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Bezout duo and distributive partial skew power series rings

By LUCIANE GOBBI TONET (Santa Maria) and WAGNER CORTES (Porto Alegre)

Abstract. In this paper we consider rings R with a partial action « of Z on R. We
study necessary and sufficient conditions for the partial skew power series rings R[[z; o]
to be right duo and right Bezout.

Introduction

Partial actions of groups have been introduced in the theory of operator
algebras giving powerful tools of their study (see [3] and the literature quoted
therein). In [3], the authors introduced partial actions on rings in a pure algebraic
context and studied partial skew group rings. In [3], the authors defined a partial
action as follows: let R be a ring with an identity 1z and let Z the additive group
of integers. A partial action « of Z on R is a collection of ideals S;, ¢ € Z and
isomorphisms of rings «; : S_; — S; such that the following conditions hold:

(i) So = R and ay is the identity map of R;
(i) S_(iyg) 2 a7 (SiNS—_y);
(iii) a;j o a;(a) = ajri(a), for any a € a;*(S; N S_;).

The above properties easily imply that a,;(S_; N S;) = 5; N Si4+; and a_; =
a; !t for all 4,5 € Z.

Following [2], the partial skew Laurent polynomial ring R{x;c), in an in-
determinate x, is the set of all finite formal sums Y% a;x%, a; € S;, where
the addition is defined in the usual way and the multiplication is defined by

i=—"n
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(a;z")(ajz?) = a;(a_;(a;)aj)xz™, for any i,j € Z. The partial skew polyno-
mial ring R[z;a] is the subring of R{x;a) whose elements are the polynomials
Mg aixt, a; € S;.

Given a partial action a of Z on R, an enveloping action is a ring 7' con-
taining R together with a global action 8 = {o* : i € Z} on T, where o is an
automorphism of 7" such that the partial action «; is given by the restriction of
o' ([3], Definition 4.2). Note that T does not necessarily have an identity, since
the group acting on R is infinite. It is shown in ([3], Theorem 4.5) that a partial
action « has an enveloping action if and only if all the ideals S; are generated by
central idempotents of R.

When « has an enveloping action (T, 0), where o is an automorphism of T,
we may consider that R is an ideal of 7" and the following properties hold:

(1) T =3 ez0'(R);
(ii) S; = RN o' (R), for every i € Z;
(iii) a;(a) =o'(a), foralli € Z and a € S_;.

In order to have associative rings and apply the results which are known for skew
polynomial rings and for skew power series rings we assume throughout the paper
that all ideals S; are generated by central idempotents of R. The idempotent
corresponding to S; will be denoted by 1, and the enveloping action of « by
(T, o), where o is an automorphism of 7. By condition (ii) above we have that
1; = 1go?(1g). This fact and conditions (i) and (iii) above will be used freely in
the paper. Also the following remark will be used without further mention: if I
is an ideal of R, then I is also an ideal of T'. In fact, if a € [ and t € T' we have
ta =tlga € Ra C I and, similarly, at € I.

The skew Laurent polynomial ring T{x;0) is the set of formal finite sums

q
1=p
for all @ € T. The partial skew Laurent polynomial ring R{x;«) is a subring of

a;x', a; € T, with usual sum and the multiplication given by za = o(a)z,

T(xz;0). Moreover, R[z; ] is a subring of the skew polynomial ring T'[z; o).

The partial skew power series ring R|[[x;a]], in an indeterminate x, is the set
of all series Z;}io a;x', a; € S;, where the addition is defined in the usual way
and the multiplication is defined by

( i am’) ( i bixz) = i ciat
i=0 i=0 i=0

for any a;,b; € S;, where ¢; = agb; + a1a1(bi—11-1) + -+ + a;a;(bgl_;), for all
i > 0. The partial skew polynomial ring R[z;a] is a subring of R[[z;a]].
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The skew power series ring T'[[x; 0] is the set of all series >~ a;z%, a; € T,
with usual sum and the multiplication given by

( i aimi> ( i bia:i) = i ciat
i=0 i=0 i=0

where ¢; = agb; + a1o(b;_1) + - + a;0'(by), for any i > 0. The skew polynomial
ring T[x; 0] is a subring of T[[z; o]], consisting of the series with a finite number
of non zero coefficients. Moreover, R[[z;a]] is a subring of the skew power series
ring T'[[z; o]].

We recall some terminology from [2]. We say that an ideal I of R is an a-ideal
(a-invariant ideal) if o, (INS_;) CINS;, foralli >0, (a;(INS_;) =1INS,, for
all i € Z). Note that I is an a-ideal of R if and only if the set of all polynomials
> ispaizt, where a; € I'NS;, is an ideal of R[z;a]. A similar result holds in
R{z;a) if I is an a-invariant ideal of R.

A ring R is called right (left) quasi-duo if every maximal right (left) ideal of
R is two-sided or, equivalently, every right (left) primitive homomorphic image of
R is a division ring. We refer [8] for further information on quasi-duo rings.

Let J(R) be the Jacobson radical of R. We have that R is right (left) quasi-
duo if and only if R/J(R) is right (left) quasi-duo and in this case R/J(R) is a
reduced ring. We will use this property in the paper without further mention.

The main purpose of this paper is to study necessary and sufficient conditions
for the partial skew power series rings R[[z;a]] to be right duo and right Bezout.
In Section 1, we present the results that are necessary to prove the principal result
of this article, which generalize the results that appear in [10]. In Section 2, we
prove our principal result, generalizing ([9], Theorem 1.6 and Corollary 3.1).

