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Bezout duo and distributive partial skew power series rings

By LUCIANE GOBBI TONET (Santa Maria) and WAGNER CORTES (Porto Alegre)

Abstract. In this paper we consider rings R with a partial action α of Z on R. We

study necessary and sufficient conditions for the partial skew power series rings R[[x;α]]

to be right duo and right Bezout.

Introduction

Partial actions of groups have been introduced in the theory of operator

algebras giving powerful tools of their study (see [3] and the literature quoted

therein). In [3], the authors introduced partial actions on rings in a pure algebraic

context and studied partial skew group rings. In [3], the authors defined a partial

action as follows: let R be a ring with an identity 1R and let Z the additive group

of integers. A partial action α of Z on R is a collection of ideals Si, i ∈ Z and

isomorphisms of rings αi : S−i → Si such that the following conditions hold:

(i) S0 = R and α0 is the identity map of R;

(ii) S−(i+j) ⊇ α−1
i (Si ∩ S−j);

(iii) αj ◦ αi(a) = αj+i(a), for any a ∈ α−1
i (Si ∩ S−j).

The above properties easily imply that αj(S−j ∩ Si) = Sj ∩ Si+j and α−i =

α−1
i , for all i, j ∈ Z.

Following [2], the partial skew Laurent polynomial ring R⟨x;α⟩, in an in-

determinate x, is the set of all finite formal sums
∑m

i=−n aix
i, ai ∈ Si, where

the addition is defined in the usual way and the multiplication is defined by

Mathematics Subject Classification: 16S36, 16S35.
Key words and phrases: Bezout rings, partial action, skew power series rings, distributive rings.
This paper was partially supported by Capes (Brazil).



548 Luciane Gobbi Tonet and Wagner Cortes

(aix
i)(ajx

j) = αi(α−i(ai)aj)x
i+j , for any i, j ∈ Z. The partial skew polyno-

mial ring R[x;α] is the subring of R⟨x;α⟩ whose elements are the polynomials∑n
i=0 aix

i, ai ∈ Si.

Given a partial action α of Z on R, an enveloping action is a ring T con-

taining R together with a global action β = {σi : i ∈ Z} on T , where σ is an

automorphism of T such that the partial action αi is given by the restriction of

σi ([3], Definition 4.2). Note that T does not necessarily have an identity, since

the group acting on R is infinite. It is shown in ([3], Theorem 4.5) that a partial

action α has an enveloping action if and only if all the ideals Si are generated by

central idempotents of R.

When α has an enveloping action (T, σ), where σ is an automorphism of T ,

we may consider that R is an ideal of T and the following properties hold:

(i) T =
∑

i∈Z σ
i(R);

(ii) Si = R ∩ σi(R), for every i ∈ Z;

(iii) αi(a) = σi(a), for all i ∈ Z and a ∈ S−i.

In order to have associative rings and apply the results which are known for skew

polynomial rings and for skew power series rings we assume throughout the paper

that all ideals Si are generated by central idempotents of R. The idempotent

corresponding to Si will be denoted by 1i and the enveloping action of α by

(T, σ), where σ is an automorphism of T . By condition (ii) above we have that

1i = 1Rσ
i(1R). This fact and conditions (i) and (iii) above will be used freely in

the paper. Also the following remark will be used without further mention: if I

is an ideal of R, then I is also an ideal of T . In fact, if a ∈ I and t ∈ T we have

ta = t1Ra ∈ Ra ⊆ I and, similarly, at ∈ I.

The skew Laurent polynomial ring T ⟨x;σ⟩ is the set of formal finite sums∑q
i=p aix

i, ai ∈ T , with usual sum and the multiplication given by xa = σ(a)x,

for all a ∈ T . The partial skew Laurent polynomial ring R⟨x;α⟩ is a subring of

T ⟨x;σ⟩. Moreover, R[x;α] is a subring of the skew polynomial ring T [x;σ].

The partial skew power series ring R[[x;α]], in an indeterminate x, is the set

of all series
∑∞

i=0 aix
i, ai ∈ Si, where the addition is defined in the usual way

and the multiplication is defined by

( ∞∑
i=0

aix
i

)( ∞∑
i=0

bix
i

)
=

∞∑
i=0

cix
i

for any ai, bi ∈ Si, where ci = a0bi + a1α1(bi−11−1) + · · · + aiαi(b01−i), for all

i ≥ 0. The partial skew polynomial ring R[x;α] is a subring of R[[x;α]].
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The skew power series ring T [[x;σ]] is the set of all series
∑∞

i=0 aix
i, ai ∈ T ,

with usual sum and the multiplication given by( ∞∑
i=0

aix
i

)( ∞∑
i=0

bix
i

)
=

∞∑
i=0

cix
i

where ci = a0bi + a1σ(bi−1) + · · ·+ aiσ
i(b0), for any i ≥ 0. The skew polynomial

ring T [x;σ] is a subring of T [[x;σ]], consisting of the series with a finite number

of non zero coefficients. Moreover, R[[x;α]] is a subring of the skew power series

ring T [[x;σ]].

We recall some terminology from [2]. We say that an ideal I of R is an α-ideal

(α-invariant ideal) if αi(I ∩ S−i) ⊆ I ∩ Si, for all i ≥ 0, (αi(I ∩ S−i) = I ∩ Si, for

all i ∈ Z). Note that I is an α-ideal of R if and only if the set of all polynomials∑
i≥0 aix

i, where ai ∈ I ∩ Si, is an ideal of R[x;α]. A similar result holds in

R⟨x;α⟩ if I is an α-invariant ideal of R.

A ring R is called right (left) quasi-duo if every maximal right (left) ideal of

R is two-sided or, equivalently, every right (left) primitive homomorphic image of

R is a division ring. We refer [8] for further information on quasi-duo rings.

Let J(R) be the Jacobson radical of R. We have that R is right (left) quasi-

duo if and only if R/J(R) is right (left) quasi-duo and in this case R/J(R) is a

reduced ring. We will use this property in the paper without further mention.

