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A note on the Apostol-Bernoulli and Apostol-Euler
polynomials

By MIN-SOO KIM (Gyeongsangnam-do) and SU HU (Daejeon)

Abstract. Let a« € No = {0,1,2,...}. In this paper, we show provide several
relationships between the generalized Apostol-Bernoulli polynomials Bﬁfx> (z; A) and the
generalized Apostol-Euler polynomials Ey(la)(x; A) which involve both the main results
of LUO-SRIVASTAVA in [Q.-M. Luo and H. M. SRIVASTAVA, Some relationships bet-
ween the Apostol-Bernoulli and Apostol-Euler polynomials, Comput. Math. Appl.
51 (2006), 631-642] and the main results of SRIVASTAVA-PINTER in [H. M. SRIVAS-
TAVA and A. PINTER, Remarks on some relationships between the Bernoulli and Euler
polynomials, Appl. Math. Lett. 17 (4) (2004), 375-380] in the case of a € Np.

1. Introduction

The Bernoulli polynomials B, (z) and Euler polynomials F,,(z) are defined
by the following exponential generating functions:

t e > tm 2 ot e tm
<et_1)€ —mZ::OBm(I)mv (et—|—1>e —mZ:oEm(x)ﬁ, (1.1)

respectively.
The following relationship between the Bernoulli and Euler polynomials is

well-known:

Bu(z)= Y <n>BkEnk(x) (n € Ny), (1.2)

k=0 k
(k1)
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(see CHEON’s work in [5, p. 368, Theorem 3]).
For a real and complex parameter «, the generalized Bernoulli polynomials
B,(La )(m) and the generalized Euler polynomials E,(La) (x), each of degree n in x as

well as in «, are defined by the following generating functions (see Section 2.8
of [11]):

t a v 00 . 4m 9 a o oo " /m
<et_1) e —ZBm (:U)%» <et+1 e —mEZ:OEm (x)@, (1.3)

m=0 ’

respectively.
Clearly, we have
BW(z)=B,(z) and EWY(z)=E,(z). (1.4)
n [33], SRIVASTAVA and PINTER got the following relationships between
the generalized Bernoulli polynomials and the classical Euler polynomials which
generalized (1.2):

Theorem 1.1 (SRIVASTAVA and PINTER, [33, Theorem 1 and 2]|). The fol-

lowing relationships:
n

B&(at+y) =) (”) (Bﬁ‘” (2) + ;'Bg;%)) Enmily),

=0

n+1
a 2 (1) (gla—D (@)
Eg )(x +y) = ; T <z> (Eii1 (z) — Eﬁﬂx)) B,_i(y) (ae€C;neNyp)
hold true between the generalized Bernoulli (Euler) polynomials and the classical

Euler (Bernoulli) polynomials.

In this paper, we show that similar relationships also exist between the ge-
neralized Apostol-Bernoulli polynomials and the generalized Apostol-Euler poly-
nomials. Since for a € Ny, the generalized Bernoulli polynomials and the gene-
ralized Euler polynomials are special cases of the generalized Apostol-Bernoulli
polynomials and the generalized Apostol-Euler polynomials, respectively. Thus
we generalize the above Srivastava and Pintér’s theorem in the case of a € Ny.

Our paper is organized as follows.

In Section 2, we will recall the definitions, some background and progres-
ses related to Apostol-type polynomials. In Section 3, we shall apply the um-
bral equivalence of the generating functions to get several recurrence relations of
the generalized Apostol-Bernoulli polynomials and the generalized Apostol-Euler
polynomials. In Section 4, we will prove our main results which involve both the
main results of LUO-SRIVASTAVA in [22, Theorem 1 and 2] (see Corollary 4.2
below) and the main results of SRIVASTAVA-PINTER in [33, p. 379] in the case of
a € Ny (see Corollary 4.3 below).
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2. Apostol-Bernoulli polynomials

The Apostol-Bernoulli polynomials B,,(z,A) are natural generalizations of
Bernoulli polynomials, they were first introduced by APOSTOL [1] in order to
study the Lipschitz—Lerch zeta functions. Their definitions are as follows,

<Aet_1) ZB as)\ (2.1)

where |t| < 27 when A = 1; || < |log A| when A # 1 (see [14], [21]).