1. Preliminaries results

A ring S is reduced if S do not have non-zero nilpotent elements. For () # X CS
we denote by rg(X) = {a € S : Xa = 0} the right annihilator of X. Moreover,
if S is a reduced ring then, by ([10], 1.35(2)), we have that rg(a) = lg(a) is a
two-sided ideal of S, for all a € S.

We begin with the following definition that appears in ([1], Section 3 Defini-
tion 1).

Definition 1.1. A partial action a of Z on a ring R is called partially a-rigid
if for each a € S; such that aa;(a.1_;) =0, j € Z, we have that a = 0.
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Equivalently, « is a partial a-rigid action if, for each 0 #a € S, j € Z, we
have that aa;(al_;) # 0.
The next result generalizes ([10], 6.52).

Lemma 1.1. Let A = R[[z;a]] and B = R[z;a]. The following conditions
are equivalent:

(1) A is a reduced ring.
(2) B is a reduced ring.
(3) « is partially a-rigid.
PrOOF. (1) = (2) Straightforward.
(2) = (3) Let a € S, such that aa,(a.1_,) = 0, for some n > 0. Then
(ax™)? = 0 and, by assumption, we have that az™ = 0. Hence, a = 0.

(3) = (1) By assumption, we clearly have that R is a reduced ring.
Let f = ano fnx™ € A, with f,, € S,, for all n > 0, such that

=3 ( > fiai(fjl_i)>x" = 0.

n>0 “itj=n

Since R is reduced, then fy = 0. Suppose that f; =0, for all j < m. By the fact
that the coefficient of the term of degree 2m of f? satisfies

> il fi1) = fofom + -+ fm@m(fnlom) + - + fom0om(fol —2m)

i+j=2m

= fnttn (1) = 0

and we have that f,, =0. So, f =0. O

Definition 1.2. Let a be a partial action of Z on R. We say that R is an
a-strongly regular ring if, for any @ € R and j # 0, there exists b; € R such that
aj(al_;) = a;(al_;)*b;.

The following definition appears in [5].

Definition 1.3. (1) A ring S is said to be Von Newmman regular if, for each
a € S, there exists b € S such that a = aba.

(ii) A ring S is said to be strongly regular if, for any a € S, there exists b € S
such that a = a?b.

(iii) A ring S is said to be abelian if all idempotents of S are central.

From [5] we easily have that (ii) = (i) and (ii) = (iii).



Bezout duo and distributive partial skew power series rings 551

Lemma 1.2. R is an a-strongly regular ring if and only if Sy, is a strongly
regular ring, for all k # 0.

PROOF. Suppose that R is an a-strongly regular ring and let a € S, with
k # 0. Then, for any j # 0, there exists b; € R such that o (al_;) = a;(al_;)b;.
In particular, for j = —k, we have that a_j(a) = a_j(a)?b_. Thus,

a=apla_g(a)l_) = a*ap(b_rl_p).

So Sy, is strongly regular, for all k # 0.

Conversely, suppose that Sy is strongly regular, for all £ # 0. Note that,
for any a € R, we have al_j, € S_j. Thus, there exists by € S_j such that
al_k = (al_k)2bk. So

ak(al,k) = ak(al,k)2ak(b)

and it follows that R is a-strongly regular. (]

A ring S is semicommutative if the right (left) annihilator of each element
of S is a two-sided ideal. Equivalently, S is semicommutative if, for any a,b € S
such that ab = 0, we have aSb = 0. Thus, every semicommutative ring is an
abelian ring. Moreover, every reduced ring is a semicommutative ring.

Now we can prove the following result.

Lemma 1.3. Suppose that R is a semicommutative ring such that, for any
a € R, there exists b; € R satisfying oj(al_;) = aj(al_j)ab;, for any j > 1.
Then R is an a-strongly regular ring.

Proor. By assumption, for each a € S_;, there exists b; € R such that
aj(a)[l1gr —ab;] = 0 and rr(a;(a)) is a two-sided ideal of R. Thus a;(ml_;)am €
rr(a;(a)) and

0 = oj(a)a;(ml_j)am = aj(am)am,

where m = 1g —ab; € rgr(a;(a)). Hence, 0 = am = a(1g —ab;) = a — a?b; and it
follows that a = a.1_; = a®(b;1_;). So, S; is a strongly regular ring, for all j # 0
and by Lemma 1.2, R is a-strongly regular. (]

The following definition appears in [10].

Definition 1.4. (i) A ring S is said to be right distributive if, for any right
ideals J, K, L of R, we have that (J+ K)NL=(JNL)+ (KNL).

(ii) A ring S is said to be right Bezout if any two-finitely generated right
ideal of S is a principal right ideal.
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From now on, we denote B = R[z;a] and A = R][x;a]]. The next result
generalizes ([10], 6.55((3), (5), (6))) and the proof will be omitted since it follows
from the original ideas adapted to our case.

Proposition 1.4. Let S(n) = B/(}_,,, Siz') and

I(n) = <st> / (ZSf”)

i>1 i>n

for all n > 1. The following conditions hold.

(1) I(n) is a nilpotent ideal of S(n) and R ~ S(n)/I(n), for all n > 1.

(2) If R is a strongly regular ring, then S(n)/J(S(n)) is a strongly regular ring.