The main purpose of this paper is to study necessary and sufficient conditions

for the partial skew power series rings R[[x;α]] to be right duo and right Bezout.

In Section 1, we present the results that are necessary to prove the principal result

of this article, which generalize the results that appear in [10]. In Section 2, we

prove our principal result, generalizing ([9], Theorem 1.6 and Corollary 3.1).

1. Preliminaries results

A ring S is reduced if S do not have non-zero nilpotent elements. For ∅ ̸=X⊆S
we denote by rS(X) = {a ∈ S : Xa = 0} the right annihilator of X. Moreover,

if S is a reduced ring then, by ([10], 1.35(2)), we have that rS(a) = lS(a) is a

two-sided ideal of S, for all a ∈ S.

We begin with the following definition that appears in ([1], Section 3 Defini-

tion 1).

Definition 1.1. A partial action α of Z on a ring R is called partially α-rigid

if for each a ∈ Sj such that aαj(a.1−j) = 0, j ∈ Z, we have that a = 0.
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Equivalently, α is a partial α-rigid action if, for each 0 ̸= a ∈ Sj , j ∈ Z, we
have that aαj(a1−j) ̸= 0.

The next result generalizes ([10], 6.52).

Lemma 1.1. Let A = R[[x;α]] and B = R[x;α]. The following conditions

are equivalent:

(1) A is a reduced ring.

(2) B is a reduced ring.

(3) α is partially α-rigid.

Proof. (1) ⇒ (2) Straightforward.

(2) ⇒ (3) Let a ∈ Sn such that aαn(a.1−n) = 0, for some n ≥ 0. Then

(axn)2 = 0 and, by assumption, we have that axn = 0. Hence, a = 0.

(3) ⇒ (1) By assumption, we clearly have that R is a reduced ring.

Let f =
∑

n≥0 fnx
n ∈ A, with fn ∈ Sn, for all n ≥ 0, such that

f2 =
∑
n≥0

( ∑
i+j=n

fiαi(fj1−i)

)
xn = 0.

Since R is reduced, then f0 = 0. Suppose that fj = 0, for all j < m. By the fact

that the coefficient of the term of degree 2m of f2 satisfies∑
i+j=2m

fiαi(fj1−i) = f0f2m + · · ·+ fmαm(fm1−m) + · · ·+ f2mα2m(f01−2m)

= fmαm(fm1−m) = 0

and we have that fm = 0. So, f = 0. �

Definition 1.2. Let α be a partial action of Z on R. We say that R is an

α-strongly regular ring if, for any a ∈ R and j ̸= 0, there exists bj ∈ R such that

αj(a1−j) = αj(a1−j)
2bj .

The following definition appears in [5].

Definition 1.3. (i) A ring S is said to be Von Newmman regular if, for each

a ∈ S, there exists b ∈ S such that a = aba.

(ii) A ring S is said to be strongly regular if, for any a ∈ S, there exists b ∈ S

such that a = a2b.

(iii) A ring S is said to be abelian if all idempotents of S are central.

From [5] we easily have that (ii)⇒ (i) and (ii)⇒ (iii).
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Lemma 1.2. R is an α-strongly regular ring if and only if Sk is a strongly

regular ring, for all k ̸= 0.

Proof. Suppose that R is an α-strongly regular ring and let a ∈ Sk, with

k ̸= 0. Then, for any j ̸= 0, there exists bj ∈ R such that αj(a1−j) = αj(a1−j)
2bj .

In particular, for j = −k, we have that α−k(a) = α−k(a)
2b−k. Thus,

a = αk(α−k(a)1−k) = a2αk(b−k1−k).

So Sk is strongly regular, for all k ̸= 0.

Conversely, suppose that Sk is strongly regular, for all k ̸= 0. Note that,

for any a ∈ R, we have a1−k ∈ S−k. Thus, there exists bk ∈ S−k such that

a1−k = (a1−k)
2bk. So

αk(a1−k) = αk(a1−k)
2αk(b)

and it follows that R is α-strongly regular. �

A ring S is semicommutative if the right (left) annihilator of each element

of S is a two-sided ideal. Equivalently, S is semicommutative if, for any a, b ∈ S

such that ab = 0, we have aSb = 0. Thus, every semicommutative ring is an

abelian ring. Moreover, every reduced ring is a semicommutative ring.

Now we can prove the following result.

Lemma 1.3. Suppose that R is a semicommutative ring such that, for any

a ∈ R, there exists bj ∈ R satisfying αj(a1−j) = αj(a1−j)abj , for any j ≥ 1.

Then R is an α-strongly regular ring.

Proof. By assumption, for each a ∈ S−j , there exists bj ∈ R such that

αj(a)[1R−abj ] = 0 and rR(αj(a)) is a two-sided ideal of R. Thus αj(m1−j)am ∈
rR(αj(a)) and

0 = αj(a)αj(m1−j)am = αj(am)am,

where m = 1R−abj ∈ rR(αj(a)). Hence, 0 = am = a(1R−abj) = a−a2bj and it

follows that a = a.1−j = a2(bj1−j). So, Sj is a strongly regular ring, for all j ̸= 0

and by Lemma 1.2, R is α-strongly regular. �

The following definition appears in [10].

Definition 1.4. (i) A ring S is said to be right distributive if, for any right

ideals J , K, L of R, we have that (J +K) ∩ L = (J ∩ L) + (K ∩ L).
(ii) A ring S is said to be right Bezout if any two-finitely generated right

ideal of S is a principal right ideal.
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From now on, we denote B = R[x;α] and A = R[[x;α]]. The next result

generalizes ([10], 6.55((3), (5), (6))) and the proof will be omitted since it follows

from the original ideas adapted to our case.

Proposition 1.4. Let S(n) = B/(
∑

i≥n Six
i) and

I(n) =

(∑
i≥1

Six
i

) / (∑
i≥n

Six
i

)
,

for all n ≥ 1. The following conditions hold.

(1) I(n) is a nilpotent ideal of S(n) and R ≃ S(n)/I(n), for all n ≥ 1.

(2) If R is a strongly regular ring, then S(n)/J(S(n)) is a strongly regular ring.

