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§0. Introduction

In a previous paper [3], we have investigated a generalized metric space
M, = (Mr,gij(z,y)). Here let us consider the Finsler space F(g) =
(Mr, F(x,y)) associated with M,,, where its Finsler metric is given by
F(z,y) == /919"y’

It is noticed that the metric tensor g¢;;(x,y) used here is positively
homogeneous of degree 0 in y. Sometimes a generalized metric space
M, = (M, gij(x,y)) was considered under the supposition that the met-
ric g;; is (a) p-homogeneous, (b) non-homogeneous and (c) irrespective of
homogeneity. On the other hand, H. RUND [9] showed, in his book: The
Hamilton-Jacobi theory in the calculus of variations, that the case (a) cor-
responds to Metric Differential Geometry and Relativistic Mechanics and
(b) to Geometrical Optics and Non-relativistic Mechanics. So, in the se-
quel, we shall call M, for (a) a generalized metric space ([3], [4], [5], [15]),
(b) a generalized Lagrange space ([7]) and (c) a generalized Finsler space
(1], (2], (6], [12], [13], [14]).

The geometry of a generalized metric space M, is closely related to
that of F}%(g). However, its geometry is in contrast with that of (ordinary)
Finsler space F,, := (Mp, F(x,y)). That is, there exist two characteristic
tensors C;; and pi j- For a given metric tensor g;; in M,,, the metric tensor
g*;; of its associated Finsler space Fi(g) is related as

(0.1) g*ij =gij + Cij, Cij = yhéjgih ([3]7 (2-8)(b)>7
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where the tensor C; satisfies C;; = C;°; and Cy; = Cy; ([3],(2.9)). Van-
ishing of the tensor C;; means that the M, itself reduces to a Finsler
space.

To determine the non-linear connection N, we assume that geodesics
in M,, are coincident with those in F(g), that is,

(AO) 2G" = N;yj.
Therefore another characteristic tensor P?j, satisfies the following relations:

(02) N} =G, —P'y, Po=0, Ciyp=29"nP";, ([3],(2.16)(f)),

where G; is a unique non-linear connection of F¥(g) and N} is an arbitrary

non-linear connection in M,,. (0.2) shows that the arbitrary tensor P?j has
disappeared in Finsler geometry. The fact that some differential equation
does not contain the tensor P?; explicitly, implies that the geometrical
property described by this equation is free from any choice of the non-
linear connection.

However, examples of a generalized metric space are very few. Let us
consider the following metric in an M,,:

(0.3)  gij(z,y) = aij(z) — a(z,y)hi; (2, ), Cij = ah;j  (ct. [5]),

where the tensor a;;(z) is a Riemannian metric. This metric defines a
generalized metric space M,, which is not a Finsler space and its associated
Finsler space is a Riemannian space (cf. §3).

It is well known that in a Finsler space F)(g) we can define three
types of connection: [C*], [R*] and [B*] (cf. §2) in a natural way. On
the other hand, in a space M, ([3]) we defined three types of connection:
[C], [R] and [B] (cf. §1). However, the connection [B] in M, and the
connection [B*] in F*(g) are coincident. In a same underlying space Mr,
we can consider five connections: [C], [R], [B], [C*] and [R*| originating
from only one structure: the metric tensor g;; (x,y).

One of the purposes of the present paper is to find the relations be-
tween [C] in a space M,, and [C*] in a space F,(g). In virtue of these
equations, the properties of M,, are investigated by means of well-known
theorems in a Finsler space F(g), which suggest some properties in M,,.
As we see, the tensor Cj; holds a key to investigate the geometry of spaces
M,,. Especially, the most important fact is that the connection parame-
ters F}’; of [C] and *T;%; of [C*] are coincident if and only if Cyj/, = 0
(Theorem 2.4).

Roughly speaking, if a generalized metric space M,, itself is a Finsler-,
a Riemannian- or a g-Minkowski space, then its associated Finsler space
FE(g) preserves this property. Our interest is in the inverse problem.
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61 is the summary of results obtained in M,,. §2 is devoted to deriving
the relations between [C] and [C*] in terms of the tensors in M,,. In §§3,
4, we investigate a generalized metric space whose associated Finsler space
is a Riemannian or a Minkowski space. We shall show that
[A] If an RM,, space satisfies the condition C;;/, = 0, then the space M,
is a g-Berwald space (Theorem 3.7).
[B] A necessary and sufficient condition for a space M,, to be a g-Minkow-
ski space is that the curvature tensors K, hijk and F}’ i vanish (Theorem
4.1).
[C] A necessary and sufficient condition for a space M,, to be an M M,
space is that the curvature tensors Hy,"j; and G}, vanish (Theorem 4.2).
[D] If an M M,, space satisfies the condition Cj;/, = 0, then the space is
a g-Minkowski space (Theorem 4.4).

