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Some Ricci-flat Finsler metrics

By ESRA SENGELEN SEVIM (Istanbul), ZHONGMIN SHEN (Indianapolis)
and LILI ZHAO (Shanghai)

Abstract. In this paper, we construct some Ricci-flat Finsler metrics defined by

a Riemannian metric and a 1-form.

1. Introduction

Roughly speaking, Riemannian metrics on a manifold are “quadratic” met-

rics, while Finsler metrics are those without restriction on the quadratic property.

The Riemann curvature in Riemannian geometry can be naturally extended to

Finsler metrics as a family of linear transformations on tangent spaces. The

Ricci curvature is defined as the trace of the Riemann curvature. It is a natu-

ral problem to study Finsler metrics F = F (x, y) with isotropic Ricci curvature

Ric = Ric(x, y), i.e.,

Ric = (n− 1)σF 2,

where σ = σ(x) is a scalar function is on the n-dimensional manifold. Such

metrics are called Einstein (Finsler) metrics.

In this paper, we shall consider Einstein metrics defined by a Riemannian

metric α and a 1-form β in the following form

F = αϕ
(β
α

)
, (1.1)
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where ϕ = ϕ(s) is a positive smooth function. Finsler metrics defined in (1.1) are

called (α, β)-metrics. The simplest (α, β)-metrics are Randers metrics defined by

F = α+ β. More general (α, β)-metrics are defined by a polynomial

F = α
k∑

i=0

ai

(
β

α

)i

, (k ≥ 2) (1.2)

where a0 = 1 and ai are constants with ak ̸= 0. Such metrics are called polynomial

metrics.

In [1], Bao–Robles find equations on α and β that characterize Randers

metrics of constant Ricci curvature. There are many Randers metrics of constant

(zero or non-zero) Ricci curvature. However, it has been shown that if a polyno-

mial metric of non-Randers type in (1.2) is of constant Ricci curvature, then it

must be Ricci-flat ([3]). Thus one just needs to focus on Ricci-flat (α, β)-metrics,

at least for polynomial metrics in (1.2). In [4] and [5], the authors independently

obtain equations on α, β and ϕ that characterize Ricci-flat (α, β)-metrics of Dou-

glas type. A natural question arises: are there Ricci-flat (α, β)-metrics of non-

Douglas type?

Theorem 1. Let F = αϕ(s), s = β/α be an (α, β)-metric on an n-dimen-

sional manifold M , where α =
√

aijyiyj is a Riemannian metric, β = biy
i is a

1-form and ϕ = ϕ(s) is a positive C∞ function. Suppose that α, β and ϕ satisfy

the following conditions:

(a) bi|j = ϵ(b2aij − bibj),

(b) ϵi = −ϵ2bi,

(c) αRic = −κϵ2(b2α2 − β2),

(d) ϕ satisfies

− (b2 − s2)(Ξ− (b2 − s2)Ψ′)2

= (n− 1)
{
− κ+ 3sΞ + 2(n− 2)b2Ψ− (b2 − s2)3(Ψ′)2

− 2s(b2 − s2)ΨΞ− (b2 − s2)Ξ′[1− 2(b2 − s2)Ψ]
}
, (1.3)

where b :=
√
aijbibj , bi|j denotes the covariant derivative of bi with respect

to α, κ is a constant, ϵ := ϵ(x) is a scalar function, ϵi := ϵxi and

Ψ :=
Q′

2∆
, Ξ := (n− 1)

Q− sQ′

2∆
+ (b2 − s2)Ψ′,

Q :=
ϕ′

ϕ− sϕ′ , ∆ := 1 + sQ+ (b2 − s2)Q′,

then F is Ricci flat.
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By Theorem 1 (a), (b2)|k = 2aijbibj|k = 0. Thus b =
√
aijbibj is a constant.

The equation (1.3) is a fourth order ordinary differential equation in ϕ. According

to the ODE theory, the local solution of (1.3) exists nearby s = 0 for any given

initial conditions. But we are unable to express it in terms of elementary functions

and we are unable to show that the solution is defined on an interval containing

[−b, b]. Thus the (α, β)-metric F = αϕ(β/α) defined by ϕ might be singular. In

the following example, we construct α and β satisfying Theorem 1(a), (b) and (c).

Then for any ϕ = ϕ(s) satisfying (1.3), we obtain a (possibly singular) Ricci-flat

(α, β)-metric.

