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The shuffle variant of Terai’s conjecture on exponential
Diophantine equations

By TAKAFUMI MIYAZAKI (Tokyo)

Abstract. Let p,q and r be positive integers with p,q,r > 2, and let a, b and ¢
be pair-wise relatively prime positive integers such that a? + b? = ¢". Terai’s conjecture
states that apart from a handful of exceptions, the exponential Diophantine equation
a” + bY = ¢® in positive integers z,y and z, has the unique solution (z,vy,z) = (p,q,7).
In this paper we consider a similar problem (which we call the shuffle variant of Terai’s
problem). Our problem states that apart from a handful of exceptions, the exponential
Diophantine equation ¢”4+bY = a® in positive integers x, y and z, has the unique solution
(z,y,2) = (1,1,p) if ¢ =r = 2 and ¢ = b+ 1, and no solutions otherwise. We establish
several results on our problem by the theory of linear forms in two archimedean and
non-archimedean logarithms with various elementary techniques. In particular we prove
that the shuffle variant of Terai’s problem is true if g =7 =2 and ¢ = b+ 1.

1. Introduction

We consider the exponential Diophantine equation

a® +b¥ =c* (1.1)
in positive integers z, y and z, where a, b and c¢ are fixed pair-wise relatively prime
positive integers. There is an interesting problem on equation (1.1) (cf. [18], [19],
[23]):

Conjecture 1. Let p, g and r be positive integers with p,q,r > 2, and let
a, b and c be pair-wise relatively prime positive integers such that a? + b? = ¢'.
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for linear forms in logarithms.
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Assume that (a,b,c) is not any of the following cases (up to permutation of a
and b): (2,7,3),(2,2P72 —1,2P=2 4+ 1); p > 3. Then (1.1) has the unique solution
(@,y,2) = (p,q; 7).

In what follows, we call this Terai’s conjecture. Most known results on Terai’s
conjecture concern the case of p = ¢ = 2. For r > 2 we can find that all of the
relatively prime positive integers a,b and c satisfying a? + b> = ¢” are given by
(cf. [8, p. 466]):

a=|A|l, b=|B|, c¢=m?+n? (1)

where m, n are relatively prime positive integers of different parities with m > n,
and A, B are the integers defined by A + By/—1 = (m + ny/—1)". There are
a number of partial results in this case. Many of them concern the case where
m =2 (mod 4) or n =1 (see for example [4], [5], [6], [7], [9], [13], [14], [16], [19],
[24] and their references).

In [18] the author considered the case of ¢ = r = 2 and obtained results.
For p > 3 we can find that all of the relatively prime positive integers a, b and ¢
satisfying a? 4+ b2 = ¢? are given by (cf. [8, p. 465]):

P _ — p P — p
T Lt - Lt N R 2 U g

(IT)

where m, n are relatively prime positive integers of different parities with m > n,
or
a=2mn, b= |2p*2mp—n”f7 c=2"2mP 4 nP, (I11)

where m, n are relatively prime positive integers with n = 1 (mod 2).

In case p = ¢ = r = 2, Terai’s conjecture coincides with JESMANOWICZ’ con-
jecture [10], which is the origin of Terai’s conjecture (cf. [3, 4, 15] for JeSmanowicz’
conjecture). Let (a, b, c) be a primitive Pythagorean triple, that is, a, b, ¢ are re-
latively prime positive integers satisfying a? + b2 = ¢®> (we may assume that b is
even). In this case, we consider the equation

"+ =ad° (1.2)
where z,y, 2 € N. In [20] we proposed an analogue of JeSmanowicz’ conjecture as
follows.

Conjecture 2. Let (a,b,c) be a primitive Pythagorean triple such that
a’? +b? =2 and b is even. Then (1.2) has the unique solution (z,y,2) = (1,1,2)
if c = b+ 1, and no solutions if ¢ > b+ 1.
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We call this the shuffie variant of JeSmanowicz’ problem. In this paper we
propose a similar problem for much more general cases as follows.

Conjecture 3. Let p, g and r be positive integers with p,q,r > 2, and let a, b
and ¢ be pair-wise relatively prime positive integers such that a?+b? = ¢". Assume
that (a, b, c) is not any of the following cases: (2,7,3),(2,2P=2—1,2P"24+1); p > 3.
Then (1.2) has the unique solution (x,y,z) = (1,1,p) ifg=r=2and c=b+1,
and no solutions otherwise.

We call this the shuffle variant of Terai’s problem. In case where ¢ = r = 2
and ¢ = b+ 1, since a? = ¢® — b?> = (c+b)(c—b) = c+b, we find that (1.2) always
has the solution (z,y,z) = (1,1, p). Remark that

20470 =34 3 47=2
2+ (2P 1) = (2072 4+ 1)% (PP )+ (20— 1) =271 (p>3).

