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Multidegrees of tame automorphisms with one prime number

By JIANTAO LI (Changchun) and XIANKUN DU (Changchun)

Abstract. Let 3 < di < d2 < d3 be integers. We show the following results: (1)
If d2 is a prime number and m # 2, then (di,d2,ds) is a multidegree of a tame
automorphism if and only if di = d2 or d3 € diN + d2N; (2) If ds is a prime number
and ged(d1,d2) = 1, then (d1,d2,ds) is a multidegree of a tame automorphism if and
only if d3 € diN + d2N. We also show that the condition m # 2 in (1) cannot be
removed.

1. Introduction

Throughout this paper, let F' = (Fy,...,F,) : K — k™ be a polynomial
map, where k is a field of characteristic 0. Denote by Aut k™ the group of all
polynomial automorphisms of k™. Denote by mdeg F' := (deg F1,...,deg F},) the
multidegree of F and by mdeg the mapping from the set of all polynomial maps
into the set N™, where N denotes the set of all nonnegative integers.

A polynomial automorphism F = (Fy,...,F,) of k™ is said to be elemen-
tary if
F= (zla"wxi—l,axi+f7zi+17~"axn)
for some 1 < i < n, « € k* and f € k[z1,...,2—1,%it1,...,%s]. Denote by

Tame k™ the subgroup of Aut k™ that is generated by all the elementary auto-
morphisms. An element in Tamek™ is called a tame automorphism. The clas-
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sical JUNG-VAN DER KULK theorem [4], [17] says that every polynomial auto-
morphism of k2 is tame. In 2004, SHESTAKOV and UMIRBAEV [14], [15] proved
Aut k? # Tame k2 by showing that the famous Nagata automorphism is not tame.

The multidegree plays an important role in the description of polynomial
automorphisms. For example, the Jacobian conjecture is equivalent to the asser-
tion that, if (Fy, F) is a polynomial map satisfying the Jacobian condition, then
mdeg F' = (deg Fy, deg Fy) is principal, that is, deg Fy | deg F» or deg F5 | deg Fy
[1]. But it is difficult to describe the multidegrees of polynomial maps in higher
dimensional cases, even in the case of dimension three. Recently, some authors
present papers concerning the multidegrees of tame automorphisms in dimension
three, see [5], [6], [7], [8], [10], [16].

In [5], KARAS proposed the following conjecture.

Conjecture 1.1 ([5, Conjecture 4.1]). Let 3 < p; < dy < dsz be integers
with p; a prime number. Then (py, d2, d3) € mdeg(Tame k%) if and only if p; | do
or dz € p1N + doN.

In [6], KARAS showed that if g—g £ 3ord = 3 and dy > 2p; —4, then Conjec-

2 Ol 4,
ture 1.1 is valid. In [16], SUN and CHEN gave a stronger result that Conjecture 1.1
istrueif% %,orif%:%andd2>2p1—5.

In this paper, we consider a variation of the conjecture of Karas. Let 3 <
dy < dy < d3 be integers. We show the following results: (1) If dy is a prime

number and m # 2, then (dy,ds, d3) € mdeg(Tame k?) if and only if d; =
dy or d3 € diN + doN; (2) If d3 is a prime number and ged(dy,dz) = 1, then
(d1,dz,d3) € mdeg(Tame k?) if and only if d3 € d;N + daN. We also show that

the condition m # 2 in (1) cannot be removed.

2. Preliminaries

Recall that, in [14], [15], a pair f,g € C[z1,...,x,] is said to be *-reduced if
(1) f, g are algebraically independent;

(2) f,g are algebraically dependent, where f denotes the highest homogeneous
component of f;

(3) f ¢ (9) and g & (f).
The following inequality plays an important role in the proof of the Nagata
conjecture in [14], [15] and is also essential in our proofs.
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Theorem 2.1 ([14, Theorem 3]). Let f,g € k[z1,...,z,] be a x-reduced
pair, and G(z,y) € k[z,y] with deg, G(v,y) = pg + 1, 0 < r < p, where p =
deg f
ged(deg fidegg) Then
deg G(f,g) > q(pdeg g — deg f — deg g + deg[f, g]) + rdegg.

Here, [f, g] means the Poisson bracket of f and g defined by

_ of dg  9of 9g\.
[fag]_ Z (8.%@8%_8%61'1)[%“%]]

1<i<j<n

By definition, deg[z;, z;] = 2 for i # j, deg0 = —o0, and

deg[f,g] = max deg{(af 99 9 9 ) [xi,xj]}.

1<i<ji<n Ox; Ox;  Ox; Ox;
J J

Note that [f, g] # 0 if and only if f, g are algebraically independent over k. If this
is the case, we have

deg[f,g] =2+ | nax deg(

<i<j<n

0r 090 0,
ox; 8£Cj ail'j ox; ) — '

Remark 2.2. The statement of Theorem 2.1 holds if only f and g do not
belong to k& due to KurODA [11, Corollary 3.5] (see also [8], [18]).