In particular, B,,(A\) = B, (0, A) are the Apostol-Bernoulli numbers. Lett-
ing A = 1 in (2.1), we obtained the classical Bernoulli polynomials B,,(z) and
Bernoulli numbers B,,, respectively.

In [21, p. 290-302], Luo and SRIVASTAVA generalized the definitions of
Apostol-Bernoulli polynomials to the higher order (also called the generalized
Apostol-Bernoulli polynomials) case as follows:

Definition 2.1. For o € Ny, the Apostol-Bernoulli polynomials B (z; \) of
order « in the variable x are defined by means of the following generating function

B<a>(w>\ Ei ZB(Q 2 )\ </\ez_1)a€$z’

where |z| < 2m when A = 1; |z| < |log Al when A # 1, the symbol = is used
to denote symbolic or umbral equivalences. In particular, BS)(\) = BY (0, \)
denote Apostol-Bernoulli numbers of order «.. Clearly, we have

BV (z;1) = B,(z) and BY(0;1) = B, (2.2)
in terms of the classical Bernoulli polynomials B,,(x) and the classical Bernoulli
numbers B,,.

In [14], Luo also introduced the concept of higher order Apostol-Euler poly-
nomials as follows:

Definition 2.2. For a € Ny, the Apostol-Euler polynomials E®) (z;\) of
order « in the variable x are defined by means of the following generating function

— (B (z; A 2 \°
E (z:0)z _ § ( (l’, )Z) § (a _ Tz
¢ N n! B A) - \err1)

n=0 n=0

where A # —1,|z| < |log(—M)|, the symbol = is used to denote the symbolic or
umbral equivalences.
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In particular, ES(\) = EY(0,\) denotes the Apostol-Euler numbers of
order a. Clearly, we have

EW(z;1) = E,(z) and 2"E(M (;, 1) =2"E, (;) =F, (2.3)

in terms of the classical Euler polynomials E,(z) and the classical Euler num-
bers E,,.
By Definition 2.1, we have
BYy;N) =0 (0<i<e—1) (2.4)

where ¢ € N.
From the generating functions in Definitions 2.1 and 2.2, it is easily seen that

BO(z) = EQ(z) = 2" (n € Ny). (2.5)

The properties of Apostol-type polynomials have been studied in detail by
many authors.

In [36], SRIVASTAVA introduced and investigated some of the principal ge-
neralizations and unifications of Bernoulli, Euler and Genocchi polynomials and
their corresponding numbers by means of suitable generating functions. He also
presented several interesting properties of these general polynomial systems inclu-
ding some explicit series representations in terms of the Hurwitz (or generalized)
zeta function and the familiar Gauss hypergeometric function. By introducing the
A-Stirling numbers of the second kind, he derived several properties and formulas
and considered some of their interesting applications to the family of the Apostol
type polynomials. He also gave a brief expository and historical account of the va-
rious basic (or ¢-) extensions of the classical Bernoulli polynomials and numbers,
the classical Euler polynomials and numbers, the classical Genocchi polynomials
and numbers, and also of their generalizations such as the above-mentioned fa-
milies of the Apostol-type polynomials and numbers. Finally, he also indicated
relevant connections of the definitions and results presented in his survey with
those in earlier as well as forthcoming investigations.

In [37], the revised, enlarged and updated version of the earlier book by
SRIVASTAVA and CHOI entitled “Series Associated with the Zeta and Related
Functions” (Kluwer Academic Publishers, Dordrecht, Boston and London, 2001),
the authors gave a systematic collection of various families of series associated
with the Riemann and Hurwitz Zeta functions, as well as with many other higher
transcendental functions, which are closely related to these functions. In this
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book, the historical account, vast literatures and many fundamental properties
for the Apostol-type polynomials and numbers have also been introduced.