(3) If R is a strongly regular ring, then S(n) is a right distributive ring if and

only if S(n) is a right Bezout ring.

We recall that a ring S is said to be J-semisimple if J(S) = 0, where J(S)

is the Jacobson radical of S.

Following [4], a partial action α of Z is said to be of finite type if, for any

z ∈ Z, there exists a finite subset {z1, . . . , zn} of Z such that
∑

1≤i≤n Sz+zi = R.

It is not difficult to see that R =
⊕n

i=1Dz+zi , where Dz+zi is an ideal of Sz+zi

generated by a central idempotent ez+zi of R, 1 =
∑n

i=1 ez+zi and ez+ziez+zj = 0,

for i ̸= j.

The next result is well known and we put it here adapted for our case.

Lemma 1.5. Suppose that α is a partial action of finite type. The following

conditions hold.

(1) R is a J-semisimple ring if, and only if, Sj is a J-semisimple ring, for all

j ̸= 0.

(2) R is a von Neumann regular ring if, and only if, Sj is a von Neumann regular

ring, for all j ̸= 0.

(3) R is a strongly regular ring if, and only if, Sj is a strongly regular ring, for

all j ̸= 0.

The next result generalizes ([10], 6.61).

Proposition 1.6. Suppose that α is a partial action of finite type such that,

for any j ≥ 1 and a ∈ R, there exists bj ∈ R satisfying αj(a1−j) = αj(a1−j)abj .

The following conditions hold.

(1) J(R) = 0.
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(2) If R is a semicommutative ring, then R is a strongly regular ring and all

idempotent elements of R are α-invariant and central in R[x;α].

Proof. (1) Let a ∈ J(S−j) = J(R) ∩ S−j , for j ≥ 1. Then there exists

bj ∈ R such that αj(a)(1R−abj) = 0. Since a ∈ J(R), then 1R−abj ∈ U(R) and

we obtain that αj(a) = 0. Thus, J(S−j) = 0, for all j ̸= 0. So, by Lemma 1.5(1),

we have that R is a J-semisimple ring.

(2) By Lemma 1.6, R is an α-strongly regular ring and, by Lemma 1.5, Sj

is a strongly regular ring, for all j ̸= 0. Thus, by Lemma 1.5(3), R is a strongly

regular ring and, by [5], we have that all idempotent elements of R are central.

Note that, for all j ≥ 1, there exists uj , vj ∈ R such that

αj(e1−j) = αj(e1−j)euj

αj((1R − e)1−j) = αj((1R − e)1−j)(1R − e)vj .

Hence, αj(e1−j) + αj((1R − e)1−j) = 1j and we have that

e1j = e1jαj(e1−j)euj + e1jαj((1R − e)1−j)(1R − e)vj = αj(e1−j).

So, all the idempotents of R are α-invariant. �

It is convenient to remark that the homomorphic image of a right Bezout ring

(right distributive ring) is a right Bezout ring (right distributive ring), see [10].

Next, we study conditions for the partial skew polynomial ring R[x;α] to be

a Bezout ring and this generalizes ([10], 6.62).

Proposition 1.7. Suppose that R is a strongly regular ring such that all

idempotent elements of R are α-invariant. The following conditions hold.

(1) A is a reduced ring and B is a Bezout reduced subring of A.

(2) If n ≥ 1, then B/(
∑

i≥n Six
i) is a Bezout distributive ring.

Proof. (1) Let a ∈ Sj such that aαj(a1−j) = 0, for some j ∈ Z. Since R is

a strongly regular ring then, by ([5]), we have that a = ue, where u ∈ U(R) and

e ∈ R is a central idempotent of R. Thus,

0 = aαj(a1−j) = ueαj(ue1−j) = ueαj(u1−j)αj(e1−j) = ueαj(u1−j)

and we have that e1j = 0. Hence a = a1j = ue1j = 0 and we obtain that α is a

partially α-rigid. So, by Lemma 1.1, A is reduced.

We claim that S is a right Bezout ring. In fact, let D = fS + gS be a right

ideal of S generated by f, g ∈ S and n = min(δ(f), δ(g)), where δ(h) denotes
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the degree of a polynomial h ∈ B. We proceed by induction on n. Suppose that

n = δ(f) ≤ δ(g).

Let f =
∑n

i=0 fix
i ∈ B, where fi ∈ Si, for all 0 ≤ i ≤ n. Since R is

strongly regular we can write fn = anen, where an ∈ U(R) and en ∈ R is central

idempotent.

If n = 0, then f = f0 = a0e0. We define h = e0 + g(1R − e0) and note that

hf = he0a0 = f . By the fact that all idempotents of R are α-invariant we have

that h(1R − e0 + ge0) = g. So, D = fS + gS = hS is a right principal ideal of B.

Now we suppose, by induction, that uB + vB is a right principal ideal of B,

for any u, v ∈ B such that n > min(δ(u), δ(v)).

By assumption, all idempotents of R are α-invariant and we have that

D(1R − en) = (fB + gB)(1R − en) = fB(1R − en) + gB(1R − en)

= f(1R − en)B + g(1R − en)B.

It is not difficult to see that

fnαn((1R − en)1−n) = fn(1R − en)1n = fn(1R − en) = anen(1R − en) = 0.

Hence, δ(f(1R − en)) < n and it follows that D(1R − en) is a right principal ideal

of B.

Note that we can suppose that δ(g) = δ(f) = n because, if δ(g) = p > n, we

take
l = fenα−n(a

−1
n gp1n)x

p−n − gen

and we have that D = Bf +Bg = Bf +Bl. The coefficient of the term of degree

p of l ∈ B satisfies

fnena
−1
n gp1n − gpen = 0

and we obtain that δ(l) < p.

We define q = fenα−n(a
−1
n gn)− gen and note that

qn = fnαn(en1−n)a
−1
n gn − gnen = fnena

−1
n gn − gnen = anena

−1
n gn − gnen = 0.