We also remark that ¢ = r =2 and ¢ = b+ 1 if and only if a, b and ¢ are given
by (IT) with m = n + 1. It seems that our problem, as well as Terai’s conjecture,
is very difficult to solve.

In this paper we first prove three results concerning the case where a, b and
¢ are given by (I), (IT) and (III).

Theorem 1. Let r be a positive integer such that r = 2 (mod 8), and let
a, b, ¢ be given by (I). Assume that m > 2r/m and n = 1. Then Conjecture 3 is
true.

Theorem 2. Let p be a positive integer such that p = £2 (mod 12), and
let a, b, ¢ be given by (II). Assume that n = 1. Then Conjecture 3 is true.

Theorem 3. Let p be a positive integer with p > 3, and let a, b, ¢ be given
by (III). Assume that n = 1. Then (1.2) has a solution only if m =1. If m =1,
then all of the solutions of (1.2) are given by

(1ak72)7k21 lfp:?)a
(z,y,2) = 1 (1,1,3),(1,3,5),(3,1,7) ifp=4,

Finally we prove that the first part of Conjecture 3 is true.

Theorem 4. Let p be a positive integer with p > 2, and let a, b, ¢ be pair-
wise relatively prime positive integers such that a? +b* = ¢? and ¢ = b+ 1. Then
(1.2) has the unique solution (z,y,z) = (1,1, p).
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2. Linear forms in two logarithms

In this section we will quote preliminary results on linear forms in two archi-
medean and non-archimedean logarithms. We denote the sets of positive integers,
integers, rational numbers and real numbers by N, Z, Q and R, respectively.

For any algebraic number « of degree d over Q, we define as usual the absolute
logarithmic height of a by

d
1 )
h(o) = (10g|00| +_logmax{1, la“>|}> ,
=1

where ¢g is the leading coefficient of the minimal polynomial of « over Z, and the
a® a® . a® are the conjugates of v in the field of complex numbers.

Let a and ap be two non-zero algebraic numbers with |a;| > 1 and |as| > 1,
and let log o1 and log as be any determination of their logarithms. We consider
the linear form in two logarithms

A =bylogas — by logay,

where b1,bo € N Put D = [Q(a1,az2) : Q]/[R(c1,a2) : R]. Define b/ =
b1/(Dlog As) + ba/(Dlog Ay), where Ay, Ay > 1 are real numbers such that

log A; > maux{h(ai)7 |log ov;|/ D, 1/D} (1 =1,2).

We choose to use a result due to LAURENT [12, Corollary 2] with m = 10 and
Cy=252.

Proposition 1. With the above notation, suppose that oy, az,log ag,log as
are real and positive. If aq and as are multiplicatively independent, then we have
the lower estimate

log |A] > —25.2(max{log b’ + 0.38,10})*log o log .

Applying Proposition 1 to (1.2), we show the following lemma.

Lemma 2.1. Let (z,y,2) be a solution of (1.2). Then

log b 2
T Y987 L o5o(max{log( —— + ——) 4+0.38,10% | .
loga logalogc loga logc
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PROOF. Since zloga = log(c®+bY) = zlog ctlog(1+b¥c™*) < xlog c+b¥c™ %,
we see that
(0<) A:=zloga—xloge < b¥c™™.
Remark that a and c are relatively prime positive integers greater than 1. There-
fore, they are multiplicatively independent. To use Proposition 1, we set a; = ¢,
ag =a, by = x,bo = z. Then D = 1,h(a) = a,h(c) = ¢. We may take 4; = a
and Ay = c. It follows from Proposition 1 that

z

2
—25.2 (max {IOg(loZa + 1Ogc>—|—0.38, 10}) logalogc < log A < ylogb—xlogc.

The desired conclusion follows from this. O

Next, we shall quote a result on linear forms in f-adic logarithms due to
BUGEAUD [2]. Here we consider the case where y; = y» = 1 in the notation from
[2, p.375]

Let £ be a prime number. Let a; and as be non-zero integers prime to £. Let
g be the least positive integer such that

orde(a —1) > 1, orde(aj —1) > 1,

where we denote the f-adic valuation by orde( ). Assume that there exists a real
number E such that
1/(¢ —1) < E < ordg(a] — 1).

We consider the integer

A= a?l —agz,

where b1,bs € N. We let A1, As > 1 be real numbers such that
log A; > max{log|a;|, Elogt} (i=1,2),
and we put b’ = by/log Ay + ba/log A;.