In [4], CHOI, JANG and SRIVASTAVA presented an explicit representation
of the generalized Bernoulli polynomials in terms of a generalization for the
Hurwitz—Lerch zeta function. BOYADZHIEV [3] found some relationships between
the Apostol-Bernoulli polynomials, the classical Eulerian polynomials and the
derivative polynomials for the cotangent functions. We [10] obtained the sums of
products identity for the Apostol-Bernoulli numbers which is an analogue of the
classical sums of products identity for Bernoulli numbers dating back to Euler.
Luo [12], BAYAD [2], NAvAs, FRANCISCO and VARONA [29] investigated Fourier
expansions for the Apostol-Bernoulli and Apostol-Euler polynomials. Luo [13]
got many formulas for the Apostol-Bernoulli polynomials by using the Gauss-
ian hypergeometric functions. LU0 [16] investigated multiplication formulas for
Apostol-type polynomials and introduced A-multiple alternating sums, which are
evaluated by Apostol-type polynomials, in particular, he derived some explicit
recursive formulas and deduced some interesting special cases that involve the
classical Raabe formulas and some earlier results of Carlitz and Howard. LuoO
and SRIVASTAVA [24] systematically studied the Apostol-Genocchi polynomials
of higher order, in particular, they established several elementary properties, pro-
vided some explicit relationships with the Apostol-Bernoulli polynomials and
Apostol-Euler polynomials, and they also derived various explicit series repres-
entations in terms of the Gaussian hypergeometric function and the Hurwitz (or
generalized) zeta function. Luo in [17], Luo and ZHOU in [25] investigated the g-
Bernoulli and Euler polynomials, g-Genocchi polynomials, respectively. LU0 and
SRIVASTAVAN [23] obtained a g-analogue of the Srivastava—Pintér addition the-
orem (Theorem 1.1 above). Luo [18] introduced and investigated the A-Stirling
numbers of the second kind, in particular, he gave an explicit relationship between
the generalized Apostol-Bernoulli and Apostol-Euler polynomials in terms of the
A-Stirling numbers of the second kind. Luo [19] extended the definition of the
Genocchi polynomials and investigated their Fourier expansions and integral rep-
resentations, he obtained their formulas at rational arguments in terms of Hurwitz
zeta function and showed an explicit relationship with Gaussian hypergeometric
functions. Luo [20] gave some explicit relationships between the Apostol-Euler
polynomials and the generalized Hurwitz—Lerch zeta function, he also obtained
some series representations of the Apostol-Euler polynomials of higher order in
terms of the generalized Hurwitz—Lerch zeta function. LUO and SRIVASTAVA [26]
proved several symmetry identities for the generalized Apostol-type polynomi-
als by using their generating functions. SRIVASTAVA, GARG, and CHOUDHARY



454 Min-Soo Kim and Su Hu

[34], [35] introduced and investigated a generalization of the Bernoulli and Euler
polynomials by means of a suitable generating function, in particular, they gave
explicit series representations for these general polynomials in terms of a cert-
ain generalized Hurwitz—Lerch zeta function and the Gaussian hypergeometric
function. TREMBLAY, GABOURY and FUGERE [39] introduced and investigated
a new class of generalized Apostol-Bernoulli polynomials based on a definition
given by NATALINI and BERNARDINI in [27] for the generalized Bernoulli poly-
nomials, in particular, they obtained a generalization of the Srivastava—Pintér
addition theorem (Theorem 1.1 above). OzARSLAN [30] presented and studied
a unified family of polynomials which involves the Apostol-Bernoulli, Euler and
Genocchi polynomials. GARG, JAIN and SRIVASTAVA [8] derived an explicit rep-
resentation of the generalized Apostol-Bernoulli polynomials of higher order in
terms of a generalization of the Hurwitz—Lerch Zeta function and established a
functional relationship between the generalized Apostol-Bernoulli polynomials of
rational arguments and the Hurwitz (or generalized) Zeta function, in particular,
their results provided extensions of those given earlier by APOSTOL in [1] and
SRIVASTAVA in [32]. SRIVASTAVA, KURT and SIMSEK [38] constructed the gene-
rating functions for several families of Genocchi type polynomials, they defined
a function which interpolates these polynomials at negative integers by applying
the derivative operator to these generating functions, they proved a multiplica-
tion theorem for these polynomials, they also proved several other identities and
provided many applications associated with these and related polynomials and
their interpolation functions.