Hence, δ(q) < n. Moreover,

Den = (fB + gB)en = fenB + genB = fenB + qB,

where min(δ(fen), δ(q)) < n and it follows that Den is a right principal ideal

of S. So, D is a principal right ideal of B.

(2) Let ψ : B → B/(
∑

i≥n Six
i) be the canonical epimorphism, for all n ≥ 1.

By (1), B is a Bezout ring and we obtain that B/(
∑

i≥n Six
i) is a Bezout ring

as homomorphic image of B. So, by Proposition 1.4(3), B/(
∑

i≥n Six
i) is a

distributive ring. �
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The order of a series f ∈ A, denoted by O(f), is the minor power of x on f

with non zero coefficient. We consider, for all j ≥ 1, the set

Mj = {f ∈ A : O(f) ≥ j + 1}.

The next result generalizes ([10], 6.68((1), (3), (4), (5), (6), (7))) and the

proof follows the principals ideas of them adapted to our case.

Proposition 1.8. Let A(n) = A/Mn−1 and I(n) =M0/Mn−1, for all n ≥ 1.

The following conditions hold.

(1) For all f, g ∈ A,
∑

i≥0(f1jx
jg)i is the inverse element of 1R − f1jx

jg ∈ A,

for all j ≥ 1.

(2) M0 ⊆ J(A).

(3) A/Mn−1 ≃ B/
∑

i≥n Six
i, for all n ≥ 1.

(4) I(n) is a nilpotent ideal of A(n) and R ≃ A(n)/I(n), for all n ≥ 1.

(5) If R is a strongly regular ring then A/J(A) and A(n)/J(A(n)) are strongly

regular rings.

(6) If R is a strongly regular ring thenA (respectivelyA(n)) is a right distributive

ring if, and only if, A (respectively A(n)) is a right Bezout ring.

Let M be a right R-module. A subfactor of M is a submodule of M/N ,

where N is a submodule of M . Moreover, if N is a subfactor of a distributive

moduleM , then End(N/J(N)) is a reduced ring, see ([10], 2.54). Our next result

generalizes ([10], 6.63).

Proposition 1.9. Suppose that α is a partial action of finite type, πj : A→
A/Mj is the canonical epimorphism and πj(A) is a right distributive ring, for all

j ≥ 1. The following conditions hold.

(1) For any a ∈ R and j ≥ 1, there exists an element bj ∈ R such that αj(a1−j) =

αj(a1−j)abj .

(2) R is a strongly regular ring, πj(A) is a distributive Bezout ring, for all j ≥ 1

and all idempotent elements of R are α-invariant and central in A.

Proof. (1) Let a ∈ R and j ≥ 1. By assumption, πj(A) is right distributive

and there exists

f = πj(f) = f +Mj

g = πj(g) = g +Mj

h = πj(h) = h+Mj

s = πj(s) = s+Mj
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in πj(A), where f, g, h, s ∈ A, such that

1R +Mj = f + g +Mj

af +Mj = 1jx
jh+Mj

1jx
jg +Mj = as+Mj

Thus, there exists l1, l2, l3 ∈Mj such that

1R = f + g + l1

af = 1jx
jh+ l2

1jx
jg = as+ l3

and we have that

αj(a1−j)x
j = 1jx

ja1R = 1jx
ja(f + g + l1) = 1jx

j(af) + 1jx
j(ag) + 1jx

jal1

= 1jx
j(1jx

jh+ l2) + αj(a1−j)1jx
jg + 1jx

jal1

= 1j12jx
2jh+ 1jx

j l2 + αj(a1−j)[as+ l3] + 1jx
jal1.

Note that the coefficients of degree j in this equality satisfies αj(a1−j) =

αj(a1−j)asj , where sj is the coefficient of the term of degree j in the series

s ∈ A. So, the result follows.

(2) By Proposition 1.6, R is a J-semisimple ring and

R ≃ A/M0 ≃ (A/Mj)/(M0/Mj) = πj(A)/πj(M0).

Thus, there exists a surjective ring homomorphism ψ : πj(A) → R and it follows

that R is a right distributive ring as homomorphic image of πj(A). By ([10], 2.54),

we have that R ≃ End(R) = End(R/J(R)) is a reduced ring and, in particular,

semicommutative.

By Proposition 1.6(2), R is a strongly regular ring such that all idempo-

tent elements of R are α-invariant and central in A. By Proposition 1.7(2),

B/(
∑

i≥j Six
i) is a distributive Bezout ring, for all j ≥ 1. By Proposition 1.8(3),

πj(A) = A/Mj ≃ B/
∑

i≥j+1 Six
i is a distributive Bezout ring, for all j ≥ 1. �

Definition 1.5. A ring S is said to be right quasi-duo if all right maximal

ideals of S are two-sided ideals.

The next result generalizes ([10], 6.64).
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Proposition 1.10. Suppose that α is a partial action of finite type and

B/

( ∑
i≥j+1

Six
i

)

is a right Bezout ring, for all j ≥ 1. If R is either right quasi-duo or semicom-

mutative then, for any a ∈ R and j ≥ 1, there exists an element bj ∈ R such

that αj(a1−j) = αj(a1−j)abj . Moreover, R is a strongly regular ring, all idem-

potent elements of R are α-invariant and central in B and B/(
∑

i≥j+1 Six
i) is a

distributive Bezout ring, for all j ≥ 1.

Proof. Suppose that R is a right quasi-duo ring and consider the canonical

epimorphism πj : B → B/(
∑

i≥j+1 Six
i), for all j ≥ 1. Then

πj

(∑
i≥1

Six
i

)
=

(∑
i≥1

Six
i

) / ( ∑
i≥j+1

Six
i

)

is a left nilpotent ideal of πj(B) and, in particular, πj(
∑

i≥1 Six
i) ⊆ J(πj(S)).

Note that,

πj(B)/πj

(∑
i≥1

Six
i

)
=

(
B/

( ∑
i≥j+1

Six
i

)) / ((∑
i≥1

Six
i

) / ( ∑
i≥j+1

Six
i

))

≃ B/

(∑
i≥1

Six
i

)
≃ R.