(3) If R is a strongly regular ring, then S(n) is a right distributive ring if and
only if S(n) is a right Bezout ring.

We recall that a ring S is said to be J-semisimple if J(S) = 0, where J(5)
is the Jacobson radical of S.

Following [4], a partial action « of Z is said to be of finite type if, for any
z € 7, there exists a finite subset {21,...,2,} of Z such that >, .., S.4., = R.
It is not difficult to see that R = @?:1 D,4,,, where D, ,, is an ideal of Sotz
generated by a central idempotent e, ., of R, 1 = Z?:l €tz and gz €0, =0,
for i # j.

The next result is well known and we put it here adapted for our case.

Lemma 1.5. Suppose that « is a partial action of finite type. The following

conditions hold.

(1) R is a J-semisimple ring if, and only if, S; is a J-semisimple ring, for all
J #0.

(2) R is a von Neumann regular ring if, and only if, S; is a von Neumann regular
ring, for all j # 0.

(3) R is a strongly regular ring if, and only if, S; is a strongly regular ring, for
all j # 0.

The next result generalizes ([10], 6.61).

Proposition 1.6. Suppose that « is a partial action of finite type such that,
for any j > 1 and a € R, there exists b; € R satisfying a;(al_;) = a;(al_;)ab;.
The following conditions hold.

(1) J(R) =0.
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(2) If R is a semicommutative ring, then R is a strongly regular ring and all
idempotent elements of R are a-invariant and central in R[x; .

PROOF. (1) Let a € J(S_;) = J(R)NS_j, for j > 1. Then there exists
b; € R such that a;(a)(1g —ab;) = 0. Since a € J(R), then 1r —ab; € U(R) and
we obtain that «;(a) = 0. Thus, J(S_;) =0, for all j # 0. So, by Lemma 1.5(1),
we have that R is a J-semisimple ring.

(2) By Lemma 1.6, R is an a-strongly regular ring and, by Lemma 1.5, S;
is a strongly regular ring, for all j # 0. Thus, by Lemma 1.5(3), R is a strongly
regular ring and, by [5], we have that all idempotent elements of R are central.
Note that, for all j > 1, there exists u;,v; € R such that

aj(el_j) = a;(el_;)eu;
a;j((lr —e)l-;) = a;((1r —e)1-;)(1r — e)v;.
Hence, aj(el_;) + o;((1r — e)1_;) = 1; and we have that
elj = eljaj(el_j)euj + eljozj((lR — 6)1_]‘)(1]{ — e)vj = aj(el_j).

So, all the idempotents of R are a-invariant. O

It is convenient to remark that the homomorphic image of a right Bezout ring
(right distributive ring) is a right Bezout ring (right distributive ring), see [10].

Next, we study conditions for the partial skew polynomial ring R[z; o] to be
a Bezout ring and this generalizes ([10], 6.62).

Proposition 1.7. Suppose that R is a strongly regular ring such that all
idempotent elements of R are a-invariant. The following conditions hold.

(1) A is a reduced ring and B is a Bezout reduced subring of A.
(2) Ifn > 1, then B/(},>,, S;z?) is a Bezout distributive ring.

PRrROOF. (1) Let a € S; such that acj(al_;) =0, for some j € Z. Since R is
a strongly regular ring then, by ([5]), we have that a = ue, where v € U(R) and
e € R is a central idempotent of R. Thus,

0= aozj(al_j) = ueozj(uel_j) = ueozj(ul_j)ozj(el_j) = ueaj(ul_j)

and we have that el; = 0. Hence a = al; = uel; = 0 and we obtain that « is a
partially a-rigid. So, by Lemma 1.1, A is reduced.

We claim that S is a right Bezout ring. In fact, let D = fS 4 ¢S be a right
ideal of S generated by f,g € S and n = min(6(f),0(g)), where §(h) denotes
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the degree of a polynomial h € B. We proceed by induction on n. Suppose that
n=o(f)<sg).

Let f = Y1, fiz" € B, where f; € S;, for all 0 < i < n. Since R is
strongly regular we can write f,, = ane,, where a,, € U(R) and e,, € R is central
idempotent.

If n =0, then f = fo = apeg. We define h = ey + g(1gr — ep) and note that
hf = hegag = f. By the fact that all idempotents of R are a-invariant we have
that h(1gr —ep + geo) = g. So, D = fS+ ¢gS = hS is a right principal ideal of B.

Now we suppose, by induction, that uB + vB is a right principal ideal of B,
for any u,v € B such that n > min(d(u), d(v)).

By assumption, all idempotents of R are a-invariant and we have that

D(].R — en) = (fB +gB)(1R — Gn) = fB(lR — 671) +gB(1R — en)
= f(lr —en)B+g(1r — €,)B.
It is not difficult to see that

fnan((lR - en)l—n) = fn(lR - en)ln = fn(lR - en) = anen(lR - en) = 0.
Hence, 0(f(1g —en)) < n and it follows that D(1r — e,,) is a right principal ideal
of B.