Recently, Luo and SRIVASTAVA proved the following relationships among
the generalized Apostol-Bernoulli and the generalized Apostol-Euler polynomials
(see [14, Proposition 3 and Proposition 6]) and [21, (56)]:

B(OH-,B) {E +y; )\ Z < >B(a) CL' A)Béﬂ)k(y,A)v (26)
k=0
n n
k=0
ABL® (& +150) = BE (@5 0) = nB{23 Y (3 0), (2:8)

AE@ (2 4+ 1;0) + B (230) = 2B D (a3 ). (2.9)
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3. Recurrence relations

The well-known relations among the generalized Apostol-Bernoulli polyno-
mials and the generalized Apostol-Euler polynomials are as follows:

D)\ = (1 -2 B@ (g —a)2B@ (4

BEtD(@id) = (1= 2) B @) + (@ — ) =B (@10),  (3.)

ECH (2:0) = 2B (2:0) — (2 — )2 B (2 A). (3.2)
[0 «

These have been found by several authors, for references, see, e.g., [14, Propo-
sition 8] and [40, Theorem 1.2 and Theorem 1.3.]. In this section, several new
recurrence relations will be given among the generalized Apostol-Bernoulli poly-
nomials and the generalized Apostol-Euler polynomials.

From (3.1) and (3.2), replacing = by = + y, and letting o = 1, we have the
following recurrences:

B,(f) (x4+y; ) =1 =—n)Bp(z+y; \) +n(z+y—1)Ba_1(x +y; N, (3.3)
EPD @4y N) =2E, (x4 \) — 24y — D) En(x +y; \). (3.4)

Letting o = f =1 in (2.6) and (2.7), we have

BR ) =3 <Z> By(a: \) Ba_s(y: V), (3.5)
k=0

B2+ 90 = 3 () Bl VB0 (3.
k=0

By (3.3), (3.4), (3.5), and (3.6), we have

<Z> Br(z;\)Bu—k(y; A) = (1 —n)By(z + y; M)

E

(=)

+n(x4+y—1)Bu_1(z+y; ), (3.7)

M=

(Z) B (25 \) En—k(y; A) = 2En11(z + 35 \)

=~
Il
<

—2(x+y—1)E.(x+y; N). (3.8)

These equations can be viewed as a A-extensions of the following well-known
results (see [6, (3.2) and (4.2)]):

Z (Z) Bi(x)Bp—i(y) =1 —n)Bp(x+y) +n(z+y —1)B_1(z+y), (3.9)
k=0
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" /n
3 (k) Bu@)Bu t(y) = 2Puis (2 +9) 2@ +y— DB(z+y).  (3.10)
k=0

Setting x = y = 0 in (3.9), we get the following convolution recurrence:

n

> <Z> BBk = (1 —=n)B, —nB,_1 (3.11)

k=0

for the classical Bernoulli numbers (see [6], [9], [10]). Notice that, we can also
get much more formulas from (3.10). For example, by setting x = y = % in
(3.10), we get a way to express F, (1) in the right hand side in terms of the Euler
numbers E,, (see (2.3)).

Now we apply the umbral equivalence for the generating functions to get the
following two recurrence relations on the generalized Apostol-Bernoulli polyno-
mials and the generalized Apostol-Euler polynomials:

Lemma 3.1. For a € Ny and n € N, the following formulas hold true

n n

n _ o 1 k[T o « _
> (1o B - = 5 0 () B @B i)

k=0 k=0
" /n n a 1 & k(T a a _
5 () B =) = 5 o1 () B s B 3

k=0 k=0

PROOF. It is obvious that
P 2c P a _y a
Ae?)e (z—y)z _ xz —yz
(e?) ()\ezl> ¢ ()\ezl> c ()\1621> €

)\aezaeB(z(’) (z—y;N\)z = eB(D‘)(w;)\)zeB(o‘)(y;)\_l)(fz)

Thus

— (B @\ =B (y:A7 1)z
So writing in the non-umbral form we have

Ao+ BCY (2 — y; M) = (B (25 X) — B (2; A71))".