Thus, we can consider the surjective homomorphism

γ : R→ πj(B)/J(πj(B))

and we have that πj(B)/J(πj(B)) is a right quasi-duo ring. Hence, πj(B) is a

right quasi-duo ring. By assumption, πj(B) is a right Bezout ring and by ([10],

2.35), πj(B) is a right distributive ring. So, the result follows from Proposition 1.9.

Now, suppose that R is a semicommutative ring. Let a ∈ R and 1jx
j ∈ S.

By assumption, πj(B) is a right Bezout ring and we have that aS + 1jxjS is a

right principal ideal of πj(B), for all j ≥ 1. Thus, there exists f, g,m, u ∈ B and

l1, l2 ∈
∑

i≥j+1 Six
i such that

(ag + 1jx
jm)f = a+ l1

(ag + 1jx
jm)u = 1jx

j + l2.
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Hence, we get ag0f0 = a, ag0u0 = 0 and

agjαj(u01−j) + agj−1αj−1(u111−j) + · · ·+ ag0uj + αj(m0u01−j) = 1j . (1)

Since rR(ag0) is a two-sided ideal of R then f0m0u0 ∈ rR(ag0). By the

fact that a = ag0f0, we obtain that αj(am0u01−j) = 0. Let b = gjαj(u01−j) +

gj−1αj−1(u111−j) + · · ·+ g0uj . By (1), we get ab+ αj(m0u01−j) = 1j and

αj(a1−j) = αj(a1−j)[ab+ αj(m0u01−j)]

= αj(a1−j)ab+ αj(am0u01−j) = αj(a1−j)ab.

Thus, by Proposition 1.6, R is a strongly regular ring. So, R is a right duo ring

and, in particular, right quasi-duo. �

We say that a right R-module M is ℵ0-algebrically compact if any system

L(aij ,mi,M) with a countable number of linear equations

{ t(i)∑
j=0

xjaij = mi

}∞

i=0

with coefficients aij ∈ R, mi ∈ M and with a countable number of variables

{xj}∞j=0 assuming values on M such that all finite subsystem of this system has

a solution, then L(aij ,mi,M) has a solution on M .

Following [10], a right R-module E is flat if, for each left R-module monomor-

phism u : M1 → M2, the group homomorphism f : E ⊗M1 → E ⊗M2 defined

by

f(a⊗ b) = (idE ⊗ u)(a⊗ b) = a⊗ u(b)

is a monomorphism.

Our next result generalizes ([10], 6.69(2)).

Proposition 1.11. Let R be an ℵ0-injective strongly regular ring such that

all idempotent elements of R are α-invariant. Then A is a reduced distributive

Bezout ring and all submodules of an A-module flat are flat.

Proof. We show that A is a right distributive ring, i.e., following ([10], 2.4)

it is equivalent to show that, for any u =
∑

i≥0 uix
i and v =

∑
i≥0 vix

i ∈ A,

there exists f =
∑

i≥0 fix
i, g =

∑
i≥0 gixi, h =

∑
i≥0 hix

i, k =
∑

i≥0 kix
i ∈ A

such that 1R = f + g, fu = hv and gv = ku. In fact, we have a system of three

equations on A equivalent to a countable system of linear equations Q on RR

with a countable number of left variables fi, gi, hi, ki ∈ R, for all i ≥ 0, with right
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coefficients in R depending of fixed variables {ui, vi ∈ R}, where each equation

has only a finite number of variables.

Let N be a finite subsystem of Q. Then there exists n ≥ 1 such that N

doesn’t have variables fi, gi, hi, ki ∈ R, for all i ≥ n. By Proposition 1.8(3),

A/Mn−1 ≃ B/
∑

i≥n Six
i and, by Proposition 1.7(2), A/Mn−1 is a distributive

Bezout ring, for all n ≥ 1. Thus, by ([10], 2.4), the extension of N to the quotient

A/Mn−1 is a solvable system. Hence, all finite subsystem of Q is solvable in R.

So, by ([10], 4.88), R is right ℵ0-algebrically compact and we have that Q

is solvable in R. The result follows from Propositions 1.7(1), 1.8(6) and ([10],

4.21). �

Our next result generalizes ([10], 6.70).

Proposition 1.12. Suppose that α is a partial action of finite type. If each

right ideal of A generated by two elemens is flat, then R is a von Neumann regular

ring.

Proof. Since α is of finite type, then R =
⊕n

j=1Dj , where Dj = Rej , for

all 1 ≤ j ≤ n and {ej : 1 ≤ j ≤ n} is a set of central orthogonal idempotents.

According to Lemma 1.5(2), it is enough to show that Dj is a von Neumann

regular ring, for all 1 ≤ j ≤ n. In fact, let a ∈ Dj . Then a1jx
j = 1jx

jα−j(a)

and, by ([10], 4.24), there exists f, g, t ∈ A such that

af = 1jx
jg

(1R − f)1jx
j = tα−j(a).

Thus, we have that af0 = 0 and (1R − f0)1j = tja. Hence,

a = a− af0 = a(1R − f0) = a(1R − f0)1j = atja. �

The proof of the next proposition is straightforward.

Proposition 1.13. If L =
⊕

i∈I Ri is a direct sum of a family of ℵ0-injective

strongly regular rings, then L is an ℵ0-injective strongly regular ring.

Now, we are prepared to prove the principal results of this section. The next

result generalizes ([10], 6.71).

Theorem 1.14. Suppose that α is a partial action of finite type. The

following conditions are equivalent:

(1) A is a right distributive ring.
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(2) A is a right Bezout ring and R is either right quasi-duo or semicommutative.

(3) A is either right Bezout or right distributive ring and R is a strongly regular

ring.

(4) A is a reduced distributive Bezout ring and all submodules of a flat A-module

is flat.

(5) R is an ℵ0-injective strongly regular ring and all idempotent elements of R

are α-invariant.

Proof. During this proof we consider the canonical epimorphism πn : A→
A/Mn for any n ≥ 1, where Mn =

∑
i≥n Six

i.

