) = 0} = p{A(D)} = |b0||2 ,
So, the random variable sequence {e, (-)} is identically distributed. Next we prove
that the sequence {e,(:)} is independent, In fact

|Bol*"

w{rx €T e1(x) =by,...,en(x) =bp} = p{Ab1,...,bn)} = DRSTNER

We know, for all 1 <j <n, p{x € Z:e;(z) =b;} = |"H‘?‘|§, S0

plr € e1(z) =by,...,en(x) =byn}
=p{r e e1(z)=b1}---puf{x €T :en(xr) =byn}.
Thus, the random variable sequence {e,(-)} is independent. O

Corollary 3.2. The random variable sequence {dege,(-)} is independent
and identically distributed, moreover

u{x € T :degei(x) =k} = for all k > deg So.

PROOF. We only need prove the second part, we first recall the equation

> deg b=k ﬁ = %, see [10]. Therefore
beH (B) o

uw{r €T :degey(z) =k}

Z w{r €T :e(x) =b}

deg b=~k
beH(B)
2
-1
. Bol” _ (g =1)IBol O
[bf? "
deg b=~k

beH(B)
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Now we consider the random variables sequence {|e,(-)|}, we have

Corollary 3.3. The random variable sequence {|e,(-)|} is independent and
identically distributed.

Theorem 3.4. Let ¢ : N — R™, then
(1) If >0, ﬁ < o0, then p{z € T : |e,(z)] > ¢(n), i.o. n} =0;
(2) If >0, ﬁ = oo, then u{z € I : |e,(z)| > ¢(n), io.n} = 1.
PRrROOF. Notice that
. _ |ﬂ0|2n
p{z € T:len(x)] > o(n)} = >

€lyeerln—1,len|>0(n) |€1| ‘€n|

|Bol

Z M{A(el,...,enl)} Z ‘en|2

€1,..0,€n—1 \Gn\Zw(")

>
lenl?”

len|>p(n)

Moreover, we have

Bol? — Bol? B
T |0:2> 3 T 0|>|0|)’

2
enlzo(m 17 k=[log, @(n)]+1 degen=Fk lenl? ~ o(n
eneH(ﬁ)
and
|/50|2 — |50\2 q2\50|
> < > X <
2 = 2 =
enizo 1 T g o) desenmr (o077 ()
en€H(B)
So,
| Bol 7| Bo|
<pf{rel:le ()] > pn)} < .
o) { len(@)] = @(n)} ()

By Borel-Cantelli Lemma and Corollary 3.3, we have that

w{x € T : len(x)| > ¢(n), i.0. n}

equal to 0 or 1 according as Y -, ﬁ converges or diverges. This complete the

proof. O
Theorem 3.5. For almost all x € Z,

Jim sup log gdeg ey (z) —logn — 1. liminf log g deg e, (x) — logn _

n—o0 loglogn n—o0 loglogn
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PROOF. Let p(n) = nlogn and p(n) = n(logn)!™¢(e > 0). By Theorem 3.4,
we get the first equality, we only need prove the second one.
For all a > 0, let Ay = {x € Z: |ep(x)] < n(logn)~®, i.0. n}, we have that

#(Aa) = pllimsup{z € T : |en(v)] < n(logn)=*}}
> limﬁsup,u{x €T : len(x)] < n(logn)~*}
=1- lanigfu{x €Z: len(x)| > n(logn)~*}

q°|Bo|

>1—liminf ———— =
- 00 n(logn)=«
This implies u(Ay) = 1. Hence for almost all € Z, |e,(z)| < n(logn)~® holds

for infinitely times. Notice o > 0 is arbitrary, we proves the second equality. [

Now we consider

Laf@)] = max [e (z)]

therefore

deg L (z) = max dege; (),

we have the following two similar results.
Theorem 3.6. For almost all x € Z,

loggdeg L, (z) —logn loggdeg L, (z) —logn

=0.

lim sup ] =1, liminf
n—00 oglogn n—00 loglogn

PROOF. We only establish the second equality, the first one is similar to the
above theorem.