By Definition 2.2, we can also obtain the second formula similarly. O

We shall obtain the following relationship which also involves the well-known
sums of products identities for Bernoulli numbers dating back to Euler:



A note on the Apostol-Bernoulli and Apostol-Euler polynomials 457

Theorem 3.2. For n € Ny, we have

n

51" () Bulas VB A7) = (1= 1), ),

k=0
Remark 3.3. Setting @« = A = 1 in the above Theorem, we can obtain the
following convolution recurrence relationship:

n

N ¥ () Bibes = 0 - )8,

=0

equivalently, we have the well-known sums of products identities for Bernoulli
numbers

— (2
> (2Z> BopBon-ok = —(2n+1)Ban, n>2.
k=1

This has been found by many authors, including Euler (see [6], [7], [9], [31]). In
[6], DILCHER remarked that: “it may be of interest to find formulas of the above
type for sums of products of generalized Bernoulli numbers.”

PRrROOF OF THEOREM 3.2. The following recurrence relationship is well-known:

1, n=1

3.12
0, n>1, ( )

Bo(A) =0, A1+ B(X\)" = Bu(\) = {

where we use the usual convention about replacing (B()))* by Bi()\) (i > 0).
Setting o = 1 in first part of Lemma 3.1, we get

n

%Zn: < )Bk(x NBuiyd ™) =3 <Z> B (@ -y )

k=0

_ Z( ) B)Bi(z — i\ + b —y — DBz — i N}, (3.13)

which may be considered as a dual of (3.7).
Letting y = z in (3.13), and using (3.3) and (3.12), we have

n

AZ ( )Bk(x ) Bk (5 A~ Z( )B@)

k=0

-3 (Z) (1= B)By(A) — kByr (V)
k=0
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I I
= Il
7~ N N
> 3 > 3
N— N—
o5
o
X
\
(]
—N
N
> 3
N——
=N
+
N

N
+ 3
—
=
+
=
——
oy
=
Xt

k=0 k=0
" /n " /n
=> (,)Bc(\) —n Bi(\)
k k
k=0 k=0
—(1-m 3 () B = (1= 0 5B (3.14)
k=0
Finally, by (3.14), we get the desired result. O

We also have the following recurrence relationship for the Apostol-Euler
polynomials:

Theorem 3.4. For n € Ny, we have
> (=1 < >Ek(x NEn_r(z:A7Y) = —2E,41(\).
k=0
PRrROOF. The proof is similar to that of Theorem 3.2. O

The following relationship has already involved the well-known relationship
between the classical Bernoulli and the classical Euler polynomials (see [33, p. 376,

(10) and (11))):

Lemma 3.5 (Addition theorem). For o € Ny, the following relationship
holds true:

o (2520 =35 ()

k=0

or, equivalently,

1

B(a)(x+y 2) —2712(> B (2z; )\) (2y,)\)
k=0

PROOF. It is obvious that

« « «
272: 6(%)22 _ z et® 2 evz.
A2e22 — 1 e — 1 e +1
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Thus

(o) (z4y .32 () (. () (). () (- (@) (4
B (ZHEN)2: _ B (@302 B (102 = (B @) +E®) (y:\)) =

)

So writing in the non-umbral form we have

(2B(a) (m ; % Az)) = (B(2;A) + B (y; 0)",

which completes the proof of the lemma. O

Remark 3.6. Setting « = A = 1 and x = 0 in Lemma 3.5, we obtain the
following well-known relationship between the classical Bernoulli and the classical
Euler polynomials (see [33, p. 376, (10) and (11)]):

n

1 n
k=0
equivalently,

7. (3) =3 () e

4. Main result

Theorem 4.1. For a € Ny, each of the following relationships holds true:

