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On positive real zeros of theta and L-functions associated
with real, even and primitive characters

By STEPHANE R. LOUBOUTIN (Marseille) and MARC MUNSCH (Marseille)

Abstract. Let D range over the positive fundamental discriminants. Let 6(¢, xp),
t > 0, denote the theta function associated with the real, even and primitive Dirichlet
character of conductor D. On the one hand, we prove that there are infinitely many
positive discriminants D for which (¢, xp) has at least one positive real zero. On
the other hand, we prove that for a given positive real number to, there are at least
> X/log'®/? X positive fundamental discriminants D <X for which 6(to, xp) # 0.

1. Introduction

Let xp range over the real, even and primitive Dirichlet characters of con-
ductors D > 1. Hence, D is a positive fundamental discriminant, i.e. either
D =d=1 (mod 4) is squarefree, or D = 4d with d = 2 or 3 (mod 4) squarefree.
Conversely for such a D there is exactly one real, even and primitive Dirichlet
character of conductor D: it is given by the Kronecker’s symbol xp(n) = (%)
Let

0(t.xp) == Y_ xp(n)e ™ P (t>0)

n>1

be its associated theta series which is used, as in [Dav, Chapter 9], to prove the
functional equation of the associated Dirichlet L-series

L(s, xp) i= xp(n) (R(s) > 0).

ns
n>1
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In fact, one first proves that

0(1/t,xp) = Vt0(t,xp) (t>0), (1)

which in using

(D/m)*/?T(s/2)L(s, xp) = /OOO 9(t,XD)ts/2% (R(s) > 1)

@
t

oo
N / 0(t. xp)(t*/2 +t172)72) (2)
1
yields the entire continuation of L(s,xp) to the complex plane together with the

following functional equation:
(D/m)*/*T(s/2)L(s, xp) = (D/m)'"/2T((1 = 8)/2)L(1 = s,xp).  (3)

By (2), if 6(¢, x p) has no positive real zero, then L(s, xp) > 0 for s > 0. However,
in Theorem 1 we will prove that 8(¢, xp) has at least one positive real zero for
infinitely many positive fundamental discriminants D’s, but in Theorem 2 we
prove that for a given to > 0 there are infinitely many D’s for which 0(to, xp) # 0.
Conversely, in Theorem 4 we give an easy to check sufficient condition for (¢, xp)
to have no positive real zero, and we will give several values of D for which this
is indeed the case. Finally, following [Ros|, we will prove in Theorem 6 that if
0(t, x p) has at most one real zero greater than or equal to 1 and if L(1/2, xp) > 0,
then L(s,xp) > 0 for s > 0 (an example of such a D being D = 53).

1.1. Real zeros of 0(t,xp). Since lim;_ 4 e”t/DG(t,XD) =1, it follows that
O(t,xp) > 0 for ¢ large enough. In fact, for t > 1/6, we have

€t9(Dt/7T7XD) Z 1— Z e—(nz_l)t Z 1— Ze—(nz_l)/ﬁ > 0.

n>2 n>2

Hence, by (1), for ¢t > D/6m and 0 < t < 67/D we have 0(t, x) > 0. In particular,
if D < 6m, ie. if D € {5,8,12,13,17}, then 6(t,x) > 0 for ¢ > 0. However,
since (1, x53) = —0.11074--- < 0, there exists ¢y > 1 such that 0(tg, x53) = 0.
More generally, there are infinitely many positive fundamental discriminants D
for which 6(t, xp) has at least one positive real zero:

Theorem 1. Ifd > 1 is a square free integer in any one of the two arithmetic
progressions {53 + 120k; k > 0} or {77+ 120k; k > 0}, then 6(t, x4) has at least
one positive real zero.
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PRrROOF. We could adapt [H]. We give a more explicit argument. Choose D
such that xp(n) = —1 for n € E := {2, 3,5}, i.e. choose D in any one of the two
considered arithmetic progressions. Then, for a > 0 we have

O(aD/m,xp) = Z XD(n)e*"QO‘ < fr(a) := -2 Z e 4 Z e e,

n>1 nek n>1
Now, we have fr(0.07) = —0.0746 - - - < 0, which yields the desired result. O

The main result of this paper is the following converse result:

Theorem 2. Fix ty > 0 and an arithmetic progression {a + 4kb; k > 0},
with 1 <a < 4b, a =1 (mod 4) and ged(a,b) = 1. Set

Cap = 4% 1T (1 - p12> > 0. (4)

p>3
ged(p,b)=1

Then, 0(ty, xp) # 0 for at least > X/log'®/? X of the N(X) ~ CopX positive
fundamental discriminants D < X of this arithmetic progression.