I. First, we consider the set {x € Z : |L,(z)| < n(logn)®}, (o > 0). Notice
that {|e,(x)|} is independent and identically distributed, following the same line
as in the proof of Theorem 3.4, we have

plz € I:|Ly(x)| < n(logn)*} = p{z € I : lej(z)| < n(logn)®, 1 <j <n}
=p{r el :lei(z)| <n(logn)®} - - p{z €Z: |en(z)] < n(logn)®}

2 n
> (1 415l .
- n(logn)®

By Fatou Lemma, we have

p{limsup{z € T : |L,(z)| < n(logn)*}} > limsup p{z € Z : |L, ()] < n(logn)*}
n— oo n— oo

2 n
> limsup (1— qﬂo|> =1
n—oo n(logn)®
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Hence for almost all € Z, |L,(x)| < n(logn)* holds for infinitely times, because
« > 0 is arbitrary, we have

log gdeg L, (x) — logn <o

lim inf
n—oo loglogn

II: Conversely, it suffices to show that for any 0 < a < 1, for almost all x € Z,
| Ln(z)| < n(logn)™* := ¢(n)

holds for only finite times. But by Theorem 3.4, for almost all € Z, there are
infinitely many n such that |L, (z)| > ¢(n), it follows that “for almost all z € Z,
|L,(x)| < ¢(n) holds for only finite times” is equivalent to “for almost all x € Z,
|Ln(x)| < ¢(n) but |Lyt1(z)| > ¢(n + 1) holds for only finite times”.

In fact

p{z € T [Ln(2)] < n(logn)™®, [Lnyi(2)| = (n+ 1)(log(n + 1))~}
= pfz €T |Ln(2)| <n(logn)™, lent1 ()] > (n+ 1)(log(n + 1))~}

1Bl " ¢*|Bol 1
§<1 n<logn>a) (n+ Dlog(n + D)= < n(logn)i¥a’

The last Vinogradov symbol (<) holds, because

(n+ 1)(log(n + 1))« n+1 n '
and notice that (1 — %)w is decreasing and for any z > 0,e* > 2 /k!, then
(1- Y )n - (1- Y ><—"“°%:>“ )~ o)
n(logn)—« n(logn)—«
< e~ |Bol(logn)® k! (3.2)

|Bol* (log n)o*~

Together (3.1) and (3.2), and take k satisfying ak > 1 + 2, we have

(1_ |Bol )" ¢*|Bo _ _2%(logn)*k!
n(logn)==/ (n+1)(log(n + 1))~ = n|Bo[*(log n)**
1 1
<

n(logn)ek—a = p(logn)ite’
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Then

S ife € T ¢ |Lu(@)] < n(logn) =, |Lus1(2)| > (n+1)(log(n + 1))}

n=1
E
“— n(logn)'*te ’
by Borel-Cantelli Lemma, we have
log gdeg L, (x) — logn o

lim inf
n—00 loglogn
Because 1 > « > 0 is arbitrary, therefore

log gdeg L, (x) — logn >0 0

lim inf
n—oo loglogn

4. [B—continued fractions with sequences of partial quotients

Let B = {b1,ba,...,by, ...} be a non-empty infinite set of elements of H (),

and
Fo={x €T :e,(x)€B, forn>1},

FB)={r eI :e,(x)eB, foralln>1and dege,(z) — co}.
We calculate the Hausdorff dimension of these two sets:
Theorem 4.1. dimy Fys = t, where t = inf {s D) e |B—b°|25 < 1}.
Theorem 4.2. dimpy F(B) = o, where o = inf {s: 3" s %|2S < oo}
Now we prove Theorem 4.1. First we give the following lemma.

Lemma 4.3 ([10]). Let S be a non-empty finite set of elements of H(3), say
S ={e1,eq,...e,}. Write
Fs={xe€T:e,(x)€ S, forn>1}.
B2 1.

€L
Recall that B = {b1,ba,...,b,,...} and write B,, = {b1,ba,...,b,} for any
n > 1. Let

Fy, ={r €7 :¢/x) €B,, fori>1}and ¢, = dimy Fy,,.