Bﬁla)(:c+y;>\)—2n:<.> (ié( ) x+k;>\)> EY (y; \)

1=0
and
n+¢
o n+{ 1
En @ty d) = 2;( i >(n—|—1)-~-(n—|—€)
Lo
. ((—1)@ > () CONET @ m>> B )
k=0

for the generalized Apostol-Bernoulli polynomials and the generalized Apostol—
Euler polynomials, respectively.
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PRrROOF. It is obvious that

o o 14 P
o e(:p+y)z _ Z % 2 eY? ()\6 + 1)£
Ae? —1 Ae? — 1 Ae? 4+ 1 2t

¢
_ 1 B@@nz BO@N E\ \k ok
= ¢ LAz T2 E i A¥eE.

k=0

Thus

¢
B (z4y;\)z 1 ¢ k(B (z+k;\)+EO (s iA))z
e y)_2£§_0<k)\e( ( ) (y )

So writing in the non-umbral form we have

¢
1
Bl (z +y; \) ZZ( ) B@ (z + k; \) + EO (y; )",

which proves the first result.
For the second result, we have

[l « 4 z 4
2 e(m+y)z — 2 o7 ? eY? ()\6 — 1)
e +1 de* +1 Ae* — 1 2t

' ¢
(—? B @02 BY (y:)) = Z (i) (—1)F Ak,
z

k=0

Thus

3
B @ tyN)z = ( ) YEAR(E @ @4k +B Y (5i0))z

So writing in the non-umbral form we have

foe) £ 00 n
> E (a A)i, = (j)é > (i) (=DFNY (B (@ + & A) + B (y; )\))"%.
n=0 k=0 n=0 ’

By (2.4), if n < £, we have

(B9 (2 + k;A) + BY (y; M) =

-

Il
=]

<’?) B (z+ ks \)BY (y; A) = 0.
1

7
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e 2 EDES (O ek S ) . © (4 XYy 2
DB @ =2 Y )OI (B @+ ks 2) + B (5 0)"

n=0 k=0 n=0
- i ) o Y E kN + BOG A
2t — k vt ’ ’ (n+0)!"

Comparing the coefficients in the both sides of the above identity, we obtain the
second result. O

Setting ¢ = 1 in the identities of Theorem 4.1, from (2.8) and (2.9), we have

1
% Z < ))\’“B(O‘) T+ ki A) = % (B0 + AB (@ +150))
=0
=B (2;\) + %Bi(f;”(x; ) (4.1)
and
1
3 ( ) FEC (@ 4 ks A) = B (250) = MBS (x4 15 0)
k=0
=2(BP @ N - B V@), (42)
respectively.

Setting ¢ = 1 in Theorem 4.1, from (4.1), and (4.2), we arrive at the follo-
wing well-known LUO—SRIVASTAVA’s results [22, Theorem 1, p. 379; Theorem 2,
p. 380]).

Corollary 4.2 (Luo and SRIVASTAVA, [22, Theorem 1 and 2]). For a, n€ Ny,

n

B ) = 3 (1) (B + 550w ) Bt

1=0
n+1

2 (LN (e e e
On+1< i )(Ez (.2?,)\) Ei (mv)‘)>Bn—z+l(y7/\)'

E(z+y; ) = Z

Letting A = 1 in Corollary 4.2, we obtain the following well-known Srivastava—
Pintér’s results in the case of o € Ny:
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Corollary 4.3 (SRIVASTAVA and PINTER, [33, Theorem 1 and 2]). For
a,n e NO:

B+ =Y (”) (B§“><x> + ;iBfaﬁ)(x)) Eni(y),

=0
n+1
o 2 n a— @
0+ =3 o (1) (B0 - B @) Buslo)
=0

Setting o = 1 in the first assertion of Corollary 1.1, letting y = 0 and make
use of (2.5), we also obtain the main relationship in CHEON’s work (cf., [5, p. 368,
Theorem 3]):

Bn($> = Z (Z) BkEn,k(l‘) (n S No)
k=0
(k#1)
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