(1) ⇒ (3) Note that πn(A) is a right distributive ring as homomorphic image

of A. Thus by Proposition 1.9(2), R is a strongly regular ring.

(2) ⇒ (3) Since πn(A) is a right Bezout ring (as homomorphic image of A)

then, by Proposition 1.8(3), we have that

πn(A) = A/Mn ≃ B/
∑

i≥n+1

Six
i.

Thus, B/
∑

i≥n+1 Six
i is a right Bezout ring, for all n ≥ 1. So, by Proposi-

tion 1.10, R is a strongly regular ring.

(5) ⇒ (4) Follows directly from Proposition 1.11.

(4) ⇒ (3) Note that πn(A) is a right distributive ring as homomorphic image

of the right distributive ring A. Thus, by Proposition 1.9(2), R is a strongly

regular ring.

(3) ⇒ (1) If R is a strongly regular ring and A is a right Bezout ring then,

by Proposition 1.8(6), A is a right distributive ring.

(3) ⇒ (2) Let R be a strongly regular ring. Then R is a right duo ring and,

in particular, R is a semicommutative right quasi-duo ring. Moreover, if A is a

right distributive ring then, by Proposition 1.8(6), A is a right Bezout ring.

(3) ⇒ (5) Suppose that R is a strongly regular ring. Thus, by Proposition

1.8(6), A is a right distributive ring and so πn(A) is a right distributive ring as

homomorphic image of A. By Proposition 1.9(2), all idempotent elements of R

are α-invariant and, by Proposition 1.7(1), A is a reduced ring. From ([10], 4.21)

we have that all (right or left) submodules of a flat A-module are flat. Thus, by

([10], 4.18), all right ideals of A generated by two elements are flat.

We show that Sn is ℵ0-injective, for any n ̸= 0. In fact, let {ci}i≥0 be a

countable subset of Sn and {ei}i≥0 a countable set of central mutually orthogonal
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idempotents of Sn. Then, there exists a countable set {ai}i≥0 of S−n such that

ai = α−n(ci), for all i ≥ 0. Consider

u = eix
n

v = cix
neix

n = cieix
2n

w = eix
ncix

n = eiαn(ci1−n)x
2n.

Note that wu = eiαn(ci1−n)x
3n = uv. Moreover, there exists f =

∑
i≥0 fix

i,

g =
∑

i≥0 gix
i, h =

∑
i≥0 hix

i ∈ A, such that

(1R − f)v = gu (2)

uf = wh. (3)

From (2), we obtain that

geix
n = (1R − f)cieix

2n = cieix
2n − fcieix

2n

where gnei = ciei − eif0ci.

From (3), we obtain that eix
nf = eiαn(ci1−n)x

2nh, where eiαn(f01−n) = 0.

Since ei ∈ R is α-invariant, then eif01−n = 0 and we have that

(eif0x
n)2 = eif0αn(eif01−n)x

2n = 0.

By the fact that A is a reduced ring we obtain eif0 = 0. So

gnei = ciei − eif0ci = ciei,

for all i ≥ 0 and, by ([10], 4.88), Sn is an ℵ0-injective ring, for all n ̸= 0. Therefore,

by Proposition 1.13, R is ℵ0-injective. �

Now, we prove the second principal result of this section, which generalizes

([10], 6.72).

Theorem 1.15. Suppose that α is a partial action of finite type and R is an

abelian ring such that all idempotent elements of R are α-invariant. The following

conditions are equivalent:

(1) All submodules of a flat A-module are flat.

(2) All right ideals of A generated by two elements are flat.

(3) R is a strongly ℵ0-injective regular ring.

Proof. (1) ⇒ (2) Follows directly from ([10], 4.18).

(2) ⇒ (3) By Proposition 1.12, R is a von Neumann regular ring. By ([5],

Theorem 3.5), R is strongly regular. Now, using an analogous process used in

Theorem 1.14 ((3) ⇒ (5)), we have that R is an ℵ0-injective ring.

(3) ⇒ (1) Follows from Theorem 1.14. �
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2. Our principal result

During this section, α is a partial action of Z on a ring with unit R such that

(T, σ) is its enveloping action where σ : T → T is an automorphism of T . From

now on we denote A = R[[x;α]] and B = R[x;α].

Our first result generalizes ([9], Proposition 2.2).

Proposition 2.1. If A is a right duo ring, then R is a right duo ring such

that all idempotent elements of R are α-invariant.

Proof. Let a ∈ R. Then ba ∈ Aa ⊆ aA, for all b ∈ R, because A is right

duo and there exists f =
∑

n≥0 fnx
n ∈ A such that ba = af . Thus ba = af0 ∈ aR

and it follows that Ra ⊆ aR. So, R is a right duo ring.

Now, let e ∈ R be an idempotent element. Note that all right duo rings are

semicommutative and, in particular, abelian. Hence, we have that e is central in

A and

e.1jx
j = 1jx

j .e = αj(e.1−j)x
j

for all j ≥ 1. So, e is α-invariant. �

For all l ∈ Z, σl(R)[[x;σ]] is the set of all series in the form
∑∞

i=0 σ
i(ai)x

i

and it is not difficult to see that is a right ideal of T [[x;σ]].

The proof of the next lemma follows the same ideas of the analogous result

in ordinary power series rings.

Lemma 2.2. Let l ∈ σ−i(R)[[x;σ]] ⊆ T [[x;σ]] be a serie with coefficients in

σ−i(R) such that its independent term is invertible in σ−i(R). Then there exists

t ∈ σ−i(R)[[x;σ]] such that lt = σ−i(1R).

The next result generalizes ([9], Proposition 2.4).

Proposition 2.3. Suppose that R is a ℵ0-injective strongly regular ring

such that all idempotents of R are α-invariant. Then all right principal ideals of

A = R[[x;α]] are generated by a series whose coefficients are central idempotents

mutually orthogonal in R.

Proof. Let f =
∑

n≥0 fnx
n ∈ A, where fn ∈ Sn, for all n ≥ 0 and fA a

right principal ideal generated by f .