Proposition 2. With the above notation, if a; and as are multiplicatively
independent, then we have the upper estimates

ord(A) < %(max{log b +log(Elogt) + 0.4, 6E10g€,5})2 log A log A,,

53.8¢
dp(A) < —————
ordy(4) < E3(log 0)*

if £ is odd or if £ = 2 and ords(as — 1) > 2. Else, we have

(max{log’ + log(Elog{) + 0.4,4E log , 5})2 log A; log Ao,

ordy(A) < 208( max{log b’ + 0.04, 10})2 log Aj log A,.
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3. Proof of Theorem 1

Let r be a positive integer such that » =2 (mod 8), and let m be a positive
even integer m. We define integers a,b and ¢ by (I) with n = 1. Then

_ r_’r r—2 r 2
(s
("N, =1 _ (TN -3, . _ r 3 r
e N S R

Lemma 3.1. If m > 2r/m, then the following (i) and (ii) hold.
(i) a= A and b= B.
(ii) max{a,b} < ¢'/? < min{a?,b?}.

PROOF. (i) We define the real number 6 (0 < 6§ < 7/2) by tanf = 1/m.
Since A = ¢"/? cos(r6) and B = ¢'/? sin(rf), if m > 2r /7, then

rf = rarctan(l/m) < r/m < w/2.

Hence both A and B are positive.
(ii) This follows from the fact that {a, b, ¢"/?} forms a Pythagorean triple. [

We consider the equation
(m? +1)" +bY = a? (3.1)

where m, z,y, z € N and m is even. Let (m, x,y, z) be a solution of (3.1). Assume
that m > 2r/m. Then a = A and b = B by (i) in Lemma 3.1. We prepare several
lemmas.

Lemma 3.2. z is odd.

PROOF. Since

<:) - (;> T <ri3) + (r;) = (1 +V=1)") = 27/2sin(xr/4) = 27/,

we observe that

(m?+1)" =2 (mod m? — 1),

()G (T (e e

aEl—(;>+~--+<ri2)—1EO (mod m? — 1).
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It follows from (3.1) that 2% = —(2"/2m)¥ (mod m? — 1). Since r/2 is odd and
m is even, we see that (%)m = f(mzz”jl)y = —1Y = —1, where we denote the

Jacobi symbol by (f) Hence z is odd. O

Lemma 3.3. z is even.

ProOF. Taking (3.1) modulo 2m, we find that (—1)* =1 (mod 2m). Hence
z is even since 2m > 3. O

By Lemma 3.3, we can write z = 27, where Z € N.
Lemma 3.4. m=r andy = 1.

PROOF. Since x is odd by Lemma 3.2, we observe that

27
m*+1)"=m?+1, b=rm, a225(< " )mQ—l) =1 (mod 2m?).

r—2
It follows from (3.1) that (rm)¥ = m? (mod 2m?). If y > 1, then, since r is
even, we find that m? = 0 (mod 2m?). This is clearly absurd. Hence y = 1,

so rm = m? (mod 2m?), that is, 7 = m (mod 2m). In particular, m divides r.
Therefore, we obtain m = r since r/m < /2 < 2. O

From Lemma 3.4 we see that

and 76 = rarctan(1/r) < 1. In particular, b/a = tan(rf) < 1.6.

Lemma 3.5. The following (i)—(iv) hold.
(i) z4+1<rZ.
(ii) 2 +1=7rZ (mod r%/d(r)), where

d(r):{1 ifr;fo (mod 3),
3 ifr=0 (mod 3).
(i) c® > b.

(iv) z >rZ/2.
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PRrOOF. (i) From (ii) in Lemma 3.1 we see that ¢* < ¢* +b = a?4 < ¢"%, so
r+1<rZ.

(ii) Since d(r)(r — 1)(r — 2) is a multiple of 6, we observe that

P+ 1)*=rz+1 (mod rt),

r)(r — r— r
bz_d( )( 61)( 2)61(7’)+TQETQ (mod 7‘4/d(7’))7

27
a*? = ((Ti2>r2—1) =r3r-1)Z+1=r3Z+1 (modr?).

It follows from (3.1) that x + 1 =rZ (mod r?/d(r)).

(iii) Suppose that ¢* < b. Then ¢® < b— 1 since b is even and ¢ is odd. Hence
a2 <a?2 =¢®+b<2b—1< 3.2a — 1. But this does not hold.

(iv) From (ii) in Lemma 3.1 and (iii) in this lemma we see that ¢
c® 4+ b < 2", so gri/2—w < rZ/2-z o 2, which implies that > rZ/2. O

rZ/2 < a?Z =

Lemma 3.6. We have the upper estimate x < 2521loga.

PROOF. From (iii) in Lemma 3.5 we find that a®?? = ¢* + b < 2¢®. Since
b < 1.6a and ¢ > 5, it follows from Lemma 2.1 that

T 2z 2
—— < 1+25.2( max<log| —— + 1) +0.38,10 .
loga loga

This implies that 2/ loga < 2521. O

In what follows, we put A; = zloga — xzlogec (> 0). Since A; < b/c* <
1/c¢®="/2 it follows from Lemma 3.6 that

1 2521

loge =z
xca:—r/Q lOg a < x2cx—7"/2 '

loga =

In the proof of the following lemma, we use a reduction method via continued
fraction expansions.