We raise or lower the indices by means of g;; only without comment.

§1. Preliminaries in M,

The purpose of this section is to summarize the connections in M,,.
1.1. Assumptions on the metric tensor g;;(x,y).

Let M be an n-dimensional manifold of class C*° with local co-
ordinates (z') and T(M) its tangent vector bundle with local coordi-
nates (z°,y%). Let us denote by Mz a manifold of non-vanishing tan-
gent vectors: Mp = T(M) — {0}. A generalized metric space is a pair
M, = (Mr,gij(x,y)), where the metric tensor g;; satisfies the following
conditions:

(A1) g;;(x,y) is positively homogeneous of degree 0 in y,

(A2) g;;X'X7 is positive definite,

(A3) g*ij::%@éj]ﬂ is non-degenerate, where F(x,y)=1+/¢i;y'y’
and 0; 1= 9/0y’.

From conditions (A2) and (A3) a pair F(g) = (M, F(x,y)) is a
Finsler space (called the associated Finsler space of M,,). In [3], we intro-
duced the following three types of connection:

[C] the metrical connection CT(N) : w} = Fy*da* 4+ Cj'roy"; oy = dy* +
N,’fda:h such that 6g;; = dg;; — wlhghj — w]’-‘gih = gij/kdazk —}—gij/(k)éyk =0,
where

9ij/k = digi; — Fi"wgn; — F"kgin = 0, dy := O, — Ny Oy,
9ij/6) = Gij(e) — Ci"xgni — Ci"kgin =0, Gijy = Okgij
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and satisfies the following conditions:
(A4) (a) Np=Fi'wy/, (b) Fi'r=F, (¢ Cj'v=Cyy.

[R] the h-metrical connection RI'(N) : w} = F;"pda” so that g;;/, = 0.
[B] the non-metrical connection BT'(G) : w! = Gilpdx®; G = 3kG§,
where

G; = @Gi, 4G = g*ih(ijjé?hFQ — O F?),
on = 0/ox", g gt = 5;

It is evident that [B] in M, is coincident with [B*] in F¥(g). However,
the general non-linear connection N} of [C] satisfies (AQ) Niy/ = 2G*
implicitly. So differentiating this equation, we have

(11) N, =G, —P', PY:= §(yhajNh —N}), P'y:=P'y =0,
where the index 0 means the transvection with y.
The conditions (A1) and (A4)(c) give

(@) g% =gij +Cij, Cij=y"0;9: = Cji ([3],(2.8)),
(12) () Co'r=Cjlo=0,
1

() Co = Sonjmy"y’ =0 (3], (2.3), (2.6)).

The connection parameters for CT'(N) are given by

1
Fi'y = —g"(drgnj + djgnk — dngir),
1.3 2
(1.3) 1, .
Ci'y = 59’ (Gnjk) + Gri() — Gik(n)) Ci"j = Cyj.

Then we have
(@) =9y =95y ¥ =9 v =V, =0

(1.4) .
(b)) = 9" 5, Yi/(5) = Yij» vi/; = 0.

Remark. The homogeneous condition (A1) implies that if there ex-
ists a coordinate system such that the metric g;; is expressed by g;; =
e? @Y q,;(x) ([6],[14]), then the metric itself is Riemannian. In fact, be-
cause the scalar o(z,y) must be p-homogeneous of degree 0 in y, the
relation Cy; = Cj; gives y;0(;) = y;o ;). This means o(;) = 0.
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1.2. The curvature and torsion tensors.

For curvature and torsion forms, we defined in [3] as follows:

(a) € = [dwj] + [whef],

(1.5) (b) QW = [66y"] = [doy'] + [wy,0y"] = O,
(¢) QF:=[6da’] = [ddx'] + [w] dz"].