PROOF. See Section 4. O

This should be compared with the results obtained in [Lou99] where, by
studying their second and fourth moments, we proved that 6(1,x,) # 0 for at
least > p/logp of the (p — 1)/2 odd Dirichlet characters mod p a prime number.
See also [LM], for the explicit asymptotics for the second and fourth moments of
0(1, x) when x ranges either over the (p — 1)/2 odd Dirichlet characters mod p
or over the (p — 3)/2 not trivial even Dirichlet characters mod p. A slight mod-
ification of the proofs in [LM] yields similar results for any ¢, > 0, so that we
have 0(to, xp) # 0 for at least > p/logp of the (p — 1)/2 odd Dirichlet characters
mod p a prime number and for at least > p/logp of the (p — 3)/2 non trivial
even Dirichlet characters mod p a prime number. However, in [CZ] it is proved
that it may (seldom) happen that (1, x) = 0 for complex characters (their two
(up to complex conjugation) examples of such characters are primitive characters
of composite conductors).

1.2. Real zeros of 6(¢t,xp) and the sign of L(s,xp) for s > 0. Let us first
recall S. CHOWLA’s elementary sufficient condition for an L-series to be positive
on positive real numbers (see [Chow]). Let x be a (not necessarily primitive) non
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principal real character mod f > 1. Define inductively Xo(n) = x(n), n > 0, and
Xrt1(n) = >3y Xr(k), n > 0. Then,

= Z x(n)e ™ = (1 —e" (Z X ( _”t> (t>0). (5)
n>0 n>0
Since

I(s)L(s, X) = / T 0r N (R(s) > 0),

we deduce that if there exists r > 0 such that X,.(n) > 0 for all n > 0, then
L(s,x) > 0 for s > 0. However, H. HEILBRONN proved in [H] that there are
characters for which no such r exists. In fact, we have the following more explicit
result (see [BPW]):

Theorem 3. Let x be a (not necessarily primitive) non principal real char-
acter mod f > 1 and assume that x(2) = x(3) = x(5) = x(7) = x(11) = -1,
then there does not exist any r > 0 such that X,.(n) > 0 for all n > 0.

ProoOF. By (5), if such an r exists then f(¢,x) > 0 for t > 0. Set E =
{2,3,5,7,8,11,12}. Then x(n) = —1 for n € E and

tX)SZe_nt—2Z€_nt:

n>1 nek

(1—2 (1—e" Ze - 1”)

nek

Hence, if Pp(z) := 1 —2(1 — 2)(}_,cpa™ ') < 0 for some = € (0,1), then
f(t,x) <0 for t = —logz. Since Pr(3/4) < 0, the desired result follows. O

In [Lou03] we proved that no such r exists if L(1, x) is small enough, say if
L(1,x) < 1—1log2 (see also [Lou04] for improvements), and by [CE] that there
are infinitely many such characters.

If ¢ — 6(t,xp) has no real zero in (1,+00), then 0(t,xp) > 0 for ¢t > 1,
hence 0(t,xp) > 0 for ¢ > 0 by (1), and L(s,xp) > 0 for s > 1/2, by (2), hence
L(s,xp) > 0 for s > 0, by (3). We give a simple sufficient condition for this to
happen (notice that if x mod f is even, then X;(f —2) = —1.):

Theorem 4. Let D > 0 be a fundamental discriminant. Assume that
Xi(n) ==Y 7_ xp(k) >1for1 <n < Np:=min{N >2; N?/logN > D/r}.
Then 6(t,xp) > 0 for t > 1 and L(s,xp) > 0 for s > 0. Notice that Np is

asymptotic to % log (%)
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PROOF. Set 3(t,xp) := 0(Dt/m,xp) = 3., Xxp(n)e " *t. By (1), we only
have to prove that (¢, xp) > 0 for t > 7/D. Now, we have

N-1
Bt.xp) = Y Xi(n)(e ™™ — e V) 4 Xy (N)e ¥ 4+ 3 xp(n)e
n=1 n>N
Nl 2 2 2
> (e—n t e—(n—i—l) t —N Z e~ — e—t _ Z e t
n=1 n>N n>N
The desired result follows from the last assertion in Lemma 5. O

Lemma 5. For N > 1, set fy(t):=e "= _ et t>0. Then, fx(t) has
exactly one positive real zero t, and ty is asymptotic to N~2log N as N — oc.
Moreover, fx(N~2log N) > 0.

