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Irrationality of infinite products

By JAROSLAV HANCL (Ostrava) and ONDREJ KOLOUCH (Ostrava)

Abstract. This paper deals with a sufficient condition for the infinite product of
infinite series of rational numbers to be an irrational number. The proof is based on an
. ” . oo [ee] 1
idea of Erdés. As an example we obtain that the number []7°_, (1 +> m)
is irrational.

1. Introduction

In 1975 ERDOs [5] proved that if {a, }5 ; is an increasing sequence of positive
1

integers such that lim,,_,o, a3" = oo then the number Zzozl ai is irrational. We
prove the following result:

Theorem 1. Let {a,}32, be an increasing sequence of positive integers with
1
lim,, o0 @' = 0. Then the number [, (1+ 3

00 1 P .
0 7an+m+n) is irrational.

We say that the number y is Liouville if for each n there exist integers p and
g such that 0 < |y — %’ < %. The authors do not know if the number [T7>_, (1+

> m) is irrational although we know from another result of ERDOS

(e.g., [5] page 6, line 9) that the number Y7 | ﬁ is Liouville. We are also not
1
able to find a sequence {a,}52; of positive integers with liminf,,_, a;' >1 and

such that the number [T, (1+ 3,7 ) ——) is rational.

m=1 Antm
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The irrationality and transcendence of infinite products has a great history.
BADEA [1] proved that if {an}n 1 and {b,}52, are two sequences of positive

integers such that a, 11 > "“ a? + M

an + 1 — by holds for every suffi-
ciently large n then the number | (1 + ) is irrational. Using Brun’s crite-
rion, LAOHAKOSOL and KUHAPATANAKUL [13] [15] worked in the spirit of Badea.
Some approximations of the numbers Hn 1( + q%) can be found in the paper of
VAANANEN [18]. ZHOU and LUBINSKI [20] demostrated some irrationality results
regarding H?‘;O(l +q7r +q %s). See also HANCL and KOLOUCH [7].

In 2000 ZHU [21] proved several criteria for infinite products to be transcen-

dental. NYBLOM [16] constructed a certain set of transcendental valued infinite
products with the help of second order linear recurrence sequences. Using theta
series KIM and Koo [12] described some interesting infinite products. Utilizing
a result of CORVAJA and ZANNIER [3] or [4], CORvAJA and HANCL [2] estab-
lished a condition for certain infinite products to be transcendental. TACHIYA
[17] considered infinite products in several variables of certain algebraic numbers
and proved that these products are transcendental numbers. ZHOU [19] worked
with similar products and obtained some irrationality results. All this shows that
metric properties of infinite products is of considerable current interest.

ERDOs [5] (e.g., [5] page 6, line 9) proved that if a = {a,, }32  is an increasing
sequence of positive integers such that lim,, ., 711 loglog a,, = oo then the express-
ible set B, = {307, e
idea of ERDOS, HANCL, NAIR and SuSTEK [8] found some necessary conditions
for the Lebesgue measure of F, to be equal to zero. For other applications of the
method of ERDOs see e.g. [6], [9], [10] or [11]. It seems that this method still has
great potential.

The main result of this paper is Theorem 2 which says that certain infinite

,cn €N } consists only of Liouville numbers. Using this

products of infinite series are irrational numbers. Its proof is complicated but
does not require any deep results. Note that the product = in Theorem 2 can
contain infinitely many factors that are Liouville numbers.

Let ZT be the set of all positive integers. For n € ZT and § a real number
with 0 < § < 1let (n+4)! = [[}_, (j+0). Functions log z and In z mean logarithm
of x to base 2 and e respectively.

2. Main result

Theorem 2. Let ¢ be a positive real number. Assume that (anm)mn>1
and (by,m)m,n>1 are two infinite matrices of positive integers. Suppose that the
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sequence {an,1}5%, is non-decreasing with

1
limsupa;'; = oo (1)
n—o0 ’
and for all sufficiently large n
n'*e <apg, (2)
n 1
br—j+1,5 g logan s ¢
e N 3)
j=1 An—j+1,5
and
1
7+n
log3+¢ log an,1
[Tan-is1s <ays . (4)

Then the number z = [

m=1

(1+>02, Znim) is irrational.