We shall denote

€] CT(V): %= —LRywlk.d) — Byualk. (0] - 8, (k). ()]
mw:_émmmn—mexm,ffz—@%u%m

(Rl RO(N): 9 =~ Ktk 1]~ Bk, (1)

J

. 1 . . .
mﬂz—émmmn—Pmmxm,sr:m

[B] BI(G): Q)= —% ielk 1) = Gyt alk, ()],

J

. 1 . .
W“:—éﬂmw@,srzm

where [k, 1] := [d2",da'], [k, (1)] := [d2"*,0y'], [(k),(D)] = [6y",dy'] and
[ka (l)*] = [dxkaé*yl] = [dxk76yl + Plhdxh] = [k7 (l)] + Plh[k7h]'
The covariant derivatives for a vector v¢(x,y) with respect to =¥ and

y* are defined as follows:

V' = dpvt + Fy o, vy =0y + C' v’ for [C), [R],
Ui//k = dpv' + G, vi(k) = Ov’ for [B],

where dj, := 0) — GZ@;L =dj — P",0p,.
We shall list the identities for curvature and torsion tensors in M,,:

(@) Coj=Ci=0, Po=P%=0, () gijx)=Cijk + Cjir,

1.6 : ,
(1.6) (¢) P'ox =2P% ([3], Proposition 2.6),



192 Toshio Sakaguchi, Hideo Izumi and Mamoru Yoshida

(@) Ri'jrk = Kn'je +CL' R iy Filjk i= OFy',
Pu'jk = Fn'jk — Cn'ryj + Cn'mP ™k, P'ji = Njgy — Fi'j,
(b) Ro'jk = Ko'ju = R'ji, Ho'j = H'jp,
Pyl = Fo'ji = Fi'or = P'jk,  So'jk =0,
(¢) R%r=0, P%,=0, Pjo=0, H%=0,
(d) Ri%k = —gnR 1, Kn’jx = —g"n-Rji,
H. ik = =g mH jke Frjk = Chisj — 9" 0 P i,
Sk°ik = Chjky + Chjr — jlk =0,
(@) Rpijk + Rinjk =0,  Phijk + Pinjk =0,  Shiji + Sinjk =0,
(1.8)  (b) Khijk + Kinjk = =i R jk,
(€)  Fhijk + Finjk = Jnik) /5 — Inier) P ks
(@) Chjisk—Chisj = 9 v P kh — G ke P s
(1.9) () Gnitkyo = 9irP bk + Gnr P ik + 29ni(r) Pk
() Cikjpo=29"1wP'r=9"+P'r+ 9"k P,
(@) H'jpny = Hp'jk,
(1.10) (b) H'yjy—jlk=3H",, H'y:=H'o,
(¢) Hpj:=Hy'ji=Hpny, Hj:=H'y,

where j|k means the interchange of the indices j, k in the foregoing terms.

1.3. Relations between [C] and [B]; Difference tensor D;’j.

It is easily seen that for a vector v* we find
(1L11)
V' = v’ + GRpv" =0 s+ Do — PP’y D' o= Gk — Fi'

Hence we have for the metric tensor g;;

(@) gijye = —Di"kgn; — Di"kgin — P"1gijn)

()  —2D;'k = g™ (gnjyr + Gnryi — Giryn + Inj) P
+ 9niy P’ 5 — Giker) P h)s

(e) gijpo = —ginP"; — gin P

(1.12)
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Proposition 1.1 ([3], Proposition 3.1). The difference tensor D, is
expressed by
(1.13) Djik :Pijk—{—Pij(k) :Dkij,
and satisfies the following relations:
(1.14) (@) Do’y =Py, () D;% = —g"jnP",
(¢) Di'vay=Gj'm—Fi'm, (d) Dj'yayy’ = —Plu.

The following relations are known:

(1.15) Y e =0, vik =0,

(@)  Hpijk + Hingle = —Gnipjpe + Ghipryi — iy H' ks
(1.16) (b)  Ga®jk = 9" njyk = 9njpx + Chiyrs
(€)  Ghrijk + Ginjk = —9niyitk) + hitk) />

(a) Hp'j = Ki'ji + En' j,
(1.17) Ehijk = Dhij/k + Dherrik - Ghijrprk —Jjlk,
(b) Eijk = Eoijk = Hijk — Rijkz = Pij/k + Perrik —jlk.