PROOF. Since t + e’ fy () increases with ¢ > 0, it follows that fy(¢) has
exactly one positive real zero ty. Now,

Z e—(n/N)zlogN < /00 e—(t/N)2logth

n>N N
N o 1
/ _t e~ tdt =
2\/10g log N ~ 2log N Jiog N 2log N

yields fy(N~2log N) > e~ N "log N _ g W
that for any given a € (0,1) we have fy(aN"2logN) < 0 for N > N, large
enough, which follows from

> 0 for N > 2. It remains to prove

Z efoz(n/NﬂlogN > /OO 67a(t/N)2logth
n>N N

/ dt 2 NITo
- > Z
2\/alog alogN VO 32alog N

(use I(X) i= [etdh — oo — [Fetodl > \;i 1I(X) for X > 1), which

proves that for a given a € (0 1) we have limy o fnv(aN"2log N) = —co. O

For example, for D = 17 we have X;(n) > 1 for 1 < n < Np = 2 and
L(s,x17) > 0 for s > 0. For various bounds B’s, we computed the following
Table, where N7 (B) denotes the number of positive fundamental discriminants
less than or equal to a prescribed bound B and N(B) denotes the number of
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such discriminants for which Theorem 4 applies:

B Ni(B) Ny(B) %(=100Ny(B)/N:(B))
102 30 16 53.33
103 302 124 41.06
10% 3043 1025 33.68
10° 30394 8798 28.95
106 303957 76670 25.12
107 3039653 682332 22.45
10® 30396324 6165194 20.28

According to [BM, Corollary 3], No(B)/N1(B) tends to 0 as B tends to +oc.

It has been checked numerically that (x(s) < 0 for 0 < s < 1 for all the
imaginary quadratic number fields K of conductors fx < 3 -10% (see [Wat]),
which amounts to saying that L(s,x) > 0 for 0 < s < 1 for all the odd and
quadratic Dirichlet characters xy mod f with f < 3-10%. In contrast, for non
trivial, even and quadratic characters there is no known efficient algorithm to
check the same result up to that large moduli. In fact, it has only been checked
that L(s,x) > 0 for 0 < s < 1 for all the non trivial, even and quadratic Dirichlet
characters y mod f with f <2-10° (see [Chual).

Theorem 6. Let D be a positive fundamental discriminant. If 6(t, xp) has
exactly one real zero in [1,+00) and if L(%, xp) > 0, then L(s, xp) > 0 for s > 0.

PROOF. Our proof is similar to that of [Ros, Lemma 4, page 511], where
the case of negative fundamental discriminants is dealt with (by working on the
Dedekind zeta function of the imaginary quadratic field of negative discriminant).
Let @ > 1 be this zero. We may assume that a is a zero of odd multiplicity, which
implies that 6(¢, xp) changes signs at t = a. We may assume that s > 1/2, by
(3). Then,

6 ts/2+t(1_s)/2
Os (as/z + a(l—s)/Q)

(logt —loga)(1 — (at) ) + (logt + loga)(a—* — t3~°)
2((Lt)75/2(a5/2 + a(lfs)/2)2

is negative for ¢ < a and positive for ¢ > a. Since limy_, o e™/P0(t,xp) = 1, we
have that 6(¢,xp) <0 for 1 <t < a and (¢, xp) > 0 for t > a. Hence,

0 [ t3/2 4 t(1=s)/2
ds (as/2+a(15)/29(t7><p)) >0
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for s > 1/2 and ¢ # a. By (2), we deduce that

_, (D/m)*/T(s/2) L(s, xp)
as/2 + a(1—8)/2

increases with s > 1/2 and the desired result follows. O

For example, a plot of their graphs leads us to suspect that if y53 is the even,
real and primitive Dirichlet character mod 53, then (¢, x53) has exactly 1 real
zero in [1,+00), whereas 0(x197,t) has exactly 2 such zeros.

2. The mean value of 6(tg, XD)

For a given s € (1/2,1], R. AYOUB evaluated in [Ay] the mean value of
L(s,xp) over the fundamental discriminants. Our goal in this section is, for
a given to > 0, to evaluate the mean value of 6(to, xp) over the fundamental
discriminants.

We fix ¢ and b with 1 < a < 4b, a = 1 (mod 4) and ged(a,b) = 1. We
let D = 1 (mod 4) range over the positive fundamental discriminants of the
arithmetic progression {a+4kb; k > 0}. Hence, D = d ranges over the squarefree
integers greater than one of this arithmetic progression. The number N, ;(X)
of positive fundamental discriminants D < X in this arithmetic progression is
asymptotic to Cy X, where C,, > 0 is defined in (4). Throughout this paper,

we let
*

>

1<D<X
D=a (mod 4b)

denote sums over the positive fundamental discriminants D < X in such arith-

metic progressions, i.e. sums over the square-free integers d = a (mod 4b) with
1<d< X.

Theorem 7. Fix ty > 0 and an arithmetic progression {a + 4kb; k > 0},
with 1 < a < 4b, a =1 (mod 4) and ged(a,b) = 1. It holds that

*

C
Sl(t07X) = Z 9(t07XD) ~ 17/14X5/4a
1<D<X tO
D=a (mod 4b)

where

I(1/4) , 1 2 1
G = Cy with C’b::@ H <1_2+3).