Example 1. As an immediate consequence of Theorem 2 we obtain that the
products of the series

H 1+Zg(n+1)!): (1+Z_:12(n+m)!>’
H 1+ Z 2(n+1)|+1> 7E1<1+Z 2(n+m)|+1>

- +
”ZM):E(”Z T )
I (13 5ie) = T (14 X s

3

1

m=1 n=m m=1
and
ngl (1 + 7; 2n”_|_7nn> = 7;!;11 <1 + Z 2(’n+m)"~+7n ¥ mn+7n>

are irrational numbers.

Remark 1. Let us note that if we omit finite number of the terms in the
sequence of the Erdds theorem then it does not have any influence on the irra-
tionality. On the other side it is more complicate in the case of Theorems 1 and
2 since the products consist of the irrational numbers.
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3. Proofs
Theorem 1 is an immediate consequence of Theorem 2 when we set b,, ,, = 1
and @y, 1 = Appm—1+n — 1 for all n,m € Z*. Then
N

N S S
Z ON—j+15 _ Z 1 < 2N < e oran
SaNv—j+1; fmavtN-—j T av+N-17 e

and

N

N N
. og3+€loga
[Tan—ii1s=]Jlan + N =5) < [J(an + N =1) < ay’) T
= j=1 j=1

+N

hold for every sufficiently large N since ax1 = ax + N — 1 > 2V,

Lemma 1. Let the sequence {a,1}52 satisfy all conditions stated in The-
orem 2. Then

-1 e
log3‘*’5 log antj1 T 2(1+e)
§ :an—&-] 1 < an,l (5)

holds for every sufﬁciently large n.

PROOF. (of Lemma 1)
From (2) and the fact that the sequence {a, 1}52 is non-decreasing we obtain

o S | [ S—— .

Z log3+e log An+j,1 . Z alog3+€ logan 441 + Z a10g3+s loganyji1

n+] 1 - n+j,1 n—+j,1
7=0 . 141r5 . 1Jlrs

n+]<am1 n+j>a,’
1 1 _
log3+€ log an)l 1+5 log3+€ log Antj,1
<y g + E , Apyj1
n+j2an

1
e = —— 1 —_—L 1
< g8 T s an 1+s + } : (n+3j )( +e )(10g3+s log(n+j)1+e )

—= “n,1
n+32an’

[T T o T

<a5 + Y () ) <q, 1. O
nﬂzan,l

Lemma 2. Let the sequence {a,1}22, satisfy all conditions stated in The-
orem 2 and instead of (2) we have

2" < Qn,1 (6)
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for every sufficiently large n. Then

1
o0 1 —_—aT
-1 37 E
log37+¢ log Antj1 log” " 2 logap 1
> a4, <lp (7)
7=0

holds for every sufficiently large n.

PROOF. (of Lemma 2)

From (6) and the fact that the sequence {a,1}52; is non-decreasing we obtain

-1 @ -1 @
Z a10g3+5 10g antg1 -1 . Z alug3+s log a1 1 + Z alog3+5 log an4j,1
n+j,1 - n+j,1 n+j,1
n+j<logan,1 n+j>logan,1

1 1
[ S— _
log3+€ loga, 1 log3Ft€loga,, ;1
< A1 log an1 + E Uptjn
n+j>logan,1

1 _
log3+¢€ logay, 1

ntj) | —m—t—r -1
< a1 " log Gn1 + Z 2( ])(10g3+€ log 2(n+37) )

n+j>log an,1
1 1
gy —1 oo u( —1)
log3+€ loga 34 2
S an,l i log Gn,1 +/ 2 log 3 log2u du. (8)
logan,1

We have for sufficiently large x

Hence

From this and (8) we obtain

1 3+51 -1 logdTe }oga -1 o “(73+2i *1)
og 0gan4j,1 n,1 log® T log 2u
§ o <al togans + [ 2T
log an,1
1 1
.\ —1 1
—_——1 3+ 3 31 E
log3+€logay, 1 log”" 5 logap,1 log” " 2 logay 1
<y logan,1 +a, <y, . g
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Lemma 3. Let 6 be a real number with 0 < 6 < 1 and let {a,}>2, be a
non-decreasing sequence of positive real numbers such that

1
lim supay,"™" = . 9)
n—oo
Then for infinitely many N
[GEse 1 G
any; > |1+ Nz ) max g (10)

and

1 (N+146)! N N 5
=1 n=1

n—=

PRrROOF. (of Lemma 3)
From (9) we obtain that there exist infinitely many N such that (10) holds oth-
erwise there exists Ny such that for each N > Ny