By assumption, R is a strongly regular ring, and we can write fn = dnun,

where dn ∈ R is a central idempotent and un ∈ U(R), for all n ≥ 0. Note that

dn ∈ Sn, for all n ≥ 0, because fn = fn1n = (1ndn)un.

Let

en = dn(1R − dn−1) . . . (1R − d0) ∈ Sn
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for all n ≥ 0 and consider g =
∑

n≥0 enx
n ∈ A. Then, for i > j,

eiej = di(1R − di−1) . . . (1R − dj) . . . (1R − d0).dj(1R − dj−1) . . . (1R − d0) = 0

and it folows that the coefficients of g are central idempotents and mutually or-

thogonal. We consider X = {α−m(fm+n1m)}m,n≥0 be a countabel subset of R.

Since R is ℵ0-injective strongly regular then, by ([10], 4.88), there exists a count-

able subset {bn}n≥0 of R such that

bnem = α−m(fm+n1m)em

for any m,n ≥ 0. By assumption, all idempotents in R are α-invariant and, for

any m,n ≥ 0,
emαm(bn1−m) = emfm+n. (4)

We claim that fA ⊆ gA. In fact, let h =
∑

n≥0 bn1nx
n ∈ A such that

gh =
∑

n≥0 cnx
n, where cn =

∑
i+j=n eiαi(bj1j1−i). By the fact that fn =

dnun = d2nun = dnfn we have that by (4),

cn =
∑

i+j=n

eiαi(bj1j1−i) =
∑

i+j=n

eiαi(bj1−i)1n

=
∑

i+j=n

eifi+j1n =

( n∑
i=0

ei

)
fn =

[( n∑
i=0

ei

)
dn

]
fn ∈ Sn.

and

n−1∑
i=0

ei +

n−1∏
i=0

(1R − di) = e0 + e1 + · · ·+ en−1 + (1R − d0) . . . (1R − dn−1)

= e0+ e1+ . . .+ en−1+(1R− d0) . . . (1R− dn−2)1R−(1R−d0) . . . (1R− dn−2)dn−1

= e0 + e1 + · · ·+ en−2 + (1R − d0) . . . (1R − dn−2)

where, by induction, we have

n−1∑
i=0

ei +
n−1∏
i=0

(1R − di) = 1R.

Thus,( n∑
i=0

ei

)
dn = (e0 + e1 + · · ·+ en−1)dn + endn =

n−1∑
i=0

eidn + en

=

n−1∑
i=0

eidn+

n−1∏
i=0

(1R − di)dn=

[ n−1∑
i=0

ei+

n−1∏
i=0

(1R− di)

]
dn = 1Rdn = dn
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and

cn =

[( n∑
i=0

ei

)
dn

]
fn = dnfn = fn

for all n ≥ 0. Hence gh = f and then, fA ⊆ gA.

Next, we show that gA ⊆ fA. In fact, since all idempotents of R are α-

invariant, then 1n = αn(1−n) = 1n1−n and we have that

1−n = α−n(1n) = α−n(1n1−n) = 1n1−n.

Hence, 1n = 1−n, for all n ≥ 0.

Note that g = fp if and only if, en =
∑

i+j=n fiαi(pj1−i), for all n ≥ 0,

where p =
∑

n≥0 pnx
n ∈ A, with pn ∈ Sn, for all n ≥ 0. In this case, we obtain a

system with a countable number of linear equations such that

en = α−n(en) = α−n

( ∑
i+j=n

fiαi(pj1−i)

)
=

∑
i+j=n

α−n(fi1n)αi−n(pj1n−i)1−n =
∑

i+j=n

α−n(fi1n)α−j(pj).

From ([10], 4.88) we have that R is ℵ0-algebraically compact by (5) and the

system

en =
∑

i+j=n

α−n(fi1n)xj (5)

is solvable in R if, and only if, all its finite subsystem is solvable in R. Now, we

show that the finite subsystems are solvable in R.

We clearly have that

fei =
∑
n≥0

fnx
nei =

∑
n≥0

fnαn(ei1−n)x
n =

∑
n≥0

fnei1nx
n =

∑
n≥0

fneix
n.

Thus, for all n < i,

fnei = undnei = (undn)di(1R − di−1) . . . (1− dn) . . . (1R − d0) = 0

and we have that fei =
∑

n≥i fneix
n.

Let h1 = α−i(ui1i) +
∑

j≥1 α−i(fi+j1i)x
j ∈ A. Then,

eix
i.h1 = eiuix

i +
∑
j≥1

eifi+jx
i+j = eifix

i +
∑
j≥1

eifi+jx
i+j =

∑
n≥i

fneix
n.
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Each element ei ∈ Si is α-invariant and

fei =
∑
n≥i

fneix
n = eix

i.h1 = xiei

[
α−i(ui1i) +

∑
j≥1

α−i(fi+j1i)x
j

]

= eix
i

[
σ−i(ui) +

∑
j≥1

σ−i(fi+j)x
j

]
= eix

ih2

where h2 = σ−i(ui) +
∑

j≥1 σ
−i(fi+j)x

j ∈ σ−i(R)[[x;σ]] has invertible inde-

pendent term in σ−i(R) and we have that by Lemma 2.2, there exists t ∈
σ−i(R)[[x;σ]] such that h2t = σ−i(1R). Thus

eix
i = eix

iσ−i(1R) = eix
i(h2t) = (eix

ih2)t = (fei)t.

Define qm =
∑m

i=0 eit, for all m ≥ 0 and it follows that

e0 + e1x+ · · ·+ emx
m =

m∑
i=0

eix
i =

m∑
i=0

feit = f
m∑
i=0

eit = fqm. (6)

If qm =
∑

n≥0 anx
n ∈ A, with yj1−j = α−j(aj), for all j ≥ 0, then

fqm =
∑
n≥0

fnx
n.

∑
n≥0

anx
n =

∑
n≥0

( ∑
i+j=n

fiαi(aj1−i)

)
xn

=
∑
n≥0

( ∑
i+j=n

fiαi(αj(yj1−j)1−i)

)
xn =

∑
n≥0

( ∑
i+j=n

fiαn(yj1−n)

)
xn.