1.4. Projection to the indicatrix.

Let us denote by p - T the projection of a tensor T to the indicatrix,
e.g., for a tensor T";, we shall define p - T%; := hflT“bh?. Ifp-T =T
holds, then the tensor 7' is called an indicatric tensor. For example, as the
torsion vector C := jk . is p-homogeneous of degree —1, we find

(1.18) Fp-Cjyky = Fhin}.Coywy = FCj ) + 1;Cr + 1,C;.

Proposition 1.2 (cf. [10], (3.18)). Let K(z,y) be a scalar, p-homoge-
neous of degree 0 in y, and put K; := FK;), Kjx = Kyj := Fp-Kj() and
Khpji := Fp+ Kjin). Then we have

(1.19) Khjk—l-Khh*jk—hU:O, h*jk :hjk—f—Cjk.

Therefore the scalar K is independent of y if K; =0 or Kj;, = 0 holds.
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§2. The associated Finsler space F,(g) of M,

In this section, we shall find the relations in which the connections
and curvature and torsion tensors of F(g) are expressed in terms of M,.

2.1. Connection parameters of [C*] and [C].

As usual, we can define the connections in F¥(g).

[C*] the metrical connection CF*(G) : w*} := *Tjipdat + C* k6 Yk,

5*yk = (5yk + Pk, dz" such that 0*g*i; =0,

* T % A * 1. 1 _xih
ik ="Tk"; j k=34 ghj(k:)-A ‘
[R*] the h-metrical connection RF™(G) : w*} == T, da®, 97k = 0.
Let us put
w*z- = w;- + t;-, t;- = Ajikdmk + Bjik5yk.

Accordingly we have

(21) (a) T’k = F'e + A% = C""wP ", (b) C*j'x = Cj'u + By'x,

and using the symmetric property of *I';%y, F;%, C*;'; and C;'%, we see
Aty — Ay = C* Py — O* P, Byt = B

To determine the tensors Aji L and sz'k, we give

Lemma 2.1. The form t; satisfies the following relation:

PrROOF. Because both connections are metrical, we see
0= 5*9*13 — dg*zj o W*?g*hj o W*?g*hi
= dgij + dCij — (W} +t])(gn; + Chy) — (W] +1})(gni + Cha)
= 0gi; + 0Cs; — 0" n; — g i
Hence the condition 6g;; = 0 gives (2.3). O
From (2.3) we see
(24)  Cij = A"kg ni + A" kg hi,  Cijyay = Bi"kg"nj + Bi" k9" ni.

Now, applying the Christoffel process to (2.4) and using (2.2), we obtain
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Proposition 2.2. Two tensors A;'y and B;'y are given by

(2.5)
) 1 *7 * 1 r *7 * Id
(a) Aj'yx = 39 "(Chjsi+ Chiyi — Cinn) — C*1' e P"j + g™ C* 3 P,
(6) Bj'x = 59" (Chiw) + Chts5) = Cliwymy):
and satisty the following relations:
, . 4 1
(a) Ao’k = Ax'o = Py, A% = —5Cik/0 = —g*jnP",

(2.6) (b) Bo'x = By'o =0, B;% = —Cjx,
(c) ti = P'pda®.
We shall prove
Proposition 2.3. In a generalized metric space, we have that

(a) Ajfk = 0 is equivalent to C;;/, = 0,
(b)  Bj'yx =0 is equivalent to C;; ) = 0,
()  Cijjw) =0 is equivalent to Cy; = 0.

PrROOF. If A%, = 0 or B;%; = 0, we have from (2.4) Cj;/; = 0 or
Cij k) = 0, respectively. The inverse of (a) is obvious from (1.9)(c) and
(2.5)(a). (b) and (c) are evident. O

By means of Cj/9 = 2g%;,P"x and (2.5)(a), the relation (2.1)(a)
shows the following

Theorem 2.4. A necessary and sufficient condition for the connection
parameters F;', of [C] and *I';';, of [C*] to be coincident is that the
condition Cj;y, = 0 holds.

2.2. Curvature forms of [C*] and [C].

Lemma 2.5. The curvature forms Q* of CF*(G) and ) of CT'(N)
are related as follows:

*T __ Ot 7 i 1h
(2.7) Q% = Q%+ [0t5] + [tht]].