1/4
51 253
ged(p,4b)=1
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Hence, 0(to, xp) > 0 for at least > X3/4 of the N(X) ~ C, X positive funda-
mental discriminants D < X of this arithmetic progression.

PROOF. Let us first prove the last assertion. Let Nso(X) denote the number
of such fundamental discriminants. Since

|9(thXD)| < Zef'nn%o/D < / 677TUZtO/DdU _ /D/4t0,

n>1 0

we have S1(to, X) < Nso(X)+/X/4to and the desired result follows. Let us now
prove the first assertion, We have

Sy (to, X) = Z Z(f)emﬂto/q

1<D<X  n>1
D=a (mod 4b)

We split this double sum into two parts. The first one

*

qu(to,X) — Z Z e—TFTrL4t0/D (6)

1<D<X m>1
D=a (mod 4b) gcd(m,D)=1

ranges over the indices n which are perfect squares, and the second one

S0, X) = Y > () e (7)

n>1 1<D<X
n not a square D=qa (mod 4b)

ranges over the indices n which are not perfect squares. Using Propositions 10
and 17, the desired result follows. O

3. The mean square value of 0(tg, xp)

Theorem 8. Fix ty > 0. Let Z*{<D<X denote sums over the positive fun-
damental discriminants D < X. It holds that

*

Sa(to, X) ==Y O(to,xp)*> < X*/*log"*/* X.
1<D<X
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ProoF. We have

Sg(to,X) = i Z Z ((Z) e_ﬂr(a2+b2)/D-

1<D<X a>1 b>1

We split this double sum into two parts. The first one is over the indices a and
b for which ab is a perfect square, which amounts to asking that a = da’? and
b= db'"? with d > 1 and ged(a’,b’) = 1, hence can be written

S;q(t()’X) — i Z Z e_ﬂdZ(a4+b4)t0/D. (8)

1<D<X d>1 a,b>1, ged(a,b)=1
ged(d,D)=1 ged(a,D)=gcd(b,D)=1

The second one

ns - D\ _rerartyie
S3%(to, X) == Y > (ab)e (" +b%)t0/D (9)

1<D<X a,b>1
ab not a square

ranges over the indices a and b for which ab are not perfect squares. Using
Propositions 18 and 28, the desired result follows. O

4. Proof of Theorem 2

We use Theorems 7 and 8 and notice that, by the Cauchy—Schwarz inequal-
ity, it holds that 6(to,xp) # 0 for at least S;(to, X)?/Sa(to, X) of the positive
fundamental discriminants D < X of this arithmetic progression.

Remark 9. In fact, even though we could not prove it, we expect S5*(tg, X)
to be negligible compared with S57(to, X), i.e. we expect Sa(to, X) to be asymp-
totic to %X 3/21og X, with Oy as in Proposition 18. Hence, we expect that
O(to, xp) # 0 for at least > X/log X of the N(X) ~ C, X positive fundamental
discriminants D < X of this arithmetic progression.

The remaining of this paper is devoted to proving Theorems 7 and 8, by
studying the behaviors of (6) and (7), in Propositions 10 and 17, and by studying
the behaviors of (8) and (9), in Propositions 18 and 28.
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5. The behavior of S7%(to, X)

By applying Lemmas 11, 12 and 13 below, we will prove:

Proposition 10. Fixtg > 0 and an arithmetic progression {a+4kb; k > 0},
with 1 < a < 4b, a =1 (mod 4) and ged(a,b) = 1. Then, S7%(to, X), defined in
(6), is asymptotic to 11 X5/% where Cy > 0 is given in Theorem 7.

Lemma 11. Fixtg > 0 and € > 0. Set

Op(t):= Y. e ™D (t>0).

m2>1
ged(m,D)=1

It holds that

Dp(ty) = 4(7;1/)4)/ KD) pirs 101,

Hence,

*

) (1/4) .
S X)= Y @l = /1/4 > M) pue o (xive).
1<D<X 1<D<X
D=a (mod 4b)

PROOF. We refer the reader to [Mel] or [Rad, Section 27] for properties of
Mellin’s transforms. The MELLIN’s transform of ®p(t) is

Wo(s) = Mop(s) = [ et = (f) {rlg (1- %) Jowareo.

It has a simple pole at s = 1/4, and

a+100
B (ty) = M~'Up(to) = 1/ Up(s)ts*ds (> 1).

271—2 —i00

By moving the vertical line of integration R(s) = « to the left to the vertical line
R(s) =€/2, € € (0,1/4), we pick up one residue, at s = 1/4, and we obtain

1/4 1/4 €/2 1
@p(to)=4(7£t0/)1)/4 (D)D/ +O(D/ ll‘l[)(Her)).