Example 1. Let Mn = R+×Nn−1 be a product manifold. Suppose N admit

an Einstein metric ᾰ with ᾰRic = (n − 2)λᾰ, where λ is a constant. We can

construct a warped product metric on M as

α :=
√

(y1)2 + (x1ᾰ)2,

where (x1, y1) is the coordinate of TR+. Take

β := y1, ϵ =
1

x1

we can check b2 = 1 and

bi|j = ϵ(b2aij − bibj), ϵi = −ϵ2bi,
αRic = (n− 2)(λ− 1)ϵ2(b2α2 − β2).

Thus if we take κ := (n − 2)(1 − λ) and ϕ = ϕ(s) satisfies (1.3), then F is Ricci

flat.

2. Preliminaries

A Finsler metric on a manifold M is a nonnegative scalar function F =

F (x, y) on the tangent bundle TM , where x is a point in M and y ∈ TxM is

a tangent vector at x. In local coordinates, the geodesics of a Finsler metric

F = F (x, y) are characterized by

d2xi

dt2
+ 2Gi

(
x,

dx

dt

)
= 0,

where

Gi :=
1

4
gil(x, y)

{
[F 2]xkyl(x, y)yk − [F 2]xl(x, y)

}
(2.1)

with gij the inverse of gij = 1
2 [F

2]yiyj . The local functions Gi on TM define a
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global vector field

G = yi
∂

∂xi
− 2Gi ∂

∂yi
.

The vector field G is called the spray of F and the local functions Gi = Gi(x, y)

are called spray coefficients of F .

For any x ∈ M and y ∈ TxM\{0}, the Riemann curvatureRy : TxM → TxM

is defined by Ry(u) = Ri
k(x, y)u

k ∂
∂xi |x, where

Ri
k = 2

∂Gi

∂xk
− ∂2Gi

∂xm∂yk
ym + 2Gm ∂2Gi

∂ym∂yk
− ∂Gi

∂ym
∂Gm

∂yk
.

Then the Ricci curvature is given by

Ric = 2
∂Gi

∂xi
− ∂2Gi

∂xm∂yi
ym + 2Gm ∂2Gi

∂ym∂yi
− ∂Gi

∂ym
∂Gm

∂yi
.

An (α, β)-metric on a manifold M is a scalar function on TM defined by

F := αϕ(s), s =
β

α
,

where ϕ = ϕ(s) > 0 is a C∞ function on (−bo, bo), α =
√
aij(x)yiyj is a Rie-

mannian metric and β = bi(x)y
i is a 1-form with b(x) := ∥βx∥α < bo. It can be

shown that for any Riemannian metric α and any 1-form β on M with b(x) < bo,

the function F = αϕ(β/α) is a (positive definite) Finsler metric if and only if ϕ

satisfies

ϕ(s)− sϕ′(s) + (ρ2 − s2)ϕ′′(s) > 0, (|s| ≤ ρ < bo). (2.2)

Thus, for a C∞ positive function ϕ = ϕ(s) on (−bo, bo) satisfying (2.2), if b(x) :=

∥βx∥α < bo, the (α, β)-metric F = αϕ(β/α) is a regular positive definite Finsler

metric.

Let

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i),

rj := birij , sj := bisij ,

where “|” denotes the covariant derivative with respect to the Levi–Civita con-

nection of α. This covariant derivative can be lifted horizontally to TM\{0} and

thus one can write β|i, (rjy
j)|i and etc. By (2.1), the spray coefficients Gi of F

are given by the following Lemma.
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Lemma 1 ([2]). For an (α, β)-metric F = αϕ(s), s = β/α, the spray coeffi-

cients of F are given by

Gi = αGi + αQsi0 +Θ{r00 − 2Qαs0}
yi

α
+Ψ{r00 − 2Qαs0}bi, (2.3)

where αGi are the spray coefficients of α,

Q :=
ϕ′

ϕ− sϕ′ , Θ :=
Q− sQ′

2∆
,

Ψ :=
Q′

2∆
, ∆ := 1 + sQ+ (b2 − s2)Q′, b := ∥βx∥α,

and sij := aikskj . The index “ 0” means contracting with y, for example, si0 :=

sijy
j , s0 := siy

i, r00 := rijy
iyj .

Note that

∆ =
ϕ{ϕ− sϕ′ + (b2 − s2)ϕ′′}

(ϕ− sϕ′)2
.

