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On a theorem of Erdds and Sarkozy

By YONG-GAO CHEN (Nanjing) and MIN TANG (Wuhu)

Abstract. Let A = {a1,az,...}(a1 < a2 <---) be an infinite sequence of nonne-
gative integers, k > 2 be a fixed integer and denote by Ry (n) the number of solutions of
ai; +ai, +- - -+ai, = n. In this paper, we prove that if g(n) is a monotonically increasing
arithmetic function with g(n) — 400 and g(n) = o(n(logn)~?), then for any 0 < € < 1,
|Rk(n) —g(n)| > ([k/2]! —€)+/g(n) holds for infinitely many positive integers n. We also
prove that for a positive integer d, if Rx(n) > d for all sufficiently large integers n, then
Ry (n) > d+ 2[k/2]!Vd + ([k/2]!)? for infinitely many positive integers n.

1. Introduction

Let A = {a1,a2,...}(0 < a3 < az < ---) be an infinite sequence of non-
negative integers, k > 2 be a fixed integer and denote by Rj(n) the number of
solutions of

i, + Gy + -+ a; =n.

In 1985, P. ERDOs and A. SARKOzY [2] proved that if g(n) is an arithmetic func-
tion satisfying g(n) — 400, g(n+1) > g(n) for n > ng and g(n) = o(n(logn)~?),
then Ry(n) — g(n) = o((g(n))'/?) cannot hold. In 2002, G. HORVATH [3] extend
this result to all & > 2. In 2007, G. HORVATH [4] improved the above result,
he proved that if 0 < € < 1 and g(n) is a real arithmetic function such that
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g(n) = +o0, g(n +1) > g(n) for n > ng and g(n) = o(n(logn)~2), then there
does not exist n; such that |Ri(n) — g(n)| < (1 —¢)\/g(n) for all n > n;.
In this paper, we obtain a stronger version of the above results:

Theorem 1. If g(n) is an arithmetic function such that

g(n) = +oo, g(n+1) > g(n) for n > ng (1)
and

g(n) = o(n(logn)~?), (2)

then for any 0 < e < 1,

[Rk(n) —g(n)| > ([k/2]' = €)/g(n)
holds for infinitely many positive integers n.

Remark 1. In [1], the authors proved a similar result for g(n) = cn, where ¢
is a positive constant.

In [5], the authors proved that for a positive integer d, if Ri(n) > d for all
sufficiently large integers n, then Ry (n) > d+2+v/d+1 for infinitely many positive
integers n. It happens that the method in this paper can be used to improve this
result. The other results in [5] can be improved similarly.

Theorem 2. Let d be a positive integer. If Ri(n) > d for all sufficiently
large integers n, then Ry (n) > d+2[k/2]'W/d+([k/2]!)? for infinitely many positive
integers n.

2. Preliminary lemmas

Let z = re(a), where r = 1 — 1/N, N is a large integer and e(a) = €29, o

F(z) =) 2"

a€A

is a real variable. We write

Suppose that 1 < Ri(n) < n for all sufficiently large integers n. Then, by
F¥(r?) =) Re(n)r®",
n=0

the infinite series F(z) = >, 4 2% is absolutely convergent for |z| < 1 and
F(r?) = 400 as N — +o0.
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Lemma 1. Let ¢ be a positive integer. Then

[ F a2 0+ o0y 0%),
0

PrOOF. We have

/|F2‘ )| do = /F’f (2)F(z)da

/ S et (@ o ag, — iy, — o — 4y, ))da

iy e, €A

_ Z pair Tty > g1 Z p20i o t2a4,

aj +tag, —Qip g T Ty, =0 i1,...,7¢ pairwise distinct

Z €| . ( E r2ai1+...+2ai£ _ E E T2a11+ +2a1[)

SRR %) 1<u<v<221,...,i,

=0 (FU6%) - S0 - DFGHF262)
>0 (F‘(rz) - %13(5 - 1)FZ’1(7~2)) = (0! + o(1))F*(r?).