Since

log D
= 1< (1 to(1) 2

loglogD
p|D
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(use D > w(D)! > (w(D)/e)*P)), we have

H(l 4 p2) < 29(D) = plog2)i8 pe),

p|D
and the desired result follows. O

Lemma 12. Let C}, be as in Theorem 7. It holds that

F(X) = Z ¢D) OpX.

D
1<D<X
D=a (mod 4b)

PROOF. Set ag = ¢(d)/d if 1 < d = a (mod 4b) and d is square-free, and
aq = 0 otherwise. Then, set F((s) =) ,-, agd™*, a Dirichlet series with nonneg-
ative coefficients. It suffices to prove that F(s) admits an analytic continuation
to R(s) > 1/2, with only one pole, a simple pole of residue Cy at s =1 (e.g., see
[Lang, Chapter 15, Section 3]). We have

FO6) = oo 5 X@F).

(49) x mod 4b
where
s )= §T 2 o(d) 1 _ _INX®N oo
e = S xS E(H(l )X — 9.0,
where

I, (5) :zg(H(l_;) ><]§p>) (1_x;§>)

is absolutely convergent and holomorphic for R(s) > 1/2. If x is not trivial, then
F (s, x) is holomorphic for ®(s) > 1/2. Now, assume that x is the trivial character
mod 4b. Then, L(s,x) = {Hp|4b (1- %)}C(s) is meromorphic for R(s) > 1/2,

. . . 4b .
with only one pole, a simple pole at s = 1 of residue %b). Hence, F(s,x) is

meromorphic for $(s) > 1/2, with only one pole, a simple pole at s = 1 of residue
%“bb)ﬂx(l), and F'(s) is indeed meromorphic for R(s) > 1/2, with only one pole,

a simple pole at s = 1 of residue 11, (1) = C}. O

Lemma 13. If F(X) = 3, _, - x f(n) is asymptotic to cX for some c # 0,

then S(X):= > f(n)n®log” n is asymptotic to T X! log” X for o > —1.
1<n<X

PROOF. We may assume that X is a positive integer. Setting g(n):=f(n)—c,
it suffices to prove that if F(X) = o(X) then S(X) = o(X**!log” X), which

follows from S(X) = 5> F(n)(n®log® n—(n+1)*log” (n+1))+F(X)X*log” X.
1<n<X -1 0
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6. The behavior of S7*?(tg, X)

Lemma 14. Let ¢ be a non trivial Dirichlet character mod f > 1. Then,

S@,Y):= Y wP(m)p(m) <Y/ flogf,

1<m<Y

where the implied constants do not depend neither on f nor on 1.

PROOF. Since pu(m)? = >_a2|m #(d), we obtain

S, Y)= Y pldy(d®) > (m).

1<d<Yy1/2 1<m<Y/d?

Since

> (n) < By = +/flog f

1<m<Z

(e.g., see [Apo, Th. 13.15]), for any H > 1 we have

Y Y
S < > By+ Y, S <HBj+

1<d<H H<d<y1/2

By choosing H = [\/Y/By], we get the desired upper bound. O

Lemma 15. Fix an arithmetic progression {a+4kb; k > 0}, with1 < a < 4b,
a =1 (mod 4) and ged(a,b) = 1. It holds that

*

Smy)= Y xo() < \/Yyalogn

1<D<LY
D=a (mod 4b)

for any Y > 1 and any n > 1 which not a perfect square.

PROOF. Write n = 2'm, with m > 1 odd and [ > 0. Assume that n is not a
perfect square. Let g be the character mod 8 defined by vs(k) = (—1)(”“2_1)/8
if k is odd and vg(k) = 0 otherwise. Let 1, be the character mod m defined
by ¥m(k) = (£) (Jacobi’s symbol). If 1 < D = 1 (mod 4) is a fundamental
discriminant, then

X () = (-1 (2] — (D)
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where tg,, = ¥4, is a Dirichlet character mod 8m. Moreover, since either [ is
odd or m is not a perfect square, g, is not trivial. Now,

*

d=a (mod 4b)
1<d<Y

D SO S}
x mod 4b 1<dsY

Since d — x(d)¥gm(d) is a non trivial Dirichlet character mod f = 8bm < 8bn,
the result follows, by Lemma 14. O

Lemma 16. Let o, 8 and v be three given positive real numbers. As d > 2
ranges over the positive integers, we have

Z(log n)o‘nﬂe_“’”z/d < dPHY2(log d)?.
n>1

PROOF. Write n = a + b[v/d] with 1 < a < [V/d] and b > 0. Then,

n< (b+1)Vd, n%/d>b*[Vd]?/d>b?/4

and
(logn)/(log Vd) < 1+ (log(b+ 1))/(log(vVd)) < 1+ (log(b + 1))/(log(v/2)).