Lemma 3.7. x+1=1rZ.

PROOF. In case r = 2, (3.1) is 5% + 4 = 322, Since (3% + 2)(3% — 2) = 5
and ged(3Z + 2,37 — 2) =1, we see that 32 —2=1. Hence Z =1, so = = 1.

Suppose that =+ 1 # rZ. We will observe that this leads to a contradiction.
Then, by the first remark, we see that r # 2, so r > 10 since r = 2 (mod 8).
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Furthermore, (i) and (i) in Lemma 3.5 yield rZ > r2/d(r)+x+ 1. Since we know
from (iv) in Lemma 3.5 that z > rZ/2, we see that rZ > r2/d(r) + rZ/2 + 1,
hence > rZ/2 > r?/d(r) + 1. It follows from Lemma 3.6 that

r?/d(r) + 1 < 2521 loga = 2521 log ((r* + 1)"/2 cos(r arctan(1/r))).
This implies that r < 25586 if r Z 0 (mod 3), and r» < 85914 if r =0 (mod 3).

On the other hand, since r > 10, we see that ¢*~"/2 > (r2+ 1)T2/‘1(7”)_T/2“‘1 >
5042, hence

loge =z 1
loga = 222"
Therefore, Z is a convergent in the simple continued fraction expansion of llggg

— Ps

Hence we can write £ e
.

which is the s-th such convergent. Then

1

loge  ps
(ass1+ 2)93’

loga  gs

where agy1 is the (s + 1)-st partial quotient to }gﬁ (cf. [11]). Since g5 < z, it
follows that a1 +2 > xq; 2" "/?loga > = 'c¢*~"/?loga, so

Crz/d(r)f'r/2+1 loga
r2/d(r) + 1

Ast1 +2>

We can numerically check, for each r under consideration, that the above inequ-
ality does not hold for any s satisfying ¢, < 25211loga. This is a contradiction.
We conclude that x +1 =rZ. (|

PRrROOF OF THEOREM 1. It suffices to show that = 2. From Lemma 3.7 we
know that ¢"?~! 4+ b = a?%. Since a? + b> = ¢", we observe that ¢"?~! = a?? =
(" —=b%)% = c"? (mod b). Since ged(b, c) = 1, it follows that ¢ = 1 (mod b), that
is, b divides r2. Hence b = r? since b is a multiple of 2. Then

r T_l_ r r—3 e — r 3: —_ 2:
(1>r <3>r + (7‘ _ 3)7" b—r 0.

If 7 > 2, taking this modulo 7°, we find that (,”,)r* = r*(r — 1)(r — 2)/6 = 0
(mod r®). This implies that 2 = 0 (mod ), in contradiction with r > 10, hence
r = 2. We complete the proof of Theorem 1. ([
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4. Proof of Theorem 2

Let p be a positive integer such that p = £2 (mod 12), and let m be a
positive even integer m. We define integers a,b and ¢ by (II) with n = 1. Then

b= p mZD—1+ p mP_3+...+ p m, c=mP+ p mp_2+~--—|- P m2+1
1 3 p—1 2 p—2

We consider the equation
4+ bY = (m? - 1)* (4.1)

where m,z,y,z € N and m is even. Let (m,z,y, 2) be a solution of (4.1). We
prepare several lemmas.

Lemma 4.1. x is odd and z is even.

PROOF. This can be proved similarly to the proofs of Lemmas 3.2 and 3.3.
O

By Lemma 4.1, we can write z = 27, where Z € N.

Lemma 4.2. We havey = 1, p= 0 (mod m),4Z —pz+2p/m = 0 (mod m?),
m?2(m — 1) < 5044p and

x < 2521 1log(m? — 1), max{pz/4,p/2} < Z < (2521/2)plog(m + 1).

PROOF. Since (’2’) is odd and z is odd by Lemma 4.1, we observe that

= <§>m2x+ l=m?+1, b=pm, (m*>-1)*?=1 (mod 2m?).

It follows from (4.1) that (pm)¥ = m? (mod 2m?). Similarly to the proof of
Lemma 3.4, we may conclude that y =1 and p =0 (mod m).
Since p =0 (mod m) and (p — 1)(p — 2) is a multiple of 6, we see that

< P >m35 (mod m*), (pp )mQE—pm2/2 (mod m*/2).
So we observe that
& =—pm?z/2+1, b=pm, (mM?-12*2=-2m?Z+1 (modm?/2).

It follows from (4.1) that 4Z — px + 2p/m =0 (mod m?).
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Since b < ¢ and (m? — 1)* = ¢® + b < 2¢%, using a similar observation in
Lemma 3.6, we find that < 2521log(m? — 1). Since (m? — 1)?2 = ¢® +b <
(c+b)® = (m+1)P*, we see that 2Z < pzlog(m + 1)(log(m? —1))~! < 2521plog
(m + 1). On the other hand, since ¢ > (m? — 1)?/2, we see that (m? — 1)?% >
¢ > (m? —1)P*/2 s0 Z > px/4.