Then dimpy Fg = t, where t is given by Y -, ‘

Lemma 4.4. lim,,_, t, = t, where t is given in Theorem 4.1

PrROOF. It is clear that ¢, is increasing and ¢, < t for any n > 1. Sup-

pose lim,, ,t, = s, then s < t. For any n > 1, we have ZZ:1 }f—;jfs <
Shy ‘f—z‘%" =1, thus Y o, ‘5—2‘28 < 1, by definition of ¢, we have s > t. O
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4.1. upper bound. It is clear that

Fy = ﬂ U Aler, ... en).

n=1 (e1,...,en)EB"

For any s > t, write s = (s +t)/2 4+ (s — t)/2, we have

0o 5o 2s 00 By (s+t)+(s—t) ) oo 8o (s+t) (s—t)
Po _ ~0 < g (s— — < g 7Y,
3 m > e <q > b <q
k=1 k=1 k=1
Therefore
H(Fp) <liminf Y [Afer,...,eq)|
(el,...,en)E‘B"
< limi —(s=1) s
< I%Higfq Z |A(€1, ,€n71)|

(e1yesp—1)EBn—1L

< liminf ¢~ "7 =0

n—roo

Thus dimy Fis < s. Since s > t is arbitrary, we have dimy Fy < t.

4.2. Lower bound. It is clear that Fis, C Fiy for any n > 1. So for any n > 1,
dimyg Fs > t,. By Lemma 4.4, we have dimy Fg > lim,, o t, = t. ([l

In the following, we are devoted to prove Theorem 4.2. For any n > 1, let
¢, be a set of elements of H(f) and denote:

C={zeT:ey(x)eq,, forn>1},
Cn={r€Tl:e(x)e,, foraln>N}, NeN.
We give the following lemma which is essentially due to I. J. GOoD [7], or see [9].
Lemma 4.5. For any N € N, dimpy C = dimg Cy.
Lemma 4.6. For anyn > 1, let D,, = #{b € B : degb=n + degfy}. Then

. log D,
« = lim sup ,
n—oo 2nlogq

where « is given in Theorem 4.2.

PROOF. For any n < a, since ) ;g ‘%‘2" = > | Dypg— 2™ diverges, there
exists infinitely many n, say {ny : k > 1}, such that D,, ¢~2™"7 > L which

2
ni

implies lim sup,,_, oo %‘:ﬁfg"q >n.

On the other hand, for any ¢ > a, since ), o %0|2C =3 Dnqg ¢ < oo,

n=1

we have D,,qg~2"¢ < 1 when n is large enough. Thus limsup,,_, . 21‘;%"15%’11 <(¢ O
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4.3. upper bound. For any n > «, since Zbe% ‘%‘2n< oo, there exists M, € N

such that Y pem |B—b°{2n < 1. Denote
deg b> M,

FB)Nm={x€Z:e,(r) €Bforalln>1and dege,(xz) > m for all n > N},

then F(%8) = M, Uy F(B)nm.
From Lemma 4.5, we have

dimH F(%) § H;fl dimH F(%>1,m § dimH F(%)l,M .

n

Since
F(B)1,m, ={r €L :en(x) € B and dege,(z) > M, for all n > 1}
= ﬂ U A(elv"'76n)a
n=1 (617'“)6”)6‘3”
dege; > M, ,i=1,...,n
we have
n .. n
H (F(%)l,MW)glgglgf Z |Aer,. .. en)|
(€1,...,en)EB™
dege; >M,,i=1,...,n
< lim inf Z Bo 7 Z |Aer, ... ene1)|”
— N—00 b % b o b s Fn—
deg %ZMn dég;éﬁ,}i%%_,n71
B\
<imue( 3 |B]) =0
beB
deg b>M,,
Thus

dimH F(%) S dimH F(()B)l,M,, S n.
Since n > « is arbitrary, we have dimy F(*8) < a.

4.4. Lower bound. Now we prove dimy F(8B) > a. If « = 0 we have the
desired result, we assume o > 0. Let ng = min{degb : b € B}.

For any € > 0 satisfying a — e > 0, from Lemma 4.6, there exist ng < n; <
ng < --- such that for any k > 1,

Dy, > 22, (4.1)
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Choose an integer sequence {tj : k > 0} satisfying
to=0, and ty =nj,, foranyk > 1. (4.2)

Let

F*(B) = {m €T :ey(x) € B foralln>1and ny < dege,(z)—deg By < ngt1

k k+1

if Zti <n< Zti for some k > 0}.
i=0 =0

Then F*(B) is compact and F*(B) C F(B), we only need to prove that

For any § > 0 satisfying @ — e — § > 0, by (4.2), there exists Ky € N such
that for any k& > Ko,

w <. (4.3)
>im tinica
Let U = {u1,use, ...} be any disc covering system of F*(*B) satisfying
K,
lu;| < @quzjzol L for any i > 1. (4.4)
q

For any s > 0, write Ay(U) = > 2, |u;]*. Since F*(B) is compact, we can choose
finite subsystem V' = {v;,vs, ... } which also covers F*(B). It is clear that

Aafsfﬁ(U) > Aafafé(vy

For any J € V, choose z € F*(B) N J. Suppose x = [e1,ea,...]|s, there exists
unique n = n(J) such that

Aer,...,en) CJ CA(er,...,en—1).