Note that we can suppose that d(g) = 6(f) = n because, if 6(g) = p > n, we

take _ _
I = fepa_n(a, 1gp1n)xp " — gen

and we have that D = Bf 4+ Bg = Bf + Bl. The coefficient of the term of degree
p of [ € B satisfies
fnenaglgpln — gpen =0
and we obtain that §(I) < p.
We define ¢ = fe,a_n(a, g,) — gen and note that

dn = fnan(enl—n)a’glgn — Ggn€n = fnenavzlgn — Ggn€n = anenaglgn — gnen = 0.
Hence, 6(q) < n. Moreover,
De,, = (fB +gB)e, = fe, B+ ge,B = fe, B +qB,
where min(§(fey),d(q)) < n and it follows that De, is a right principal ideal
of S. So, D is a principal right ideal of B.
(2) Let ¢ : B — B/(3_;>, Siz") be the canonical epimorphism, for all n > 1.
By (1), B is a Bezout ring and we obtain that B/(},,, Siz’) is a Bezout ring

as homomorphic image of B. So, by Proposition 1.4(3), B/(},s, Siz') is a
distributive ring. O
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The order of a series f € A, denoted by O(f), is the minor power of x on f
with non zero coefficient. We consider, for all j > 1, the set

Mj={feA:0(f) =j+1}.
The next result generalizes ([10], 6.68((1), (3), (4), (5), (6), (7))) and the

proof follows the principals ideas of them adapted to our case.
Proposition 1.8. Let A(n) = A/M,,_y and I(n) = My/M,_1, for alln > 1.
The following conditions hold.
(1) For all f,g € A, >",5,(f1;27g)" is the inverse element of 1g — fla’g € A,
for all j > 1.
(2) Mo C J(A).
(3) A/My,—y ~ B/ Y, Siz", for allm > 1.
(4) I(n) isa nilpotentiideal of A(n) and R ~ A(n)/I(n), for all n > 1.
(5) If R is a strongly regular ring then A/J(A) and A(n)/J(A(n)) are strongly
regular rings.
(6) If R isastrongly regular ring then A (respectively A(n)) is a right distributive
ring if, and only if, A (respectively A(n)) is a right Bezout ring.
Let M be a right R-module. A subfactor of M is a submodule of M/N,
where N is a submodule of M. Moreover, if N is a subfactor of a distributive

module M, then End(N/J(N)) is a reduced ring, see ([10], 2.54). Our next result
generalizes ([10], 6.63).

Proposition 1.9. Suppose that « is a partial action of finite type, m; : A —
A/M; is the canonical epimorphism and 7;(A) is a right distributive ring, for all
j > 1. The following conditions hold.

(1) Foranya € R and j > 1, there exists an element b; € R such that a;(al_;) =
Q; (al,j)abj.
(2) R is a strongly regular ring, m;(A) is a distributive Bezout ring, for all j > 1

and all idempotent elements of R are a-invariant and central in A.

PROOF. (1) Let a € R and j > 1. By assumption, m;(A) is right distributive
and there exists

f=mi(f)=f+M;
g=mjlg) =g+ M,
h=mj(h)=h+ M;
s=mi(s) =s+ M,
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in m;(A), where f,g,h,s € A, such that

1R+Mj:f+g+Mj
af—|—Mj lel‘jh+Mj

1jxjg—|—Mj =as + M;
Thus, there exists Iy, 2,13 € M; such that

1R:f+g+11
alejxjh—i—lg

Lizlg=as+13
and we have that

ajlal_j)zd = L;zlalg = L;ala(f + g+ 11) = 1,27 (af) + 1,27 (ag) + 1,27 aly
= 127 (127 h + 12) + aj(al_;)1;27 g + 107 aly
= 1L;ly;2*h + 1271 + aj(al_;)[as + 3] + 127 al;.

Note that the coefficients of degree j in this equality satisfies a(al_;) =
a;(al_j)as;, where s; is the coefficient of the term of degree j in the series
s € A. So, the result follows.

(2) By Proposition 1.6, R is a J-semisimple ring and
R~ A[My ~ (A/M;)/(Mo/M;) = m;(A)/m;(Mo).

Thus, there exists a surjective ring homomorphism ¢ : 7;(A) — R and it follows
that R is a right distributive ring as homomorphic image of 7;(A). By ([10], 2.54),
we have that R ~ End(R) = End(R/J(R)) is a reduced ring and, in particular,
semicommutative.

By Proposition 1.6(2), R is a strongly regular ring such that all idempo-
tent elements of R are a-invariant and central in A. By Proposition 1.7(2),
B/(Y;5, Siz") is a distributive Bezout ring, for all j > 1. By Proposition 1.8(3),
mi(A) =A/M; ~ B/} ;. Siz' is a distributive Bezout ring, for all j > 1. 0

Definition 1.5. A ring S is said to be right quasi-duo if all right maximal
ideals of S are two-sided ideals.

The next result generalizes ([10], 6.64).
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Proposition 1.10. Suppose that « is a partial action of finite type and

B/( > Sx)

i>j+1

is a right Bezout ring, for all j > 1. If R is either right quasi-duo or semicom-
mutative then, for any a € R and j > 1, there exists an element b; € R such
that aj(al_;) = a;(al_;)ab;. Moreover, R is a strongly regular ring, all idem-
potent elements of R are a-invariant and central in B and B/(3 ;5,4 S;izt) is a
distributive Bezout ring, for all j > 1.