If v =1, then (m+ 1) =c+ b= (m?—1)2%2 = (m + 1)*%(m — 1)?2. Since
ged(m+1,m — 1) = 1, we see that m = 2, so Z = p/2. In particular, we always
find that Z > p/2.

Since 4Z —px > 0, pr > 27 log(m?—1) ( 10g(m+1))71 and 4Z —px+2p/m =0
(mod m?), we may conclude that

2 2Zlog (142 -1 2 5042 2
log(m + 1) m m—1 m

This implies that m?(m — 1) < 5044p. O

Lemma 4.3. The following (i) and (ii) hold.

(i) m — 1 does not have any prime factors congruent to 3 modulo 4, and we can
write m = 3k 4 2 for some non-negative integer k.

(ii) Ifz > 1, then we have the lower estimate x > 1+ 2 - 3?~¢()  where

36.1 2
e(p) = 30og3)? log(5044p) ( max {log(p + 1) + 0.4, 6log 3})".

Proor. By Lemma 4.2, we know that z = 27 > p. We observe that
27" = ((m+1)P+(m—1)P)" = (m—1)P", 2°b= —2""*(m—1)? (mod (m-+1)P).

It follows from (4.1) that (m — 1)P* = 27 1(m — 1)? (mod (m + 1)?). Since
ged(m+1,m — 1) =1, we find that

(m —1)P@=D = 27=1  (mod (m + 1)P).
Similarly, multiplying (4.1) by 2* and taking modulo (m —1)?, we may show that
(m+1)PEY 42771 =0 (mod (m — 1)P).
Since z — 1 is even by Lemma 4.1, we see from the above congruence that m — 1

is not divisible by any prime congruent to 3 modulo 4, in particular, by 3. Also,
since p Z 0 (mod 3) and m is a divisor of p by Lemma 4.2, we see that m is
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not divisible by 3. Therefore, m = 2 (mod 3), that is, m = 3k + 2 for some non-
negative integer k. Since m+1 is divisible by 3, it follows that (m—1)P(=—1) = 2#-1
(mod 3P). From (P1.2) in [21, p.11] we observe that

z—1
2

p < ords ((m— 1)plE=b _ 2“:_1) = ords ((m — 1)21’( ) — 22(151))

m—1)2(7) —92(*%%)
= ords <( D 2 ) + ords ((m — 1)* — 2?)

(m—1)2 — 22
z—1 9 9
= ords —5 + ords ((m — 1)*” — 2%) = ords(z — 1) + ordz(A2),

where As = (m — 1)» — (=2). Then As = 3k +1)? +2 = 3(kp+ 1) (mod 9).
We remark that {0,p, —p} is a complete residue system modulo 3. If k # —p
(mod 3), then ords(As) =1, so ordz(z — 1) > p— 1, hence x =1 (mod 2 - 3771).

Finally, we will consider the case where k = —p (mod 3). In this case, since
k # 0 (mod 3), we see that m > 2, so m > 4. We use Proposition 2 to find an
upper bound for ords(Az). For this we put £ =3, a; = m —1, as = =2, by = p,
b = 1. Then g = 1, and we may take £ =1, Ay = m — 1, A, = 3. We put
b =p/log3+1/log(m—1) (< (p+1)/log3). Since (m—1)% < m?(m—1) < 5044p
by Lemma 4.2, it follows from Proposition 2 that we may take e, as desired. [

PROOF OF THEOREM 2. Suppose that > 1. Then Lemma 4.2 and (ii) in
Lemma 4.3 yield

(p — e(p))log3 < log(x/2) < log(2521logm) < log(2521 10g((5044p)1/3 +1)).

This implies that p < 17066. Hence m,x and Z are also bounded and reduced
by Lemmas 4.2 and 4.3. In these cases, we can find a contradiction by using
continued fraction expansion similar to the proof of Theorem 1. We conclude
that x = 1. Hence (m, z) = (2, p) as we observed in the proof of Lemma 4.2. This
completes the proof of Theorem 2. O

5. Proof of Theorem 3

Let p be a positive integer with p > 3, and let m be a positive integer. Then
we consider the equation

(2P72mP + 1) 4 (2P 2mP — 1)Y = (2m)? (5.1)

where z,y,2 € N. In case m = 1, (5.1) is (2P72 + 1) 4+ (2P72 — 1)V = 2%, If
p = 3, then 3” + 1 = 27%. Since z > 1 and any power of 3 is congruent to 1
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or 3 modulo 8, it follows that z = 2, so x = 1. If p > 4, then by the result of
ScoTT [22, Theorem 6], we may conclude that all of the solutions are given by
(x,y,2) =(1,1,3),(1,3,5),(3,1,7) if p=4, and (x,y,2) = (1,1,p—1) if p > 5.