Suppose Zf:o t, <n< Zfiol t; for some k > 0. By the definition of F*(8) and
Proposition 2, we have

\J| > |A(61,--.,en)\ — @q—221’:1(degei—deg,ﬁo) > @q—in?:rll ting
q q

From (4.4), we have
k> K. (4.5)
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Write Iy = A(eq,...,en—1). Since

|J]97F > |Aer, ... en)|* ¢
2(a—¢) 2(a—¢)
= fio ‘A(el,...7€n,1)‘a_5 = @ |IJ|a_E7
n n
by (4.3) and (4.5), we have
e 2(a—e)
I8 < -n J]e—e
1= <15 /]
o
< <|ﬁ0|> q(degen—degﬁo)2(a—a)—2§Z?;ll(degei—degﬂo)|J|a—e—6
o q

5 5
< (W> qQ(a—E)nkH—Qé > t?‘r"i—1|,]|o‘_5_(S < <ﬂ0|> |J|a_s_6. (4.6)
q q
Let W = {I;:J €V}, we select all those discs in W which are maximal
(I; is maximal if there is no J’ € V such that I; C Iy and J # J'). Let W be
the set consisting of all maximal discs in W. It is obvious that W is a covering
system of F*(28) by fundamental cylinders. By (4.6), we have

1ol
Suppose the largest order of the fundamental cylinders in W is ¢. Then there
exists A(ey,...,e,) € W. Suppose Zf:o i <1< Zf:ol t; for some k > 0. If
¢ > 0, since each fundamental cylinder A(ey,...,e,—1,b), where b € B and ny <
degb—deg By < ngy1, contains infinitely many points in F*(*8), the fundamental
cylinders A(eq,...,e,_1,b) with b € B and ny < degb — deg By < ngy1 must all
be elements of W. By (4.1) we have

> |Aler, ... e,1,0)[* ¢

beB,ny <degb—deg Bo<npt1

- 5

beB ,ny <degb—deg Bo<nr41

5
Aa—a—é(U) > Aa—e—é(v) > (q) Aa—E(W)'

2(a—e¢)

bo NG

> Dy 2O Aey, .y e1)[Y7F > |Aler, e 1)|07F

Denote by R the new covering system of F*(28) obtained by just replacing
all fundamental cylinders A(ey,...,e,—1,e,) € W by the fundamental cylinders
Aler,...,e,—1). Then

Aa—s(W) > Aa—e(R)
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Proceeding in this manner, after a finite number of steps we reach a system whose
largest order is zero, thus

Aa—s(W) Z Aa—s(R) Z e Z |-’Z‘a7€ = |ﬂ0|a76-

Therefore
Aozfefé(U) > q6|ﬂ0 |O¢_E_(S

By the definition of Hausdorff dimension, we have dimy F*(8) > a—e—4. Since
€ >0 and § > 0 are arbitrary, we have dimy F*(*B) > a. O

5. On the sums of degrees of partial quotients occurring
in B-continued fractions

Let ¢ : N — R be a function satisfying ¢(n)/n — oo as n — oo. and

ey dege(@) 4+ degen(a)
E(¢) := { €I: lim ) 1}.

We determine the Hausdorff dimension of E(¢).
Theorem 5.1. If E(¢p) # 0, then

1 1
where b = lim sup M

dimp B(9) = 17 msup o

We first give a remark on ¢. For any given positive function ¢(n), if F(¢) # 0,
then there exists an 2o € E(¢), define ¢(n) = Y"1 _, degex(zo) — ndeg By for all
n > 1. Obviously, we have ¢(n)/¢(n) — 1 as n — oo, so E(¢) = E(¢). Hence,
in what follows, we can always assume that ¢ : N — N and ¢(n+1) — ¢(n) > 1
once E(¢) is non-empty.

5.1. Lower bound. The lower bound is obtained by estimating the Hausdorff
dimension of a homogeneous Moran subset of E(¢). We recall the definition and
a basic dimensional result of the homogeneous Moran set at first, see [4], [9] for
details.