PROOF. Suppose that R is a right quasi-duo ring and consider the canonical

epimorphism 7; : B — B/(Zi2j+1 S;zt), for all 5 > 1. Then

79(252»9&) = (ZSixi) / ( > Sx)

i>1 i>1 i>j+1

is a left nilpotent ideal of 7;(B) and, in particular, (3,5, Siz*) C J(m;(S)).
Note that,

soin(£4) - (o1 £ ) (55 1 5,5#)

121 i2j+1 121 12j+1

~ B/<ZSixi) ~R.

i>1
Thus, we can consider the surjective homomorphism
v: R—m;(B)/J(m;(B))

and we have that 7;(B)/J(m;(B)) is a right quasi-duo ring. Hence, m;(B) is a
right quasi-duo ring. By assumption, 7;(B) is a right Bezout ring and by ([10],
2.35), m;(B) is aright distributive ring. So, the result follows from Proposition 1.9.

Now, suppose that R is a semicommutative ring. Let a € R and 1j$j es.
By assumption, 7,;(B) is a right Bezout ring and we have that aS + 1,275 is a
right principal ideal of 7;(B), for all j > 1. Thus, there exists f,g,m,u € B and
l1,lo € ZiZjJrl S;z* such that

(ag + Liz'm)f =a+1,

(ag + Liz?m)u = 1,27 + I.
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Hence, we get ago fo = a, agoug = 0 and
agjo;(uol—;) + agj—1oy-1(uli—j) + - + agou; + a;(mouol—;) = 1;. (1)

Since rr(ago) is a two-sided ideal of R then fomoup € rr(agp). By the
fact that a = ago fo, we obtain that o;(amougl_;) = 0. Let b = g;jo;(uol_;) +
gj_lozj_l(ulll_j) + -+ gouy. By (1), we get ab + Oéj(mouo]._j) = 1j and

aj(al_j) = aj(al_;)[ab + a;j(mougl—;)]

= a;(al_j)ab + aj(amoupl_;) = aj(al_;)ab.

Thus, by Proposition 1.6, R is a strongly regular ring. So, R is a right duo ring
and, in particular, right quasi-duo. [l

We say that a right R-module M is Rg-algebrically compact if any system
L(a;;j,m;, M) with a countable number of linear equations

t(i) )
{ ijaij = ml}
j=0 '

=0

with coefficients a;; € R, m; € M and with a countable number of variables
{z;}32, assuming values on M such that all finite subsystem of this system has
a solution, then L(a;;, m;, M) has a solution on M.

Following [10], a right R-module F is flat if, for each left R-module monomor-
phism w : My — Ms, the group homomorphism f : F® M; — F ® M, defined
by

fla®b) = (idg @ u)(a®b) = a @ u(b)

is a monomorphism.
Our next result generalizes ([10], 6.69(2)).

Proposition 1.11. Let R be an Ny-injective strongly regular ring such that
all idempotent elements of R are a-invariant. Then A is a reduced distributive
Bezout ring and all submodules of an A-module flat are flat.

PRrROOF. We show that A is a right distributive ring, i.e., following ([10], 2.4)
it is equivalent to show that, for any v = > .o wiz’ and v = Y, vz’ € A,
there exists f = Zizo fixt, g = Zizo gixi, h = ZiZO hiat, k = ZiZO kixt € A
such that 1 = f + ¢, fu = hv and gv = ku. In fact, we have a system of three
equations on A equivalent to a countable system of linear equations @) on Rp
with a countable number of left variables f;, g;, h;, k; € R, for all ¢ > 0, with right
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coefficients in R depending of fixed variables {u;,v; € R}, where each equation
has only a finite number of variables.

Let N be a finite subsystem of ). Then there exists n > 1 such that N
doesn’t have variables f;, g;, hi,k; € R, for all i > n. By Proposition 1.8(3),
A/M,_1 ~ B/Y" .., Siz" and, by Proposition 1.7(2), A/M,_; is a distributive
Bezout ring, for all n > 1. Thus, by ([10], 2.4), the extension of N to the quotient
A/M,_1 is a solvable system. Hence, all finite subsystem of @ is solvable in R.

So, by ([10], 4.88), R is right Rg-algebrically compact and we have that Q
is solvable in R. The result follows from Propositions 1.7(1), 1.8(6) and ([10],
421). O

Our next result generalizes ([10], 6.70).

Proposition 1.12. Suppose that « is a partial action of finite type. If each
right ideal of A generated by two elemens is flat, then R is a von Neumann regular
ring.

PROOF. Since « is of finite type, then R = @;;1 D;, where D; = Re;, for
all 1 <5 < n and {ej : 1 < j < n}is a set of central orthogonal idempotents.
According to Lemma 1.5(2), it is enough to show that D; is a von Neumann
regular ring, for all 1 < j < n. In fact, let @ € D;. Then aljz? = 1;27a_;(a)
and, by ([10], 4.24), there exists f,g,t € A such that

af =12lg
(1g — f)1;27 =ta_j(a).
Thus, we have that afy =0 and (1g — fo)1; = t;a. Hence,
a:a—afo:a(lR—fO):a(lR—fo)lj:atja. |:|

The proof of the next proposition is straightforward.

Proposition 1.13. If L = @,_; R; is a direct sum of a family of Ro-injective
strongly regular rings, then L is an Ng-injective strongly regular ring.

Now, we are prepared to prove the principal results of this section. The next
result generalizes ([10], 6.71).

Theorem 1.14. Suppose that « is a partial action of finite type. The
following conditions are equivalent:

(1) A is a right distributive ring.
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(2) A is a right Bezout ring and R is either right quasi-duo or semicommutative.

(3) A is either right Bezout or right distributive ring and R is a strongly regular
ring.