In case m = 2, (5.1) is (4771 +1)* + (4P~ —1)¥ = 222, Taking this modulo 3,
we have (—1)* = 1 (mod 3). Hence z is even. Then taking the above modu-
lo 4, we have (—1)Y= — 1 (mod 4). Hence y is odd. Since (47~ —1)¥ = (2% +
(4P=141)%/2)(2% — (47~ +1)%/2), and the two factors on the right-hand side are
relatively prime, we can write 2+ (4P~141)*/2 = ¥ and 2% — (4P~ 1 4+1)%/2 = oV for
some positive odd integers u and v. We note that y > 1. Adding the first equation
and the second one, we have (u + v)w = 2°T1, where w = (u¥ +v¥)/(u +v) =
Wl —w2u 4 —uvY "2 4+ 0¥ ! is a positive integer. Since w is a sum of y odd
integers, we see that w is odd. Hence w = 1, so y = 1. This is a contradiction.

In what follows, we consider the case of m > 3. We define integers a, b and ¢
by (III) with n = 1. Remark that ¢ > b > (2m)P~! (= aP~1).

Suppose that there exists a solution (z,y,z) of (5.1). We will observe that
this leads to a contradiction. For this we prepare several lemmas.

Lemma 5.1. z > p.

PROOF. Since a* = c* +bY > c+b = (2m)P"tm > (2m)P~! = aP~ !, the
lemma holds. (]

Lemma 5.2. Both x and y are odd.
PRrROOF. We observe that
E=22mPr 4+ 1, b= (—1)Y"1222mPy + (—1)Y  (mod 2P~ 'mP).
It follows from (5.1) and Lemma 5.1 that
2P 2mPy + (=1)Y 2P 2Py + 14+ (=1)Y =0 (mod 2P~ 'mP).

Reducing this modulo 2m, we have (—1)¥ = —1 (mod 2m). Hence y is odd since
2m > 3. Therefore, the above congruence gives that z +y = 0 (mod 2), so z is
odd. |

Lemma 5.3. z > (p — 1) max{z,y} and z > 2p.
PROOF. Since ¢ > b > aP~1, it follows from (5.1) that
z > (logmax{c®,bY})/loga > max{x,y}(logb)/loga > (p — 1) max{x, y}.

Suppose that z < 2p. Then max{z,y} < (2p—1)/(p—1) <3,s0ox =y =1 by
Lemma 5.2, hence (2m)* = 2P~!mP. This contradicts Lemma 5.1. We conclude
that z > 2p. O
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Lemma 5.4. z +y =0 (mod 2P~ 2mP).

PRrROOF. From Lemmas 5.2 and 5.3 we observe that
A= 2mPr 41, W=2"2mPy—1, a*=0 (mod 2% *m?P).

It follows from (5.1) that  +y =0 (mod 2P~2mP). O

Toward a contradiction we will use Proposition 2. We remark that both b, ¢
are odd and b # ¢ (mod 4). We will consider the cases p > 4 and p = 3 separately.

e The case of p > 4.

We assume that p > 4. Then ¢ = —b =1 (mod 4). We put £ = 2, a1 = ¢,
as = —b, by =x, by =y and Az = ¢*— (=b)¥ = (2m)*. Then g = 1. Sincec—1 =
2P"2mP and ¢ > b > (2m)P~1 > 2P=2 we may take E = p —2, Ay = ¢, Ay = b.
We put b/ = z/logb+y/logc. We write M = max{x,y}. Then Lemma 5.4 yields
M > (x+y)/2>2°P3mP (> 32),and so c— 1 =b+1=2P"2mP < 2M. Since
c>b> (2m)P~L, we see that

. oM oM
b < < < .
logb = (p—1)log(2m) ~— (p—1)log2

Combining Proposition 2 with Lemma 5.3, we have

36.11log(2M —1)log(2M + 1)
(log 2)4(p — 2)°

If log M + 0.4 < 6(p — 2)log 2, then

(p—1)M <z< (max{log M +0.4,6(p— 2) log 2})2.

(log2)*(p — 1)(p — 2) < 1299.6 M ' log(2M — 1) log(2M + 1).

The right-hand side of the above inequality is a decreasing function on M > 4.
Since M > 2P~3mP_ it follows that

(log2)2(p — 1)(p — 2)2P3mP < 1299.6log (2P ~2mP — 1) log(2P~?m? + 1).

This implies that p < 6 and m < 13. In these cases, we may observe that
(5.1) has no solutions. This is a contradiction. Similarly, in the case where
log M + 0.4 > 6(p — 2)log 2, using the fact that M > 2P~3mP > 32, we can find
a contradiction.
e The case of p = 3.