The desired bound follows. O

Proposition 17. Fixty > 0 and an arithmetic progression {a+4kb; k > 0},
with 1 <a < 4b, a =1 (mod 4) and ged(a,b) = 1. It holds that

SP9(ty, X) = O (Xg/gs/log X) .

PROOF. We may assume that X > 1 is a positive integer. We have

S, X) = S Y (S(md) - S(nd— 1))e T

n>1 1<d<X
n not a square

Z v(S(n,X)em;to + Z S(n, d) (emjto 3 e_ﬂ;jio)>

n>1 1<d<X-1
n not a square

an2tg 2 mn?tg
= Z S(n,X)e- ™ x + Z Z (;rj— 2%25(7%6067 o

n>1 1<d<X-1 n>1
n not a square n not a square
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where 6 € (0,1) depends on n and d. Hence, by Lemma 15, we obtain

wn2tg
a

wn2t 9/4
S (to, X) < \/)?an/‘l\/logne_To + Z Z %\/@6_

n>1 2<d<X n>1

Summing over n > 2 and using Lemma 16, we obtain the desired bound.

7. The behavior of S3%(tg, X)

By applying Lemmas 13, 21 and 23, we will prove:
Proposition 18. Fixty > 0. Then, S5%(ty, X), defined in (8), is asymptotic

to %XWQ log X, where

131(1/4)2 , 1 < 4 3 1 )
Cy:= — 12 & with C:=- 1— T - .
2 9675/2 " 4 1)1;[3 p(p+1)  p2(p+1) p3(p+1)

Lemma 19. Set k := Fféf//;). For 61,62 > 0, set

1
H s) = ——— (R(s) > 1/2).
51752( ) (; (a46411+b45421)3 ( ( ) / )
b>1
Then, hs, 5,(s) := 7 °I'(s)Hs, s,(s) admits a meromorphic continuation to the

vertical half-plane R(s) > 1/4, with a unique pole, a simple pole at s = 1/2, and

in this half-plane we have:

K 1 1
hsy 55(S) — +co(d1,02) + O (s - 2) ,

:51528—5

with 00(51,(52) < (1 + IOg(Sl + IOg(Sg)/(Sl(SQ.

PROOF. Since

- 1 o (s) 1 1
Hs, 60(5) = Zl (@0 T bioh): 20k 2 ; (ao] + b463)"

bEZ

and - "
/ e — (a0 > 0),
0 t

3
.
3
N
o
.
Il
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we have

o0 52(8) 2= D) H () = 0ol 4 25 (9),
1

where

e dt
Aoy = 3 [T et (32 st )l
0

a>1 beZ

Applying Poisson summation formula

> fh) = = 3 f(v/a)

beZ beZ

with f(z) = e ™" and a = t}/46, > 0, where
fa)i= [ swemay,

and noticing that f(—b/a) = f(b/a) (f is even) and that

£ > —my* _ F(1/4)
for= [ iy =2,

— 00

we obtain

__pdsa I'(1/4) 2 A
Tth* 85 1/4
2 = b/t %69).
b§eze )75, + g, b§>1f( /t/702)

Hence, we have

I 4 I'(1/4)I'(s —1/4)((4s — 1
hs 52 (S) - (QiT)f(s(ilSS) + ( / ) iis&ls/l)&i( - ) + Bs, 5, (S)a
1

where

1 > rtatst A _1/40dt
Bs, 5,(s) == 5 Z/o e e <Zf(b/t1/452)>t 1/47~
a>1

beZ

657

(10)

Now, there exists ¢ > 0 and ¢ > 0 such that |f(z)| < cexp(—¢x*/3) for z > 0

(see [CKK]). Since for a > 0 and 8 > 0 we have

S(a, B) = Ze"@"a §/ e P dy = Ca
0

1/a?
n>1 ﬂ
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where C,, = T'(1/a)/c, we have

D

b>1

4 c
Py 4/3
3 751/3(52/

f(b/tl/‘*az)‘ < ¢S < > < 146,

and

| Bs,.5:(5)] < Z/OOO eiﬂta%ftg? = ¢Mo)l(o) (o :=R(s)).