If (2.2) holds, then ∆ = ∆(s) > 0 for s with |s| ≤ b < bo.

3. Proof of Theorem 1.1

In this section we are going to prove Theorem 1.1. First we compute the

Ricci curvature of the (α, β)-metric under a special condition (see (3.1) below).

Lemma 2. Let F = αϕ(β/α) be an (α, β)-metric on an n-dimensional man-

ifold M . Suppose that α =
√
aij(x)yiyj and β = bi(x)y

i satisfy the following

equation

bi|j = ϵ(b2aij − bibj), (3.1)

where ϵ = ϵ(x) is a scalar function with ϵxi = −ϵ2bi. Then b := ∥βx∥α = constant

and the Ricci curvature of F is given by

Ric = αRic+ ϵ2α2Γ, (3.2)

where

Γ := (n− 1)(b2 − s2)
{
2sΘ+ 2b2Ψ+ (b2 − s2)Θ2 − (b2 − s2)Θ′ − 2s(b2 − s2)ΘΨ

+ 2(b2 − s2)2Θ′Ψ
}
+ (b2 − s2)2

{
4sΨ′ − (b2 − s2)Ψ′′ − 6s(b2 − s2)ΨΨ′

− (b2 − s2)2Ψ′Ψ′ + 2(b2 − s2)2ΨΨ′′}
− (b2 − s2)

{
2b2Ψ− s((n− 1)Θ + (b2 − s2)Ψ′)

}
.
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Proof. Equation (3.1) is equivalent to the following equations

rij = ϵ(b2aij − bibj), sij = 0. (3.3)

Noticing (b2)|i = 2bjbj|i = 2bjrji = 0, we have b is a constant. By Lemma 2.1,

the spray coefficients of F can be rewritten as

Gi := αGi + T i,

where

T i = Θr00
yi

α
+Ψr00b

i, r00 = ϵ(b2α2 − β2).

It is well-known([3]) that the flag curvature tensor can be written as

Ri
k = αRi

k +Hi
k,

where

Hi
k := 2T i

|k − T i
|j·ky

j + 2T jT i
·j·k − T i

·jT
j
·k,

and “·” means the vertical covariant derivative. Then

Ric = αRic+Hi
i,

where

Hi
i := 2T i

|i − T i
|j·iy

j + 2T jT i
·j·i − T i

·jT
j
·i. (3.4)

To compute the Ricci curvature, we need

r00|ky
k = −3ϵ2sα3(b2 − s2), r00|kb

k = −ϵ2b2α2(b2 − s2),

r00·ky
k = 2ϵα2(b2 − s2), r00·kb

k = 0.

We can also easily get

s|ky
k = ϵα(b2 − s2), s|kb

k = 0, s·ky
k = 0, s·kb

k =
1

α
(b2 − s2).

Using the above identities, we get

T i
|i = (b2 − s2)ϵ2α2

{
(b2 − s2)Θ′ − 3sΘ+ (n− 2)b2Ψ

}
,

T i
|j·iy

j = (b2 − s2)ϵ2α2
{
(n+ 1)(b2 − s2)Θ′ − 3(n+ 1)sΘ

+ (b2 − s2)2Ψ′′ − 5s(b2 − s2)Ψ′},
T jT i

·j·i = ϵ2α2(b2 − s2)2
{
(n+ 1)Θ2 − (n+ 1)sΘΨ+ (n+ 1)(b2 − s2)Θ′Ψ

+ (b2 − s2)ΘΨ′ − 3s(b2 − s2)ΨΨ′ + (b2 − s2)2ΨΨ′′},
T i

·jT
j
·i = ϵ2α2(b2 − s2)2

{
(n+ 3)Θ2 + 2(b2 − s2)ΘΨ′ + 4(b2 − s2)Θ′Ψ

+ (b2 − s2)2Ψ′Ψ′ − 4sΘΨ
}
.

Plugging them into (3.4) we obtain (3.2). �
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We now prove Theorem 1.1. By assumption on αRic, we have

αRic = −κϵ2(b2α2 − β2).

By (3.2), the Ricci curvature is given by

Ric = −ϵ2α2κ(b2 − s2) + ϵ2α2Γ,

Thus Ric = 0 if and only if

−κ(b2 − s2) + Γ = 0. (3.5)

We can rewrite (3.5) as (1.3). �
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