1 1 1
(NFo)! )
a <14 -—= max a
N - ( (N — 1)2> k=1, .N—1 F

<1t — V(14— ) max o <.
- (N —1)2 (N —2)2 ) k=1,.,N—2 F

<l 2 V(ir ) (14 2) max o
= (N—1)2 (N—272) " NZ ) k=i,

which contradicts (9). From (10) we obtain that for infinitely many N

1 L\ (N+1+9)!
any1 > (14 ﬁ)(l\’ﬂﬂi)!( mas Na;:ﬂ).)
1 \(VH1+)! L NN ) (N+8) 14 (N —148) (N = 148) 14+ (1+8) (1+0)!
> 1+m max aé * )') +

|\ (N0 N N 5
n=1 n=1

PRrOOF. (of Theorem 2)
Assume that the number z is a positive rational number. Then there exists
(p,q) € Z* x Z* such that z = E. So for each (P,Q) € Z+ x ZT the number

k=1,....N
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g) = |pQ — Pgq| is an integer. To prove our theorem it

9Q(z — 5)| = [¢Q(% -
is enough to find (P, Q) € Z* x Z* such that

O<H='qQ<x—g>'<1.

Let N be a sufficiently large positive integer. Set QN = Hm 1 HN mtl G, and
PV S Z" ’") Then we have

PN:(Hm IHN T ”m)Hm 1
o<ty =foex (2= 5 )
N N-—-m+1 N N_m+1b
“o(IL T ) (I (e ) - TL (e 3 32|
N b"’” o0 o0
=qPN<< <1+ LonoN-mt2 oo ))( 11 <1+ZZ”””))—1>.
—1 9n,m

(12)

H N—-m+1 bn m
m=1 1 + Zn 1 m m=N-+1 n

From this and the fact that = > (%\3 we obtain that

N EOON an,m,
n m+2 a
HNSQQNSﬂ((H(l —— “?m ))
i S NS D DA
< ﬁ <1+§:b"’m>>—1>. (13)
an’m
m=N+1 n=1 ’

n=1 an . con-

The facts that N is sufficiently large and that the series > > >~

verges absolutely imply that

N o)
nm
> 2 Ly oy
a a
m=1n=N-m+2 n,m m=N+1n=1 n,m

(14)

From (13) and (14) we obtain that
N EOO Nem+2 bn‘m [oe]
<o (T (14 025 )) (T1 (1030 2m)) 1)
m=1 1+ Z - a: :L m=N+1 On,m
. bn.m
n=N-m+42 apn m oo n,m
1n<( mei (1+W)>( oo (14T, e )))
— QQNI e = an,m — ]_
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bn,m

m=1 3
lJrZN m+1 bn,m

an,m

=qQnz (e

N 1n(1+M

Jaroslav Han¢l and Ondfej Kolouch

>+Z$§:N+1 (1+Zn 1 Z:IL ::IL) )
-1

bn,m bn,m
< qQNl‘(eZm 12 meN— m+2 ap, .,,L+Zm N+1 >al1 an,m — 1)

This and (14) imply that there exists positive real number K which does not

depend on N and such that

N [es)
HNSKQQNx<Z Z bnm+ Z Z nm)

a
m=1n=N—-m-+2 m,m

m=N+1n=1

0 bry it i
= KqQnaw Y » L

P
n=N+1j=1 nItLi

From this, (3), (4) and the definition of Qn we obtain that

Hy < KqQnx Z Z bnji1g <antH H An.m Z

n=N+1 j=1 An—j+1,j

<quH

1053‘*’5 log an,1
n 1

Now the proof falls into several cases.

N N-m+1 _
1053«}»5 log an,1
n=N+1
oo -t
log3+¢ log an,1
E : a’n,l (15)
n=N+1

1. Let us assume that (6) holds for every sufficiently large n and there is a
real number § with 0 < § < 1 and such that

lim supa,

n— oo

(n+5)'

(16)

= Q.