7o §do
a>1 1

Using (IV/T")(1/4) = —(vy + 3log2 + 7/2), the desired result follows from (10),
with

co(d 6)'——L(lo (87r)+z—3 +41o 6)—L2+B 1
0l01,02) = 510, 23 B gl g 01 1262 062 (5 )
Let us finally prove the last assertion. Since hs, 5,(S) = hs,s,(s), we have

co(91,02) = ¢o(d2,61). Hence, we may assume that d2 < d1, in which case the

last assertion is clear, for 351)52(%) < 5% < ﬁ. Since our upper bound in this
1

last assertion remains unchanged when we exchange d; and &5, we can drop our

restriction 9o < d7. O
Lemma 20. Fixtg > 0. Set x := Fféf//;) and
1
Hp(s) = > e =) Y p(0)p(62) Hy, 5,(s)  (R(s) >1/2).
(a*+ %)
a,b>1 o1|D 021D

ged(a,D)=gcd(b,D)=1

Then
-1

= (2 10+ 2)}

p|D

admits a meromorphic continuation to the vertical half-plane R(s) > 1/4, with a
unique pole, at s = 1/2, a double pole whose residue c_1(D) satisfies

3K 1—-1/p)? 3
c_1(D) = 7'(‘2\/%{ H (1+1//pp) }\/510gD+0 (\/B(loglogD) )

pl

PrOOF. We have

Fp(s) = D{

7'('2 to
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where
D\* 1/2
0
1+2 ) 2(s -1 i
P 2
’ {H } T Z 2, 1O =R o0, (5)
p|D P 1|D 82|D
Setting s = % + €, we have:
D s—1/2
(2) - 1+elosn) 0@
0
P —1+2<Z >e+0(62)
L 1
p|D L+ 5 p|D Pt
2(s — %)((25) 2
=14 ae+ O(€e),
(/<) )
s— 1 1 co(6r,6
ho0:(8) = 55 o01:%) e
Using ,
Z o8P < loglog D
p|D
we obtain

s—1/2 1 1 877 s

C(4s)/¢(2)
Using
Z @ < loglog D,
s§|D
|1 (9)] |1(9)] logp Iu
ZTlog§:ZTZIng:Z Z < (loglog D)?
5|D s|D plo p|D 3|D/p

and the last assertion of Lemma 19, we obtain

PR IICHT

51‘D 52‘D

215,.5.(5) = co(D) + e1(D)e + O(?)
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where )
u
=2 > 55 =1l0--0
61|D 621D p|D p
and
c1(D) = O ((loglog D)?’) .
The desired result follows. O

Lemma 21 (Compare with Lemma 11). Fix to > 0 and € > 0. Set

bol) = Y S enen (s,
d>1 a,b>1 ged(a,b)=1
ged(d,D)=1 gcd(a D)=gcd(b,D)=

It holds that

Pp(to) = 7T2xf{H (= 1/p)" }\/BlogD+O(\/5(loglogD)3).
|D

1+1/p
Hence,
S34(to, X) = Y ®plty)
1<D<X
1/1’)2}\/> 3/2 3
= > Hi Dlog D + O (X%/%(loglog X)?) .
7T2\F1<D<X{ p|D 1+1/p ( )

PRrROOF. The Mellin’s transform of

Pp(t) = Z Z 1(0) Z e—ﬂd264(a4+b4)t/D7

d>1 6>1 ab>1
ged(d,D)=1 ged(6,D)=1 ged(a,D)=gcd(b,D)=1

\IID(S)—/OOO(I)D(t)tSCit
D S
Yoz y (ramersm) O

d>1 5>1
ged(d,D)=1 ged(6,D)=1 ged(a, )

() {0+ ) G
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Hence,

1 a+i00 1 a+100
_ —1 _ =S Jo_—
Op(te) =M ‘I’D(to)f2m. / Up(s)t, °ds i Fp(s)ds (a>1),

a—100 a—100

with Fp(s) defined in Lemma 20. As in the proof of Lemma 11, by moving the
vertical line of integration R(s) = « to the left to the vertical line R(s) = 1/4+4¢/2,
e € (0,1/4), we pick up one residue, at s = 1/2, a double pole, and using Lemma
20, we obtain the desired result. O

Lemma 22. Set a = +1. Let C' > 0 be as in Proposition 18. It holds that
1—1/p)?
nx)= Y 2o [TV ex
L 1+1/p
<D<X p|D

D=a (mod 4)

PROOF. Let x4 the non trivial character mod 4. We have

5, w1+ axa(d) yp (1 —1/p)?
To(X) = (d) .
D I

ged(d,2)=1

2
Set by.q = led% if d = a (mod 4) and d is square-free, and by q = 0
otherwise. Then, set F,(s) = >~ ba,ad™®, a Dirichlet series with nonnegative
coefficients. It suffices to prove that Fj(s) admits an analytic continuation to