PROOF. From the definition and the relation w* = w + ¢ (without
indices), we see

O = [dw*] + [w*w*] = [dw] + [dt] + [(w + ) (w + )]
= [dw] + [ww] + [dt] + [wt] + [tw] + [tt] = Q + [5t] + [tt],
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where we used the matrix product rule. O]
We remark that
[tw] = fzw]h] = —[w?t};] = —[wt] (for the 1-form t;),
[0t5] := [dt}] + [w,lltf] - [w?t}l] (definition).
As usual in a Finsler space F;(g), we put
Q'f = — LRl ] — Pl 0)7] - S8l (),

Wheret[(k)*, ()] == [(k), )]+ P*,[r, ()] + P, [(k), 7] + P*, P'y[r, s]. Hence
we ge

%i 1 % i — r * 1 r * T S
Qj:—§(Rjkl+ijrPl_ lePk+SjT5P kPl)[k’l]
1

= (P"5' s+ 575 Pk, (D] = 5875 wl(k), ()]

Let us now carry out the following calculations:
(a) [6t5] = [0(A; kda® + B;"0y")]
= [64;"%, dz*] + [0B;'y, 0y*] + A;"4[0dz"] + B4 [06y"]
1

= _i(Ajik/l — A"y + B R ) [k, 1]

(2.9) — (A" = Bi'yw + A'nCi" 1+ BT P ) [k, (1)]
- Bjik/(l)[(k) (D,

(2.8)

(b) [thth] = =A™ e ARk, 1) — (A" Br's — B 1 AR k) [k, (1)]
— B;".Br'i[(k), (1)),

where we used (1.5)(c) and (b). By means of (2.8) and (2.9), the relation
(2.7) gives us the following

Proposition 2.6. In a space M,, the curvature tensors of CF*(G)
and CT'(N) are connected by the following relations:

(@) R*j'wi+ P 'k P"y— P*j' 1, P e + 5% P71 P
=R’y + B Ry + (A" + A" AR — KD,
(b) P+ S Py
= Pi'wi+ A’ ky0) — Bi'iyk + A hCk" 4 By Py
+ A" By — B A,
(¢) 83"k =Si"k+ (Bj'kyw) + Bi"xBu't — kD).

(2.10)
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2.3. Torsion forms of [C*] and [C].

Lemma 2.7. The torsions Q*, Q*®) of CF*(G) and @, Q® of
CT(N) are related as follows:

(a) Q" =Q" + [t;dmj],
(2.11) , R o
(1) 00 = QO 1 6y + [ot3] + [theh),
where Q' := [§*dx'] and Q*(V) := [§*5*y'] = Q*}.
Proor. For (a), we see
0% = [6*da'] = [0da’] + [thda’] = O + [tida’].
For (b), we see
Q'O = [5°5°y"] = [56°y] + [h5°9"] = (DB’ + )]+ [1, (09" + £
= QO + [3tg] + [t,05") + [t t6)-

O
Let us carry out the following calculations:
O = —C""lg, (k)] = =C* "5 P[5, K] — C*fkba (F)],
O + [tjda’] = —Cy"k[d, (k)] — A;"k[4, k] — B; k). (k)]

(
0O = —H el K]~ P P K] PPl ()
[6t8] = [0 Py, dz*] + P?)[6da"]
= =P k[4, Kl = Py s (K)] = PP rCi" i [j, ()],
[t50y°] = A5l ()], (By's = Bi'j),
[thte] = —P"jAn"k[j, k] — P"; By [, (k).
Using the above and (2.2), we see from (2.11)
(a) H*jp+ (PP — jlk)
=R'ji+ (P’ + P AL — jlk),
=Pk + Py — Ak’ + Cn'w P + P"j By
= Dy — Ay + O P"
=D, — Al + C* L Py

(2.12)
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If we substitute P*';;, in (2.12)(b) into (a), then we have
H* i — Ry = P+ PP A, — (Dy'n — An'y + C* P75 PPy — jlk
=P+ P"Dy'y — jlk = E',  ((1.17) (b)).

Hence we have

Proposition 2.8. In a space M, the torsion tensors of CF*(G) and
CT(N) are related by the following equations:

(a,) P*ijk = Djik — Aj’ik; + C*jirprkv
(2.13) ‘T’ — Fj'y = D'y — P, = Aj'yy — C*;". P,
(b) H*ijk :Rijk—l-Eijk :Hijk.