This completes the proof of Lemma 1. O

Lemma 2. Let k be an integer with k > 2. Then
1
/ |F¥(2)|do > ([k/2]! + (1)) F*/?(r?).
0

Proor. If k is even, then Lemma 2 follows from Lemma 1. If k = 2¢ + 1 is
odd, then, by Holder inequality and Lemma 1, we have

([ lrolu) ™ = ([ e ™ (1)

! k—1 _ ! 24 0/ 2
> [P e = [ PGP a > (04 o) F ).

1/k

Thus
/1 |F*(2)|da > (£ 4 0(1)) =T F¥/2(r2) > ([k/2)! + o(1)) F*/? ().
0

This completes the proof of Lemma 2. ([
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3. Proof of Theorem 1

Suppose that there exists an infinite sequence A = {a; < ay < ...} of
nonnegative integers, g > 0 and n; € N such that

|Ri(n) —g(n)| < ([k/2]' —e0)\/g(n) for all n > n,. (3)

By (1), (2) and (3) we have 1 < R (n) < n for all sufficiently large integers n.
For |z| < 1, we have

FH(z) =Y Ri(n)z"=> g(n)z" + Y _(Rr(n) — g(n))z".
n=0 n=0 n=0
Let
= 1 k(2)|da = Iy n)z" |da
7= [P n= [ ORI
Ty = /0 ;(Rk(n) — g(n))="|da.
Then
J < Jy + Jo. (4)
By Lemma 2 we have
J > ([k/2)! + o(1))F*/2(r2). (5)

Similar to the proof of HORVATH [4], we have

[} 1/2
Ji=o ((Z Rk(n)r2”> ) = o(F*/2(r%)). (6)
n=0
By (3), for all n > na(> nq), we have

Ri(n) > g(n) = ([k/2)! = e0)V/g(n) > g(n)(1 +eo/(2[k/2]!) 7. (7)

By Cauchy’s inequality, Parseval’s formula, the assumption and (7) we have

5 < ( / 1 i_o;)(Rk(n) g 2da>; - (imk(n) - g<n>>2r2")5

= (3 )~ g+ Y (Rul) = gl )

< ( S (Raln) — gm)” + (/20 —20)® 3 g(n)r%)

n=0 n=nsg

Nl=
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ol

< ( Z_ n))? + ([k/2]! — €0)%(1 + €0/ (2[k/2]") nzank >
o) o
( k2] — 1E0) F*2(r%) + O(1). (8)

By (4), (5), (6) and (8), dividing by F*/2(r?) and letting N — oo, we have
[k/2]! < [k/2]!—€(/2, which is impossible. This completes the proof of Theorem 1.

4. Proof of Theorem 2

Suppose that d < Ry(n) < d + 2[k/2]'vVd + ([k/2]!)? for all sufficiently large
integers n. Then 1 < Ri(n) < n for all sufficiently large integers n. Let I be the
largest integer with

1 < 2[k/2Wd + ([k/2]))2.

Then
d+1—[k/2Wd+1 < d+ [k/2]Vd.

Let ¢ be a real number with
max{d + [ — [k/2]Wd+ 1,d — [k/2]Wd} < ¢ < d+ [k/2]!Vd.

Then
(d4j—c)? < ([k/2)*(d+3), §=0,1,...,1L

Choose a real number 0 < § < [k/2]! such that

Thus
(Ri(n) — ¢)? < ([k/2)! = 6)*R(n) (9)

for all integers n > ng. For |z| < 1, we have

= Z Ri(n)z" = Z ez + Z(Rk(n) —
n=0 n=0 n=0
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J = /01 |F*(2)|da,

Let

1| oo
E cz"
n=0

"da.
By Lemma 2 we have
J > ([k/2]l + o(1)) F*/2(r?). (10)
By [4] (see also [5]) we have
= || / da < log N. (11)

By Cauchy’s inequality, Parseval’s formula, the assumption and (9) we have
1| oo
p < (/ S (Ren)
0 In=0
ng—1 %
:<Z(Rk( _622n+ZRk 22n)

< (3 (et 2+ (g2 - 53 Ryn )
n=0 n=ns
< ([k/2]! = 8)FF2(r%) + O(1). (12)

By J < Ji + Ja, (10), (11) and (12), dividing by F*¥/2(r?) and letting N — oo,
we have [k/2]! < [k/2]! — §/2, which is impossible. This completes the proof of
Theorem 2.
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