(4) A is a reduced distributive Bezout ring and all submodules of a flat A-module
is flat.

(5) R is an Ng-injective strongly regular ring and all idempotent elements of R
are o-invariant.

PROOF. During this proof we consider the canonical epimorphism 7,, : A —
A/M,, for any n > 1, where M,, =Y. S;z".

(1) = (3) Note that m,(A) is a right distributive ring as homomorphic image
of A. Thus by Proposition 1.9(2), R is a strongly regular ring.

(2) = (3) Since m,(A) is a right Bezout ring (as homomorphic image of A)
then, by Proposition 1.8(3), we have that

m(A) = A/M, ~ B/ Y Sz’

i>n+1

Thus, B/ isni1 S;x' is a right Bezout ring, for all n > 1. So, by Proposi-
tion 1.10, R is a strongly regular ring.

(5) = (4) Follows directly from Proposition 1.11.

(4) = (3) Note that 7, (A) is a right distributive ring as homomorphic image
of the right distributive ring A. Thus, by Proposition 1.9(2), R is a strongly
regular ring.

(3) = (1) If R is a strongly regular ring and A is a right Bezout ring then,
by Proposition 1.8(6), A is a right distributive ring.

(3) = (2) Let R be a strongly regular ring. Then R is a right duo ring and,
in particular, R is a semicommutative right quasi-duo ring. Moreover, if A is a
right distributive ring then, by Proposition 1.8(6), A is a right Bezout ring.

(3) = (5) Suppose that R is a strongly regular ring. Thus, by Proposition
1.8(6), A is a right distributive ring and so m,(A) is a right distributive ring as
homomorphic image of A. By Proposition 1.9(2), all idempotent elements of R
are a-invariant and, by Proposition 1.7(1), A is a reduced ring. From ([10], 4.21)
we have that all (right or left) submodules of a flat A-module are flat. Thus, by
([10], 4.18), all right ideals of A generated by two elements are flat.

We show that S, is No-injective, for any n # 0. In fact, let {¢;}i>0 be a
countable subset of S,, and {e; };>0 a countable set of central mutually orthogonal
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idempotents of S,,. Then, there exists a countable set {a;};>¢ of S_, such that
a; = a_np(c;), for all ¢ > 0. Consider
u=e;x"
v=ca"e;x" = cieix"
w=e;x"c;x" = eian(cil,n)x%.
Note that wu = e;a,(cil_p)2®" = uv. Moreover, there exists f = Zizo fix?,
g= Zizo gix', h = Zizo h;z" € A, such that
(1r = flv=gu (2)
uf = wh. (3)
From (2), we obtain that

geix" = (1g — feiex®™ = cieix™ — feiex®™

where g,e; = cie; — e; foc;.

From (3), we obtain that e;z" f = e;a, (c;1_y,)x*™h, where e;a, (fol_,) = 0.
Since e; € R is a-invariant, then e; fy1_,, = 0 and we have that

(eifor™)? = €; foan(eifol_n)x®™ = 0.
By the fact that A is a reduced ring we obtain e; fo = 0. So
gnei = cie; — eifoc; = cieq,

for all ¢ > 0 and, by ([10], 4.88), S,, is an Ng-injective ring, for all n # 0. Therefore,
by Proposition 1.13, R is Ng-injective. (I

Now, we prove the second principal result of this section, which generalizes
([10], 6.72).

Theorem 1.15. Suppose that « is a partial action of finite type and R is an
abelian ring such that all idempotent elements of R are a-invariant. The following
conditions are equivalent:

(1) All submodules of a flat A-module are flat.
(2) All right ideals of A generated by two elements are flat.
(3) R is a strongly Rg-injective regular ring.

PROOF. (1) = (2) Follows directly from ([10], 4.18).

(2) = (3) By Proposition 1.12, R is a von Neumann regular ring. By ([5],
Theorem 3.5), R is strongly regular. Now, using an analogous process used in
Theorem 1.14 ((3) = (5)), we have that R is an Rg-injective ring.

(3) = (1) Follows from Theorem 1.14. O
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2. Our principal result

During this section, « is a partial action of Z on a ring with unit R such that
(T, o) is its enveloping action where o : T — T is an automorphism of T. From
now on we denote A = R[[z;a]] and B = R[z;q].

Our first result generalizes ([9], Proposition 2.2).

Proposition 2.1. If A is a right duo ring, then R is a right duo ring such
that all idempotent elements of R are a-invariant.

PROOF. Let a € R. Then ba € Aa C aA, for all b € R, because A is right
duo and there exists f = > ., foz™ € A such that ba = af. Thus ba = afy € aR
and it follows that Ra C aR. So, R is a right duo ring.

Now, let e € R be an idempotent element. Note that all right duo rings are
semicommutative and, in particular, abelian. Hence, we have that e is central in
A and

eljzl =127 e = aj(e1_;)a?

for all 7 > 1. So, e is a-invariant. (I

For all | € Z, o'(R)[[z;0]] is the set of all series in the form > ;o o?(a;)x’
and it is not difficult to see that is a right ideal of T'[[z; o]].

The proof of the next lemma follows the same ideas of the analogous result
in ordinary power series rings.

Lemma 2.2. Let | € 0~ (R)[[z;0]] C T[[x;0]] be a serie with coefficients in
o~ *(R) such that its independent term is invertible in = *(R). Then there exists
t € o7 (R)[[z; 0]] such that It = o~ (1g).