Let {ny}r>1 be a sequence of positive integers and {cy }x>1 be a sequence of
positive numbers satisfying ng > 2,0 < ¢ < 1,n1¢; < 6 and ngex, < 1(k > 2),
where § is some positive number.

Let

Do ={0}, Di={(i1,...,ix):1<i; <n;, 1<j<k}.
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and D = s Dk. If 0 = (01,...,01) € Dy, 7 = (71, ...,Tm) € Dy, we define
the concatenation of o and 7 as o x 7 = (01, OksT1y -, Tm). Let (X,d) be a
metric space. Suppose that J C X is a closed subset with positive diameter. A
collection § = {J, : 0 € D} of closed subsets of J is said to have a homogeneous
Moran structure if it satisfies:

(1) Jo = J;

(2) For any k > 1 and 0 € Dg_1,Jps1, Jos2,- -+, Joxn, are subsets of J, and
satisfying int(Jys;) ()int(Josj) = 0 (¢ # j). where int(A) denotes the interior
of A;

(3) Forany k> 1 and o € Di_1,1 < j < nyg, we have Voxgl _ Cr;.

[o]
If ¥ is such a collection, E := ) k>1 U J is called a homogeneous Moran set
determined by §.

o€Dy

Lemma 5.2 ([4], [9]). For the above defined homogeneous Moran set, we

have
logning - - -ny

dimy E > liminf .
k—oo —logecica - Cpqp1Mpg1

Lemma 5.3. Assume that {s,}52, is a sequence of positive integers satis-
fying 237 | s — 00 asn — co. Let E = {x € T : degen(z) — deg By = sn}.
Then we have

dimy E > liminf — 17525 s
n—oo 2(s1+ 82+ -+ 8p) + Snt1

PROOF. Let
D, ={c:0=(e1,e2,...,en) € H(B)", deger —degfy = si, 1 <k <n}.

Put
Ey=1, E,= U Aler,ea,...,6n), Vn>1.

(e1,€2,...,en) €Dy

Then E = /2 B,

Take ny, = (¢ — 1)¢°*,cx, = ¢ 2. From the above structure, it follows
that each component A(ej,eq,...,ex—1) in Ei_1 contains ny many elements
A(e,ea,...,ex) in Fy with the same ratio ¢;x. Thus F is a standard homogeneous

Moran set. By Lemma 5.2, we have
1 -1 e )1
dimgy F > liminf nlog(g — 1) + (s1+---+sn)logg
oo —log(g — 1) + (2(s1 + -+ + sn) + sp41) logq

L S1+ 8y + 45y
> liminf .
n—oo 2(s1+ 82+ + Sp) + S
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Take s1 = ¢(1), s = d(n) — @p(n — 1) for n > 2. Tt is easy to see that
E C E(¢). In fact, for any n > 1,dege,, = s, + deg Sy, therefore

degei(z) £ --- + degen(z) ¢(n) + ndeg fo

lim = lim =1,
n— oo ¢(n) n— 00 qﬁ(n)
since ¢(n)/n — oo as n — oo. By lemma 5.3, we have
¢(n) _ 1

dimys £(9) > lminf o(n)+d(n+1)  1+b

5.2. Upper bound. Set

E(¢) = {x eT: lim dB@ T o Fdegen(w) “ndegho 1} .
n—c0 p(n)

It is easy to see that E*(¢) = E(¢), so we only need estimate the upper bound

of dimy E*(¢). Since ¢ is monotonic increasing, we have b > 1. The proof is

distinguished into three cases according to 1 < b < oo, b=1 and b = cc.

Case I:' 1 < b < 0.
We begin with the construction of a family of measures {us, ¢ > 1}. For any
t>1and {b1,bs,...,b,} C H(B) with degb; > deg o + 1(1 < j <n), set

116 (A(b1,ba, ..., by)) = gt 2i=a(degbi—deg fo)=n P (t)

where
P(t) = log,(q(q — 1)) — log,(¢" — q).
By using the equalities

Z qft(degbfdegﬁo) — i Z qftn

b:deg b>deg Bo+1 n=1 deg b=deg Bo+n
- (g — 1)
— 2 :q—tn<q_1>qn: : qu(t),
n=1 749

it is easy to check that
> e (A1, b2, ooy bngr)) = pe(A(b1, bas -, bn)),

bp41:degbp41>deg Bo+1
Z :U’t(A(bl,b%“'abn)):l’
b1,b2,...,bn

where the sum is taken over all b; and degb; > deg 3y + 1. So the measure i is
well defined.