R(s) > 1/2, with only one pole, a simple pole of residue C at s = 1. We have

F.(s) = F(s) + aG(s),

where
1 p2(d) 1 (1—1/p)? 1 1-3)7%1
F(s):==> Y —1] =] {1+ == ) =1(s)¢(s)
2 & d: i 1+1/p 25 1+ p°
ged(d,2)=1
with
1 1 1 3 1 1 1 2
M(s):==(1- = 1-—— (= - -
(s) 9 ( 25) pl;[g ( p+1 (ps ps Tl + p2s—1 + p2stl p25)>

absolutely convergent and holomorphic for R(s) > 1/2, and where

1 p*(d)xald) y1 (1 =1/p)*
G(S) T 5 ; ds E 1+ 1/p - HX4(3)L(3’X4)a

ged(d,2)=1
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with

_1 U (3xalp)  xalp) 1 1 2
Iy, (s) := 5 H (1 T p+1l ( ps pstl +p23—1 +p25+1 o op2s

p=>3

absolutely convergent and holomorphic for £(s) > 1/2. Hence G(s) is holomor-
phic for (s) > 1/2 and gives no contribution into the sum. F(s) is meromorphic
for R(s) > 1/2, with only one pole, a simple pole at s = 1 of residue C' and so
is F,(s). We conclude using Wiener—Ikehara tauberian theorem [MV, Chapter 8,
Corollary 8.8]. O

Lemma 23. It holds that

- 1—1/p)? 13C
T(X)= > {H(1+1//pp) }N 12

1<D<x \p|D

PROOF. We split the sum into 4 sums: D = 1 (mod 4), D = 4D’ with
D' = -1 (mod 4) and D =8D"” with D" = £1 (mod 4). Hence we obtain

T(X)=Ti(X) + £T <)4() +3T (?) +2T (?) ,

which gives the result using lemma 22. O

8. The behavior of S3%(tg, X)

Lemma 24 (See [Jutl] and [Jut2]). Set S(n,X) := ZT<D§X xp(n). It
holds that
> S, X)’< NXlog'"N.

n<N
n not a square

Lemma 25. Forn > 1 an integer and for D > 0 and ty > 0, we have

9Dt (n) == Zef%o(nz/bhrbz) < T(n)efwnto/D
bln

and

27 (n) —mnto /2D )

0 < gp+1,t0(n) = gp.1e(n) < D ¢



On positive real zeros of theta and L-functions associated with real. .. 663

PROOF. The first assertion is straightforward, using o := 7to(n?/b? + b2) >
27ntg. For the second assertion, for some 6 € (D, D + 1) we have

o a a _a Q@ _o\2 _a 12 _ .« 2 _zntg
0<e DFl —e D = —e 0 = (—e‘ﬁ) —e 20 < ——e 1D < ——e” 2D,
- R 20 0 ~eD T e
We get the result by summing over b. (I

Lemma 26. Let o, 8 and v be positive real numbers. Let a,, a sequence
of real numbers such that A,(t) :== Y o, o, an < t*log’t fort > 2. Asd > 2
ranges overs the positive integers, we have

v +o0
Z ane V4 = E/ A (e " ddt < d*log” d.
1

n>1

Lemma 27. It holds that

Sy = Z S(n, X)gp.4,(n) < X3/?1og"/? X
n not a square
and
S = Z Z S(n, D) (gp.1y(n) — gps1.40(n)) < X3/?10gt®/? X,

n not a square 1<D<X

ProoOF. Using Lemma 24, the Cauchy—Schwarz inequality and Lemmas 25
and 26, we obtain

1/2 1/2
Sl S < Z S(n’X)Qe%rnto/X) (ZTQ(n)e%rnto/X)

n not a square n>1

< (X%1og'® X)V/2(X log® X)1/? « X3/?10g"%/? X.

By Lemmas 24 and 25 and the Cauchy—-Schwarz inequality we obtain

Si< Y S 18, D) (e

1<D<X n not a square

*

1/2 1/2
2 —rn —nn
< Z &D< Z S(n,D)Ze to/2D> (Z 72(n)6 t0/2D>

1<D<X n not a square n>1

~ 1
< Z B(Dz loglo D)1/2(D10g3 D)1/2 < x3/2 log13/2 X,
1<D<X

as claimed. 0
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Proposition 28. Fix ty > 0. It holds that

$3°(t0, X) = 0 (X*/210g"*2 X ).

PrROOF. We may assume that X > 1 is a positive integer. We have

ns . D\ a4y,
Sy (to, X) = Z Z <ab>e (@”+6%)to/D

1<D<X a,b>1
ab not a square

> 2*: S(n,D) > e~ B (07 /67 40%)

n not a square 1<D<X bln

Z Z S(n’D)gD,to (n)

n not a square 1<D<X

Y (S X)gxem+ Y S0,D) (g0.40(n) — gp1.4s ()

n not a square 1<D<X
Using lemma 27, we obtain the desired bound. O
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