The next result generalizes ([9], Proposition 2.4).

Proposition 2.3. Suppose that R is a Ng-injective strongly regular ring
such that all idempotents of R are a-invariant. Then all right principal ideals of
A = R|[x; o]] are generated by a series whose coefficients are central idempotents
mutually orthogonal in R.

PROOF. Let f =" - fnx™ € A, where f, € S,, for all n > 0 and fA a
right principal ideal generated by f.

By assumption, R is a strongly regular ring, and we can write f, = d,uy,
where d,, € R is a central idempotent and wu,, € U(R), for all n > 0. Note that
dy, € Sy, for all n > 0, because f,, = fnl, = (1,dp)un.

Let

en = dn(lR — dn—l) . (1R — do) €S,
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for all n > 0 and consider g = ZnZO enx™ € A. Then, for ¢ > j,
62‘6]‘ = di(lR - difl) e (lR - d]) e (1R - do)dj(lR - djfl) e (lR - do) =0

and it folows that the coefficients of g are central idempotents and mutually or-
thogonal. We consider X = {a_y,(fm+nlm)}mn>0 be a countabel subset of R.
Since R is Np-injective strongly regular then, by ([10], 4.88), there exists a count-
able subset {by, },>0 of R such that

bnem - a—m(fm+n1m)em

for any m,n > 0. By assumption, all idempotents in R are a-invariant and, for
any m,n > 0,
Y - emam(bnl—m) = e7nfm+n~ (4)

We claim that fA C gA. In fact, let h = 37 -;b,1,2" € A such that
gh = >, ~¢cn™, where ¢, = Ziﬂ.:n eia;(b;1;1_;). By the fact that f, =
dnty, = d>u, = d, f, we have that by (4),

Cp = Z eiai(bjljl—i): Z eiai(bjl_i)ln

i+j=n i+j=n
= Z eifi+j]-n: < ez)fn: |:<261>dn:|fnesn
itj=n i=0 i=0

and

n—1 n—1
deit [[r—d)=eo+ter+-+en1+(1r—do)...(1g — dp_)
=0 i=0

= 60+ €1+ e +€n,1+ (1R—d0) e (1R_dn72)1R_(1R_dO) N (1R_ dnfg)dnfl
:60+61+"'+6n_2+(1Rfd0)...(1R7dn_2)

where, by induction, we have

n—1 n—1
doe+ [[(r—di) =1z
i=0 i=0

Thus,

n n—1
<Zei>dn =(ept+er+ - +ep_1)d,+end, = Zeidn + e,

i=0 =0

n—1 n—1 n—1 n—1
=Y edn+ [[(1r- di)dn—[z eit [ (1r— di)} dp = 1pd, = d,
=0 =0 =0 =0
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and "
Cn = {(Zez)dn} Jn=dnfn=fn
i=0
for all n > 0. Hence gh = f and then, fA C gA.
Next, we show that gA C fA. In fact, since all idempotents of R are a-
invariant, then 1, = a,(1-,) = 1,1_, and we have that

1 =a_n(ly) =a_p(lyl_p) =1,1_,.

Hence, 1,, = 1_,, for all n > 0.

Note that g = fp if and only if, e, = Ziﬂ:n fiai(p;1-;), for all n > 0,
where p =3 . pna™ € A, with p,, € Sy, for all n > 0. In this case, we obtain a
system with a countable number of linear equations such that

en = a_n(en) = Otn( > fz'Oéi(lei)>

i+j=n

= Z O‘—n(filn)ai—n(pjln—i)l—n: Z a—n(filn)a—j(pj)-

i+j=n itj=n
From ([10], 4.88) we have that R is Rg-algebraically compact by (5) and the
system
en = Z a_n(filn)z; (5)
i+j=n

is solvable in R if, and only if, all its finite subsystem is solvable in R. Now, we
show that the finite subsystems are solvable in R.
We clearly have that

fei =Y far"ei = fran(eil n)a" =Y foeilnz™ =Y  foeia™.

n>0 n>0 n>0 n>0

Thus, for all n < 1,
fnei = undnei = (undn)dz(lR — difl) e (1 — dn) e (]-R - do) = 0

and we have that fe; = anl. fneix™.
Let hy = a,i(uili) + ZjZl afi(fiJrj li).%‘j € A. Then,

7 _ 7 i+ i i+ n
e;x' hy = eu;x’ + E eifi+jx J =e;fix' + E eifiJrjx = E frneix™.

j>1 j>1 n>i
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Each element e; € S; is a-invariant and

fel = anelx" = eixi.hl = xiez|: - + ZOZ fZJF] :|
n>i j>1
=e;T [ (u; +Za (fitj)x } = e;x'ho
7j>1

where hy = o7 %(u;) + >t 0" (firj)x? € o7 (R)[[x;0]] has invertible inde-
pendent term in o~%(R) and we have that by Lemma 2.2, there exists t €
o~ (R)][[r; o]] such that hat = 0~ %(1g). Thus
eir' = eix'o T (1g) = e;x' (hat) = (e;z"ha)t = (fe;)t.
Define ¢, = Y ;" €;t, for all m > 0 and it follows that

m m m
eo+elx+-~-+emxm:Zeixi:Zfeit:fz:eit:fqm. (6)
=0 i=0 =0

If ¢, = ano apx™ € A, with y;1_; = a_,(a;), for all j > 0, then

Fin = fu" Y =30 (3 fadast- o

n>0 n>0 n>0 “itj=n
=y ( > fiai(aj(yjlj)li)>xn => ( > fian(yjln)>$”
n>0 i+j=n n>0 i+j=n
By (6),