By (6),
m∑
i=0

eix
i =

∑
n≥0

( ∑
i+j=n

fiαn(yj1−n)

)
xn

and we obtain that en =
∑

i+j=n fiαn(yj .1−n), for all 0 ≤ n ≤ m. So,

en = α−n(en) =
∑

i+j=n

α−n(fi1n)yj

for all 0 ≤ n ≤ m. �

Lemma 2.4. Suppose that R is an ℵ0-injective strongly regular ring such

that all idempotents are α-invariant. Then A = R[[x;α]] is a right duo ring.
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Proof. Let f =
∑

n≥0 fnx
n ∈ A and g =

∑
n≥0 gnx

n ∈ A. Then by

Proposition 2.3, the coefficients of f are central idempotents that are mutually

ortogonal in R. We consider the countable subset {α−n(gi1n)}i,n≥0 of R. By ([10],

4.88), there exists a countable subset {ti}i≥0 of R such that fnti = enα−n(gi1n),

for any i, n ≥ 0. Since all idempotents of R are α-invariant, then

fnαn(ti1−n) = fngi (7)

for any i, n ≥ 0.

Let h =
∑

n≥0 tn.1nx
n ∈ A. Then

gf =

(∑
n≥0

gnx
n

)(∑
n≥0

fnx
n

)
=

∑
n≥0

( ∑
i+j=n

gifj

)
xn

=

(∑
n≥0

( ∑
i+j=n

gifj

)
xn

)
1R =

∑
n≥0

( ∑
i+j=n

gifj

)
1nx

n

and, by (7),

fh =

(∑
n≥0

fnx
n

)(∑
n≥0

tn1nx
n

)
=

∑
n≥0

( ∑
i+j=n

fiαi((tj1j)1−i

)
)xn

=
∑
n≥0

( ∑
i+j=n

fiαi(tj1−i)

)
1nx

n =
∑
n≥0

( ∑
i+j=n

figj

)
1nx

n.

Hence gf = fh and, so, Af ⊆ fA. �

Now we are in condition to prove our principal result of this article and

generalizes ([9], Theorem 1.6 and Corollary 3.1).

Theorem 2.5. Suppose that α is a partial action of finite type. The following

conditions are equivalent:

(1) A is a right Bezout and right duo ring.

(2) A is a right Bezout and reduced ring.

(3) A is a right Bezout and right quasi-duo ring.

(4) A is a right Bezout and semicommutative ring.

(5) A is a right distributive and right duo ring.

(6) A is a right distributive and reduced ring.

(7) A is a right distributive ring.

(8) All right ideals of A generated by two elements are flat, R is an abelian ring

and all idempotents of R are α-invariant.

(9) A is a right duo ring and all submodules of a flat A-module are flat.
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(10) All submodules of a flat A-module are flat, R is an abelian ring and all

idempotent of R are α-invariant.

(11) R is an ℵ0-injective strongly regular ring and all idempotents of R are α-

invariant.

(12) A is a right Bezout ring and R is a right duo ring.

(13) A is a right Bezout ring and R is a reduced ring.

(14) A is a right Bezout ring and R is a right quasi-duo ring.

(15) A is a right Bezout ring and R is a semicommutative ring.

(16) A is a right Bezout ring and R is a strongly regular ring.

(17) R is a right duo ℵ0-injective von Neumann regular and all idempotents of R

are α-invariant.

Proof. By Theorem 1.14, (7) and (11) are equivalent. By Theorem 1.15,

(8), (10) and (11) are equivalent. Clearly (5) ⇒ (7). Since (7) ⇔ (11) and by

Lemma 2.4, then A is a right duo ring. Thus, (7) ⇒ (5).

By the fact that (7) ⇒ (11) we have that R is strongly regular and all

idempotents of R are α-invariant. Let a ∈ Sj such that aαj(a1−j) = 0, for some

j ∈ Z. Since Sj is strongly regular, for all j ∈ Z, then a = ue, where u ∈ U(Sj)

and e = e2 ∈ Sj . Hence,

0 = aαj(a1−j) = ueαj(ue1−j) = ueαj(u1−j)

and, then e = e1j = 0. So, α is partially α-rigid and by Lemma 1.1, A is a

reduced ring.

Clearly (6) ⇒ (7).

By (7) ⇒ (11) and Lemma 2.4, we obtain that A is a right duo ring. More-

over, by Theorem 1.14, A is a right Bezout ring. Hence (7) ⇒ (1). Since all right

duo rings are right quasi-duo, then (1) ⇒ (3). By ([10], 2.35), all right Bezout

rings and right quasi-duo rings are right distributive and it follows that (3) ⇒ (7).

From (7) ⇒ (1) and (7) ⇒ (6) it follows that (7) ⇒ (2) and since all reduced

rings are semicommutative then (2) ⇒ (4).

If A is semicommutative then R ⊆ A is semicommutative. Hence, by Theo-

rem 1.14, (4) ⇒ (7).

All right duo ring are semicommutative and, in particular, are abelian. By

Proposition 2.1, we have that (9) ⇒ (10).

Conversely, assume (10). Since (10) ⇔ (11) then, by Lemma 2.4, A is right

duo and, we obtain (9).

Clearly (12) ⇒ (14). By Theorem 1.14, (14) ⇒ (16). Since all strongly

regular rings are duo, then (16) ⇒ (12).
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Again, by Theorem 1.14, (7), (15) and (16) are equivalent. By the fact that

all reduced rings are semicommutative, then (13) ⇒ (15).

Note that all strongly regular rings are reduced then (16) ⇒ (13) and we

obtain that (13) and (15) are equivalent.

Suppose (17). Then R is an ℵ0-injective von Neumann regular right duo ring.

Thus, R is abelian and, by ([5], Theorem 3.5), R is strongly regular. Hence, we

get (11).

Suppose (11). Then R is ℵ0-injective strongly regular. In particular, R is

duo and, by ([5], Theorem 3.5), R is abelian von Neumann regular. Then we

get (17). �
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