2.4. Curvature tensors of [R*] and [R].

After the similar calculations of the metrical case, we have for the
h-metrical case

Proposition 2.9. In a space M, the curvature tensors of RF*(G)
and RI'(N) are related by the following equations:

(a) K*jp + T enP" —*T;%, Py,
= K;'w +{Aj" ) — C* ' Py — C* 1 Py
+ (A" = O P (AR = CF PT) — K1,
(0) T =EF'"su+ A% — C*i'hay P — C*'n Py

(2.14)

2.5. The space M,, with C;;/;, =0 or C;;,9 = 0.

Using Proposition 2.3 and Theorem 2.4, we have from (2.10), (2.12)
and (2.14)

Proposition 2.10. In a space M,, with C;;,o =0 we have

(a) 5
(b) R*j'wi = Ry'k+ By n Ry + (A" + A" e An'y — KD,
(215) (o) K%y =K+ (A% + A" AR — KD,
)
)

P'y=0, Aj'y=<g h(chj/k + Chiyi — Cinn),

(d Hijk = Rijky P*ijk = Pijk — Ajik, Eijk =0,
(6 *Fjikl = Fjik;l + Ajlk(l)
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Proposition 2.11. In a space M,, with C;;/, = 0 we have
(a) R*jikl = Rjikl + Bjithkb
(2.16) (b) P*j'mi =Py — Bj'yx + B\, Py, P*p = Py,
() K*j'wi =K%, *Ti'%=F".

§3. A generalized metric space whose associated Finsler
space is a Riemannian space

If the metric g;; is independent of y: C;*; = 0, then the space M,
itself is a Riemannian space and then its associated Finsler space is also a
Riemannian space from the definition.

Definition. A generalized metric space M, whose associated Finsler
space I¥(g) is a Riemannian space (C*;%; = 0) is called an RM,, space
(abbreviation). If the Riemannian space is of constant curvature, then the
space M, is called an RccM,, space.

By means of (2.1)(b) and Proposition 2.3, we see

Theorem 3.1. If an RM,, space satisfies the condition Cj;,x) = 0,
then the space is a Riemannian space.

From (2.1)(b) and (2.5)(b) we see

% 1
(3.1) 3C% ik = Ciji + Cipi + Cryj + §(Cij(kz) + Cjni) + Chriy))-

Hence we have the following

Theorem 3.2. A space M,, reduces to an RM,, space if the following
condition holds:
1
Cijk + Cjgi + Crij + §(Cij(k) + Cjk) + Crigjy) = 0.
S. NUMATA proved the following theorem ([8],Theorem 2): A Lands-

berg space (in the sense of Finsler geometry) of scalar curvature K is a
Riemannian space of constant curvature provided K # 0. Hence we have

Theorem 3.3. An LM, space (cf. §5) of scalar curvature K is an
RceM, space.

C. SHIBATA proved the following theorem ([11], Theorem 4): If a
Finsler space of scalar curvature satisfies the condition P? hj/k—Jlk =0 (in
the notation of ordinary Finsler geometry), then the space is a Riemannian
space of constant curvature. Hence we have
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Theorem 3.4. If the Finsler space F};(g) of scalar curvature K satis-
fies the condition P*@hj/*k — jlk = 0, then the space is an RecM,, space.

From the theory of Finsler spaces, we see that in an RM,, space we
have the following relations:

(@) Ty =G"'% = Gi'k = {j"s},
(3.2) (b) P"jp=0, P'u="T'n=GC"u=G'nu=>5""u=0,
(¢) R'j'm=K"'w=H""=H'n(x),
where {;%} is the Christoffel symbol with respect to g*;;(z).
Using (2.10), (2.12), (2.13), (2.14) and (3.2), we have

Proposition 3.5. In an RM,, space, we have

(a) Aj'x =Dy’ = %g*ih(chj/k + Chisi — Cirsn),
Fi'e ={;'s} = 4"k, Cj's = —Bj'x,
Pl = A’ — Plray,
Hi'w(x) = K;'w+ Ej'w, H'jk = R'k+ E'ji,
Ei' = Aj'w i+ A" AR — KL
E'y, =P+ P AL — jlk,