i = ( > fian<yj1n>)xn

n>0 i+j=n

and we obtain that e,, = Ziﬂ:n fian(y;.1-5), for all 0 < n < m. So,

en = a_n(en) = Z a_n(filn)y;
i+j=n
forall 0 <n <m. [l
Lemma 2.4. Suppose that R is an Xg-injective strongly regular ring such
that all idempotents are a-invariant. Then A = R|[[z; «]] is a right duo ring.
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PROOF. Let f = > ~ foax™ € Aand g = Y ., gn2" € A. Then by
Proposition 2.3, the coefficients of f are central idemp(;tents that are mutually
ortogonal in R. We consider the countable subset {a_,,(¢9;15,) }i,n>0 of R. By ([10],
4.88), there exists a countable subset {¢;};>0 of R such that f,t; = e a_p(g:1n),
for any 4,n > 0. Since all idempotents of R are a-invariant, then

fnan(til—n) = fngi (7)
for any i,mn > 0.
Let h = ano tn.1,x™ € A. Then

gf = <T§)gnx"> (T;fnz") = ( z; g,»fj>z"
(S (E 5 E

n20 “itj=n i+j=n
and, by (7), =0 I
fh: <an$n> (Ztnlnxn) = ( fiai(<tj1j)1i>)xn
n=0 n>0 n>0 “itj=n
n>0 “itj=n n>0 “itj=n
Hence gf = fh and, so, Af C fA. O

Now we are in condition to prove our principal result of this article and
generalizes ([9], Theorem 1.6 and Corollary 3.1).

Theorem 2.5. Suppose that « is a partial action of finite type. The following
conditions are equivalent:
(1) A is a right Bezout and right duo ring.
(2
(3
(4
(
(
(
(

) A is a right Bezout and reduced ring.
)
)
5) A is a right distributive and right duo ring.
)
)
)

A is a right Bezout and right quasi-duo ring.

A is a right Bezout and semicommutative ring.

6
7
8

A is a right distributive and reduced ring.
A is a right distributive ring.

All right ideals of A generated by two elements are flat, R is an abelian ring
and all idempotents of R are a-invariant.

(9) A is a right duo ring and all submodules of a flat A-module are flat.
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(10) All submodules of a flat A-module are flat, R is an abelian ring and all
idempotent of R are a-invariant.

(11) R is an Ng-injective strongly regular ring and all idempotents of R are a-

invariant.
(12) A is a right Bezout ring and R is a right duo ring.
(13) A is a right Bezout ring and R is a reduced ring.
(14) A is a right Bezout ring and R is a right quasi-duo ring.
(15) A is a right Bezout ring and R is a semicommutative ring.
(16) A is a right Bezout ring and R is a strongly regular ring.
(17) R is a right duo Ny-injective von Neumann regular and all idempotents of R

are a-invariant.

PROOF. By Theorem 1.14, (7) and (11) are equivalent. By Theorem 1.15,
(8), (10) and (11) are equivalent. Clearly (5) = (7). Since (7) < (11) and by
Lemma 2.4, then A is a right duo ring. Thus, (7) = (5).

By the fact that (7) = (11) we have that R is strongly regular and all
idempotents of R are a-invariant. Let a € S; such that ac;(al_;) = 0, for some
J € Z. Since S;j is strongly regular, for all j € Z, then a = ue, where u € U(S;)
and e = ¢? € S;. Hence,

0 =aaj(al_;) = ueaj(uel_;) = uea;(ul_;)
and, then e = el; = 0. So, « is partially a-rigid and by Lemma 1.1, A is a
reduced ring.

Clearly (6) = (7).

By (7) = (11) and Lemma 2.4, we obtain that A is a right duo ring. More-
over, by Theorem 1.14, A is a right Bezout ring. Hence (7) = (1). Since all right
duo rings are right quasi-duo, then (1) = (3). By ([10], 2.35), all right Bezout
rings and right quasi-duo rings are right distributive and it follows that (3) = (7).

From (7) = (1) and (7) = (6) it follows that (7) = (2) and since all reduced
rings are semicommutative then (2) = (4).

If A is semicommutative then R C A is semicommutative. Hence, by Theo-
rem 1.14, (4) = (7).

All right duo ring are semicommutative and, in particular, are abelian. By
Proposition 2.1, we have that (9) = (10).

Conversely, assume (10). Since (10) < (11) then, by Lemma 2.4, A is right
duo and, we obtain (9).

Clearly (12) = (14). By Theorem 1.14, (14) = (16). Since all strongly
regular rings are duo, then (16) = (12).
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Again, by Theorem 1.14, (7), (15) and (16) are equivalent. By the fact that
all reduced rings are semicommutative, then (13) = (15).

Note that all strongly regular rings are reduced then (16) = (13) and we
obtain that (13) and (15) are equivalent.

Suppose (17). Then R is an Ryp-injective von Neumann regular right duo ring.
Thus, R is abelian and, by ([5], Theorem 3.5), R is strongly regular. Hence, we
get (11).

Suppose (11). Then R is Ng-injective strongly regular. In particular, R is
duo and, by ([5], Theorem 3.5), R is abelian von Neumann regular. Then we
get (17). O
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