We assume that p = 3. First, we suppose that m is even. Then c= -b=1
(mod 4). Hence we may put the values of ¢, a1, as, b1, ba, A3, g, A1, As as in the
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case of p > 4. Since ¢ — 1 = 2m?® =0 (mod 2%) and b > 16, we may take E = 4.
Similarly to the case of p > 4, combining Proposition 2 with Lemma 5.3, we have

2
AM <22 < (max{ log(2M) +0.4, 24 log 2}) log(2M — 1) log(2M + 1).

36.1
64(log 2)*
This implies that M < 18753. Hence m < 26. In these cases, we may observe
that (5.1) has no solutions.

Finally, we suppose that m is odd. Then b = —c¢ =1 (mod 4). We put £ = 2,
ay =b, a3 =—c, by =y, by =z and A3 = ¥ — (—¢)* = (2m)?*. Then g = 1, and
we may take E = 2. Similarly to the preceding case we find an upper bound for
m. In these cases, we may observe that (5.1) has no solutions. We conclude that
(5.1) has no solutions in the case of m > 3, and complete the proof of Theorem 3.

6. Proof of Theorem 4

Let p be a positive integer with p > 2, and let a, b, ¢ be pair-wise relatively
prime positive integers such that a? + b? = ¢? and ¢ = b+ 1. Then from (I), (II)
and (IIT) we see that a, b, ¢ are given by

(2m —1)P — 1 (2m —1)7 +1

=2m-—1, b= = =b+1
a m ) 9 ’ c 2 ( +)a

where m is a positive integer with m > 2. We consider the equation
G+1D*+b =(2m—1)* (6.1)
where z,y,z € N. In what follows, let (z,y,z) be a solution of (6.1). First we
prove an important lemma.
Lemma 6.1. z is divisible by p.

PROOF. Let R be the least non-negative residue of z modulo p. Since (2m —
1)* = (2m — 1)® (mod b), it follows from (6.1) that (2m — 1) = 1 (mod b).
If R > 0, then b+ 1 < (2m — 1)® < (2m — 1)P~!, which implies that (2m —
1)P~1(2m — 3) < —1. This is a contradiction. O

By Lemma 6.1, we can write z = pZ, where Z € N. Then we rewrite (6.1) as
(b+1)"+bY = (20 + 1), (6.2)

It suffices to show that x =y =2 = 1.
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If p is even, then we may rewrite (6.2) as
(2N? —2N +1)" + (2N(N - 1)) = (2N — 1)*7,

where N = ((2m — 1)?/2 4 1)/2 is a positive integer with N > 2. By the same
method as in [20, Section 5], we may conclude that z =y = Z = 1.
In what follows, we consider the case where p is odd. Remark that b > 13.

Lemma 6.2. The following (i)—(v) hold.
(i) Write M = max{z,y}. Then Z < M < 1.3Z, where the first equality is
attained if and only if x =y =2 = 1.
(ii) y = Z (mod 2).
(iii) y =22+ (=1)Y (mod b+ 1) ifx =1, and y =27 (mod b+ 1) if x > 1.
(iv) 2=2Z —1 (mod b) ify =1, and x = 2Z (mod b) if y > 1.
(v) Z>b+1 if min{z,y} > 1.

PrOOF. (i) Since bM < (b + 1)® + ¥ = (2b + 1)*, we find that M <
8B 7 < 1.3Z. Since (2b+1)7 = (b+1)* +b¥ < (b+ 1) +5M < (2b+1)M,
we find that Z < M, where the equality is attained if and only if M = Z = 1.

b = (=1)V T (b+1)y+(—1)Y, 2b+1)7=(=1)7"2(b+1) Z+(=1)7 (mod (b+1)?).
It follows from (6.2) that
(b+1"+ (=) b+ Dy +(-1)Y = (=)Z 206+ 1)Z + (-1)?  (mod (b+1)*).

Reducing this modulo b + 1, we have (—1)Y = (=1)% (mod b+ 1). Hence y = Z
(mod 2). Then (b+1)*"! 4+ (=1)¥"ly = (-1)¥"12Z (mod b+ 1). Statement (iii)
follows from this.

(iv) We observe that (b+ 1)* = bz + 1 (mod b?) and (2b+ 1)% = 2bZ + 1
(mod b?). It follows from (6.2) that z +b¥~! = 2Z (mod b). The desired conclu-
sion follows from this.

(v) Suppose that min{z,y} > 1. From (iii) and (iv) we see that y = 27
(mod b+ 1) and = = 2Z (mod b). Since M < 2Z by (i), we can write 27 =
y+(b+1)U = x+bV for some positive integers U and V. Suppose that U =V = 1.
Then z = y + 1. Multiplying (6.2) by 22T¥ and taking it modulo 2b + 1, we find
that 2¥(2b + 2)* 4+ 2%(2b)Y =0 (mod 2b+ 1), so 2¥ + (£1)¥2%* =0 (mod 2b+ 1),
which implies that 1+ (+1)¥2 =0 (mod 2b+1). This is clearly absurd. It follows
that U >2or V > 2, hence Z > b+ 1. O
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We will only consider the case where b is even (the case where b is odd is
similar). Remark that m is odd and b is not a power of 2. Let (z,y,Z) be a
solution of (6.2). Using Lemma 2.1, we have

z ylogb 9
25.2 log b’ + 0.38,10
og@ 1 1) < Toal § Dlog@p 1 1) T 20-2(max{log’ +0.38,10})", o
Yy xlog(b+ 1) .