This and Lemma 3 imply that there exist infinitely many N such that

1\ (VL) N N 5
aN+1,1 > <1 + ]\72> <H CLZ,l) (H aml) .
n=1 n=1

From this, Lemma 2, (15) and Stirling factorial formula we obtain that for infin-

itely many sufficiently large N

e 22 ey
0<HN<Kq3:1_[alg oy

n=1

1og3+E log ay, T
Z a

n=N+1
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N 1 ﬁil —1
—a——+n 3+
log3+elogay, | log 2 logan41,1
Squ(Ila’n,l Ani1,1

n=1

1
—1
1 3+ £ (N+1+6)! B
log3+e€ logay, 1 +n log™ ' 2 log((1+T\}2 ) (HnNzl 02,1)(1'[7]?7:1 an,1) )
n,1 Ant1,1

=

< qu(

n=1

N 1
1og3+€ log a, 1 +n 3-*—2 -1
H an, aNt11

n=1

(ﬁ logsﬂ}%an - ) (( (N+1+6 <H o ) ( o ) poczs o
=1 n=1 7

T 1% -5 1\ (N41+46)! Ng,%é 1 N

(nzl n=1

So (12) holds when we set P = Py, Q = Qn, and H = Hy.

2. Let us assume that (6) holds for every sufficiently large n and there is not
a real number ¢ with 1 > § > 0 and such that (16) holds. From this we see that
for every 6 > 0

_l_

»—Im\oq

::]2

Uy < 20O (17)

holds for every sufficiently large n. Let ¢ be sufficiently small. Lemma 3 and (1)
imply that for infinitely many N

N
1
an+11 > (1+ ﬁ)(NH)! (H GZJ)-
n=1

This, Lemma 2 and (15) imply that for infinitely many N

Hé%,n S Hé,l
log €logan 1 logST¢ logay 1
O<HN<qu|| E ay, 1

n=1 n=N+1

-1

1
< qu(H al‘)g‘”a r—— +n) a}vifi e

log3+5 log anp, 1 3+ 5
< (H an, aN+1 1

N L1
N+1)! 31 %
1og3+510gan N°T2
n=1 n=1
N n —t -1
< ([T ) (0 ) )
— N2 .
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From this, the fact that N is sufficiently large and (17) we obtain that for infinitely
many N

N

n 1 f—
o= ([ 7 (0 1))
( 5+ ) 1\ (V41! N;F% -t
( log3+e log2<" NS ) <(1 + 72> > < 1.

N
So (12) holds when we set P = Py, Q = Qn, and H = Hy.
3. Now let us assume that for infinitely many n

|:]2

Qn,1 S 2" (18)

and there is a real number ¢ with 0 < § < 1 such that (16) holds. Let A be a
sufficiently large positive integer and ¢ sufficiently small. From (16) we see that
there exists n such that

a("”)' > A. (19)

n,l

Let k be the least positive integer satisfying (19) and s be the greatest positive
integer less than k such that (18) holds. So

ak 1 > A k+5 . 2(10g2 A)(k+5)!' (20)

Then there is a positive integer n such that

al T > 2, (21)

n,l

Let t be the least positive integer greater than s such that (21) holds. It follows
that for every r =s,s+1,...,t —1

apy < 2o (22)
and
a1 > o(t+6)! (23)

Let us note that k, s and ¢ depend on A and if A tends to infinity then also k, s
and ¢ tend to infinity. From (18), (22) and the fact that the sequence {a, 1}5%;
is non-decreasing we obtain that

t—1 1 s 1 t—1 1
log3teloga,, 1 +n . log3t€loga,, 1 +n log3+elogay, 1 +n
| I an,l - | I an,l | I an,l

n=1 n=1 n=s+1
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s t—1 1
s —gi——+s a3 e loga. T
< (12t ) (T o)

n=1 n=s-+1
t—1 1 t—1
—_—l [ R
< 253< H ayl:ng log am 1 ") < 233( H 2(”+5)!(10g3+s 10;2(n+5)!+"))
n=s-+1 n=s+1
< 2(t+6)‘77(t 1+5) (24>

Lemma 1, Lemma 2 and (23) imply

k-1 -~

1
10g3+5 log ana1 logjJrs log an 1 1023+5 log an1
a,, a,, + n 1

n=t

[ S——
31 E _ £ M —r _ e
log” T2 logay 1 +ay, 7;(1+5) < 2(t+5) or? T 5 1og 201+ 0)! 1 ta, i(1+5)

s

t—248)1— (¢46)! —a0Te
< 2l )=(t+6) +ay; )

)

From this, (15), (20) and (24) we obtain

S lorany T N o e o L
n,1 n,1
0< Hi_ 1<Kq33||a E ay 1

n=1 n=t

< quz(t+5)!7g(t71+6)!(2(t72+5)!7(t+5) +a 2(1+5>)

< KqIQ(t+6)!fg(t71+6)!(2(t72+6)!7(t+6)! 1 9~ 5e (og A)(k+6)!>

= Kqz (2(1*%(t*1+5))(t*2+5)! + 97 ztve (log: A)(k+5)!+(t+5)1*%(t*1+5)!) <1
when we take sufficiently large ¢ and A. So (12) holds when we set P = P,
Q=0Qi1,and H =H;_;.