(¢) Pii=—Aj"sa) — Ci'ip + Cj'n Py,

Fi'wi=—-Aj"vay, Gj'm =0.
Because of ¢g*" ;) = 0, Proposition 2.3 and (3.2)(a), we can easily

prove

Lemma 3.6. In an RM, space, the following four conditions are
equivalent:

(a) Ajik = 0, (b) Chj/k = 0, (C) Ajik(l) = 0, (d) Chj/k(l) = 0.
Theorem 3.7. If an RM,, space satisfies the condition Cy;/, = 0,
then the space M, is a g-Berwald space (F;'i; = 0, cf. §5).
84. A generalized metric space whose associated

Finsler space is a Minkowski space

Definition. If there exists a coordinate system such that the metric
tensor g;; is independent of z: ¢;;(y) and P’y = 0, then the space M,



On generalized metric spaces. . . 201

is called a g-Minkowski space. 1f C;; = 0, then the g-Minkowski space is
called a Minkowski space.

Definition. A generalized metric space M, whose associated Finsler
space F¥(g) is a Minkowski space is called an M M,, space (abbreviation).

Remark. From the definition ¢*;;(y) = 9:0;(gnk(v)y"y*)/2, a g-Min-
kowski space is an MM, space. However, from the relation: ¢*;;(y) =
gij(z,y) + Cij(z,y), being an MM, space (0rg*;; = 0) does not mean
that the space M, is a g-Minkowski space (Jxgi; = 0).

Theorem 4.1 (cf. [6],[12]). A necessary and sufficient condition for a
generalized metric space M, to be a g-Minkowski space is that the curva-
ture tensors K;'y, and F;'y; vanish (Q§ =0 for RT'(Q)).

PROOF. Let us assume that the generalized metric space M, is a g-
Minkowski space. Then we have F2?(z,y) = F? := §u(9)y°y° in some
suitable coordinate system, hence 9.F? = 0F?/0z¢ = 0. From the defini-
tion in §1, we find

4Ga — g*ab(gca'baclfa . abFZ) — 0, 3b — 8/827b,
Ny =Gy =0, 0.gar=0, F%=0, F%i=0 K q4=0.

Conversely, F}'y = F; k() = 0 means that the connection parameters
Fji 1 are functions of ¢ only. Therefore the curvature tensor K ji L is also
a function of z* only. When K;’;;(x) = 0, we know as in a Riemannian

space that there exists a coordinate system (z®) for which the connection
parameters F,®. vanish, that is,

_ 1 _ _
(41) gadedc — i(abgac + acgab - aagbc) = 07 Nca = Fbacgb = 0.

Making +alc in (4.1), we get O,gpc = 0 which means that g,. does not
contain z%. Moreover we get P?, = 0 from (1.1). O

Remark. From (1.7)(a), (b) and Theorem 5.14(cf. §5), we see that the

conditions in Theorem 4.2 are equivalent to the conditions Rjikl =0 and
Cjzk/l =0 for CF(N)

By virtue of a well known theorem on Finsler spaces, we have
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Theorem 4.2. A necessary and sufficient condition for a generalized

metric space M, to be an M M, space is that the curvature tensors H jikl
and G;'y; vanish (Q5 = 0 for BI'(G)).

From the theory of Finsler spaces, in an M M,, space, we have
(CL) R*jzkl — K*jlkl — H*jzkl — Hjlkl — O,
R*ijk — H*ijlc — Hijk — 07
(4.2)
0) C%' )i ="Tj'm =G ' = Gj'u =0,
P*. =0, P*%'jr=0.
Using the relations in §2 and (4.2), we obtain
Proposition 4.3. In an M M,, space, we have
) Dj'y= A" —C*'w P, R'j,=—E',
b) Rj'w — S*;'s P xP% — Bj' ) By = —Aj' e — A AR — KL
) Fi'm= A0 + C* 5wy P + C* 0 PPy,
) Pt =S*"mP" — Ai'vya) + Btk — A Gk — By Py
— A" By + B A

In virtue of Proposition 2.3 and Cj, /o = 2g*thhk, we have that if an

M M, space satisfies the condition Cj;/, = 0, then the following relations
hold:

(@) Dj'%x=0, (b) R'yp=-E'j% =0, P =0,
(¢) Ri'm=K;'"u=0, (d) Fj'ty=Cj"%u=0.
Hence we have

Theorem 4.4. If an MM, space satisfies the condition Cj;;, = 0,
then the space is a g-Minkowski space.
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