Fix ¢ > 1 and € > 0. By the given condition ¢(n)/n — oo and the definition
of b, we have
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e There exists N(¢,¢) € N such that for all n > N (¢, ¢),
nP(t) <e(l—e)p(n). (5.1)
e We can choose a subsequence {n;}%2, of N with ny > N(t,¢) for all k& > 1
and
d(ng +1) > d(ng)b(1 — e). (5.2)
Now we give a cover of the set E*(¢). For any n > 1, let
An(e) = {(617...,€n) eHP)": (1—¢)
1 n
< o) Z(deg e; —degfy) < (1+ 5)} (5.3)
j=1
For any (e1,...,e,) € Ap(e), let
Dpii(e;(ery...yen)) ={eny1 € HB) : (e1,...,en,ent1) € Apyi(e)}
and
J(er,...,en) = U Aer,. .., en,€nt1)-
ent1€Dn1(g5(e1,...0en))
Then

E*¢)c J N U J(e1, ... en). (5.4)

N=1n=N (e1,...,en)EA,(€)

For each N > 1, (e1,...,€n,) € Ap, () with ng, > N, we will estimate the

length of J(ey,...,en,).

For any ey, +1 € Dp,+1(g; (€1, ..., en,)), by the definition of A,,(¢) and D, 41

(e;(e1,-..,en)), together with (5.2), we have

ni+1
> (dege; —deg Bo) > ¢(ng + 1)(1 —£) > d(nx)b(1 — £)?

Jj=1

_ )2
> ML= S™(dege; — deg fio).

Thus

- 1+4e¢ =
b(1—¢)? o
@%w1®MQ<1+EQ;@wj®ww (5.5)
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Write v = (2022 4 , by Proposition 2 we have
v 1+e
|J(€1,...,€nk)| < Z ‘A(ela-”aenmenk—&-lﬂ

enpt+1:degen, 1 —deg Bo>v 37k, (deg e;—deg Bo)
oo
< Z Z ‘A(ela""enkvenk-‘rl)l
k=~ Z;ﬁl(deg ej—deg Bo) €ny+1:deg en,; 1 —deg fo=k
oo
< q*2 Z;’il(degejfdegﬂo) Z q_k
k=v >k, (deg e;—deg Bo)

2+~

< |Aer, ... en )| 7.

For each (e1,...,en,) € Ay, (g), by (5.1), we have

A(er,. .. en,)| 55 < g () Dita(des s —deg fo)

< g B er e mder Bo)mme PO —  (Afe, e, ).

After these preliminaries, we estimate the ;ify—dimensional Hausdorff measure
of E*(6).
HEE (B (9) <tminf Y [Jler, ., en)| P
k—o0
(€1,-sny ) EAR, (€)
. . i t+s
<liminf Y (Aer e, T
(elv---venk)eAnk(‘E)
< lim inf > pi(Alers . en,)) < 1.

(e150eeny, )EAR, (&)

So, we have dimyg F*(¢) < ;ify Letting ¢ — 0 and ¢t — 1, we obtain

1
di E*(p) < —.
my BY(9) < 195
Case II: b= 1.
In this case, it can be proved by just applying to the natural covering system

U Aler, ... en). (5.6)

ren) €A (€)

E*(¢)c |
N=

5
I
138
°
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Then, following from formula (5.1), we have

t+e * . . t+e
H= (E(¢)) < liminf > IAer,... en,)| 2
(e1,--s6ny )EAR, ()
P —(t+e) Eni (deg ej—deg Bo)
DR =D DR
(€1, senp ) EAR, (€)
.. —t E:ﬁ (degej—deg Bo)—ni P(t)
<hmif ) gt
(el,...,enk)GAnk (e)
<<likn_1)'£f Z pe(Aler, ... en,)) < 1.

(e1,..sn) )EAR, (€)

It follows that dimy E*(¢) < <. Letting e — 0 and t — 1, we have

dimpg E*(¢) < %

Case III: b = co.
In this case, we replace b in case I by arbitrary large number n. Then, we

have dimy E*(¢) < . Letting n — oo, we have dimpy E*(¢) = 0. O
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