4. Finally let us assume that for infinitely many n inequality (18) holds and
there is no real number § with 1 > ¢§ > 0 and such that (16) holds. This implies

that for every 6 > 0 and sufficiently large n inequality (17) holds. Let ¢ be
sufficiently small and A sufficiently large. From (1) we obtain

ar, > A (25)
for infinitely many n. Let k be the least positive integer satisfying (25). Then

agy > AR = gllosz k!, (26)
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Let s be the greatest positive integer less than k such that (18) holds. From (1)
and Lemma 3 we obtain that (10) with 6 = 0 holds for infinitely many N. Let ¢
be the least positive integer greater than s satisfying

1 1 %
all) > (1 + t—Q) _max_ o) (27)
and
4 1 il
ay < (1 + 72) j_max la] 1 (28)

for every r = s+ 1,...,t — 1. Inequality (27) and the fact that a,; < 2° for all
r=1,2,...,s yield

!

1\t 1\
J —
> ((1+) s oh)” = (14 )

1\t
max aq)
(j srod—1 i1

( ) ( o %)(tfl)!(tf1)+(t72)l(t72)+-~+(s+1)!(s+1)2s!
j,l
o (e [fe)

From (28) we obtain

J=8,...,r—1 J=s,
T 1 1
<o T (14 R)ad <0
j=s+1

where D < 2 H;’;l (1+ j%) is a positive real constant which does not depend on
A and k. It follows that
ayq1 < Dr! — 2(10g2 D)r! (30)

for every r = s+1,...,t — 1. From this together with a,; < 2° and the fact that
the sequence {ay1}52; is nondecreasing, we obtain

s 1 t—1 1
logs+5 log a1 +r _ log3+teloga, 1 +r log3+te loga, 1 +r
H a =(ILar I o

r=1 r=s+1
s t—1
< (H 2232) < H 2(10g;2 D)(r!7'+(7'—3)!)>
r=1 r=s+1

S2532(10g2 D) (t!'+(t—3)!—s!) < 2(log2 D)(t!+(t73)!). (31)
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Similarly
H alog3+5 log ap 1 < 2(10g2 D)(t-3)! (32)

and
t—1
H al, < 2Uee D)t (33)

Note that (26), (30) and the definitions of k, ¢ and s yield that s < ¢t < k and if
A tends to infinity then also k, ¢ and s tend to infinity. Lemma 1, Lemma 2, (29)
and (33) imply

k—1
-1 [
logd+s log an 1 _ log3+e loga,L 1 log5+5 logan 1
Za = 2_ % + E ,
n=t
log® %11 -1 — sy
og ogag, 1 2(1+e)
S Ay +ap
t—1 T —1
1 t! logS T35 1 141 t—1
o o +% _la 2(1+
= ((1+ t2) [Ters))™ (o) (n=tn)) i
r=1
t—1
1\t t3+%
r 2(1te)
= <(1+252> Har,l g,
r=1
t—1 -1 t-1 -1
1 zt!(—gié 71) 3+5
_ 3 r r pbTeE=)
- (1 * 772) t [Le [Iern) +a
r=1 r=1
t—1 —1
1 t!(ﬁ—l) 1 __e
St 3 (logy D)t T3+ 2 I 2(1+e)
< (1 + th) ¢ (2 2 )f, 5 ay, +a,;

r=1

M\»—l

(H . 1) +ag ORS

From this, (15), (31) and (32) we obtain

il T == el & e 3T -1
log®T¢ logay 1 logoT¢€ loganp 1
0< Hio1 < Kqzx I | A1 g (o
n=1 n=t

t—1
+
log3telogay, 1 10 ap, _ L= =
<quH . (2 2(t 2)!<Ha:,1> + k2(1+)>
:qu<<H 10gs+s 1oga”1) ,,(t 2)1+ H 1oga+slogan1+nalzj(ls+5))

< qu(2(log2 D)(t73)!27%(t72)1 + 9 (log, D)(t!+(t73)1)2—ﬁ(log2 A)k!) <1
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So (12) holds when we set P = P,_1, Q@ = Q¢—1, and H = H;_1. O
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