+25.2(max{logb” + 0.38,10})°,

log(2b4+1) ~logblog(2b+1)

where b’ = 2/log(2b + 1) + Z/log(b+ 1) and b = y/log(2b + 1) + Z/ logb.

Suppose that y > 1. We will observe that this yields an absolute upper
bound for b, hence for p and m. For this we use the method based on the works
of LE (cf. [15, 16]). Since y > 1, it follows from (iv) in Lemma 6.2 that z is
even, particularly, min{z,y} > 1, hence Z > b+ 1 by (v) in Lemma 6.2. By (i)
in Lemma 6.2, we find that M > Z + 1 > b+ 2. Therefore, we also have an
upper estimate b’ < 2M/log(b + 1). From this we observe that if y/M (< 1)
is not close to 1, that is, y/M < § for some § < 1, then by the first inequality
in (6.3) we may deduce an absolute upper bound (which depends only on §) for
M/log(b+1) (= z/log(b+ 1)). This yields an absolute upper bound for b (since
M > b). We remark that if y/M is sufficiently close to 1, then we are not able
to bound M from the above, since, in each of two inequalities in (6.3), the value
of the left-hand side is almost the same as the first term on the right-hand side.
Here, we take 6 = 0.93. If y/M < 0, then the first inequality in (6.3) implies that
x < 608591og(b+1). Since b+ 2 < M =z, we find that b < 829414.

It remains to consider the case where § < y/M. We apply Proposition 2
to (6.2) with £ =2, a; = 2b+ 1, ag = (=1)¥2(b+ 1), by = Z, by = 2. Then
g = 1. Since e := ordy(b) = orda(m — 1), we may take E =e+1, A; =2b+ 1,
Ay = b+ 1. Hence

36.1 2
< ! . .
ey < Filog2)1 (max{logb +log(FElog2)+0.4,6F log 2}) log(b+1)log(2b+1)

Since M < y,b’ < 2M/log(b+ 1) and 2F < b < M — 2, it follows that

36.1 2
SE}(E—-1)M < m(max{ log(2M)+0.4,6E 10g 2} ) log(M ~1) log(2M —3).
This implies that M < 913320. Therefore, p and m are bounded above. It is not
hard to see that for any (p,m) under consideration, (6.2) has no solutions with
y > 1. This is a contradiction. We conclude that y = 1. Hence M = .
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Since (2b +1)% = (b4 1)* +b < 2(b+ 1)*, we observe from the first ine-
quality in (6.3) that z < 2521log(2b + 1). Suppose that > 1. Then (i)
and (iv) in Lemma 6.2 yield Z < M —1 =2 —1and b+ 2 < 27 — 1, so
(b+3)/2 <z < 2521 1log(2b+1). This implies that b < 58868. Hence p, m, x and
Z are also bounded above. It is not hard to see that there is no (p, m, z, Z) under
consideration satisfying all of the conditions in Lemma 6.2. This is a contradic-
tion. Therefore, x = 1, hence Z = 1. This completes the proof of Theorem 4.

Remark 1. Tt is proved that Conjecture 2 is true if ¢ = 1 (mod b) (cf. [20]). So
it is natural to ask whether we can extend Theorem 4 to the case where g =1 = 2
and ¢ =1 (mod b). But this question seems not worth to consider. In fact, it is
likely that there are very few triples (a,b,c) fulfilling the condition that p > 3,
g=r=2,¢c=1 (mod b) and ¢ > b+ 1. We will give a reason. In such case, we
know that b and ¢ are given by (II) or (III). We write ¢ = 1+ tb, where t € N and
t > 1. In case of (II), we have

t+1)(m—n)?—(t—1)(m+n)P =2 (6.4)
In case of (IIT), we have
(1+£8)2P72mP — (=1 £ t)nP = 1. (6.5)

We may apply the celebrated theorem on binomial Thue equations due to BENN-
ETT [1, Theorem 1.1].

Theorem B. If A, B and N are integers with AB # 0 and N > 3, then the
equation
|IAXN — BYN| =1

has at most one solution in positive integers X and Y.

By Theorem B, we see that (6.4) does not hold if ¢ is odd, and that (6.5)
holds for at most one pair (m,n). In case where p = 0 (mod 4), we can observe
from a result in [17] that (6.4) does not hold if ¢ is even.
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