Recall that a polynomial automorphism F = (Fy, Fy, F3) is said to admit
an elementary reduction if there exists a permutation o of the set {1,2,3} and
g € k[z,y] such that

deg(FO'(l) - g(Fo(2)7 Fa(3))) < deg Fo(1)~

Theorem 2.3 ([15, Theorem 2]). Let F = (Fy, Fy, F3) be a tame automor-
phism of k3. If deg F| + deg F» +deg F3 > 3, then F admits either an elementary
reduction or a reduction of types I-1V.

We refer to [15, Definitions 1-4] for the definitions of reductions of types
I-1V.

Remark 2.4. It is shown by KURODA that there is no tame automorphism
on klz,y, z] admitting reductions of type IV, see [13, Theorem 7.1].

In this paper, we consider when (di,ds,ds) is a multidegree of a tame au-
tomorphism on k3. Note that, if (Fy, Fy, F3) is a tame automorphism, then
(Fo1), Fo(2), Fo(3)) is also a tame automorphism for any permutation o of {1,2, 3}.
Ifd; < dy < dsandd; < 3, then (dy,ds,ds) € mdeg(Tame k?) by [8, Example 3.1].
Thus, without loss of generality, we can assume that 3 < d; < dy < d3.
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3. Multidegree (di, p2,ds) with ps a prime number

In this section, let 3 < d; < ps < d3 be integers with ps a prime number. We
start with the following lemma.

Lemma 3.1. If (dy,ps,d3) € mdeg(Tamek?), then there exists a tame au-
tomorphism with multidegree (dy, pa,ds) which admits an elementary reduction.

PROOF. Let F be a tame automorphism with mdeg F' = (di,p2,ds). By
Theorem 2.3 and Remark 2.4, F' admits an elementary reduction or a reduction
of types I-III.

If F admits a reduction of type III, then by [15, Definition 3] there exists
n € N such that

n<d < gn, p2=2n, dz=3n; or (3.1)
dy = ;n, P2 = 2n, 5; < ds < 3n. (3.2)

Since po is a prime number greater than 3, (3.1) and (3.2) cannot be satisfied.
Thus, F' admits no reduction of type III.

By the definitions of reductions of types I and II, if F' admits a reduction of
type I or II, then there exists a tame automorphism with the same multidegree
that admits an elementary reduction (see [6, Proposition 20]). O

To prove our main theorem, we also use the following well-known result (see
e.g. [2]).

Lemma 3.2. Ifa, b are positive integers with gcd(a,b) = 1, thenl € aN+bN
for all integers 1 > (a — 1)(b—1).

We are now in a position to show our main result in this section.

Theorem 3.3. Let 3 < d; < po < d3 be integers with ps a prime number.
If W # 2, then (dy,ps,ds) € mdeg(Tamek3) if and only if dy = py or
ds € diN+ pgN

PROOF. Thanks to [8, Proposition 2.2], it suffices to prove the “only if” part.
Suppose that di < ps and d3 ¢ diN + paN. Then, we have d3 < (d; — 1)(p2 — 1)
by Lemma 3.2. We prove that no tame automorphism has multidegree (dy, p2, d3)
by contradiction. If the assertion is false, then there exists a tame automorphism
F = (Fy, F», F5) with mdeg F' = (d1, p2,ds) admitting an elementary reduction
by Lemma 3.1. There exist three cases to be considered as follows.
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Case 1: If F admits an elementary reduction for some g € k[x,y] such
that deg(F3 — g(F1, F3)) < deg F3, then we have deg F3 = deg g(Fi, F»). Since
F' is a polynomial automorphism, F;, F; (4,7 = 1,2,3,i # j) are algebraically
independent, and hence deg[F;, F;] > 2. Moreover, F; ¢ (F}) since otherwise we
have deg F; | deg F;, which contradicts that d; { p2 and ds ¢ diN+poN. Note that
m = dy. Set deg, g(x,y) = dig+7, 0 <r < dy. By Theorem 2.1
and Remark 2.2

d3 = degF3 = degg(Fl,Fg) > q(d1p2 — dl — p2 + deg[Fl,Fg}) + rp2
> q(dip2 — di — p2 +2) + rpa.
Since d3 < (d1 —1)(p2—1), we have ¢ = 0. Hence, we get deg, g(x,y) = r. Noting
that 0 < r < dy, we can write g(x,y) = go(z) + g1(x)y + -+ + ga, 1 (x)yD L Tt

follows from ged(dy, p2) = 1 that the sets diN,diN+py, ..., diN+ (d; — 1)py are
disjoint. Thus,

d3 = deg g(Fy, F») = deg(go(F1) + g1 (F1)Fa + -+ + gay—1 (F1) Fs* )

= 0352&(2(71{(16‘% Fidegg; +ideg Fo} = og?%%}fﬂ{dl deg g; + ip2},

which contradicts d3 ¢ diN + paN.

Case 2: If F admits an elementary reduction for some g € k[x,y] such

that deg(Fy — g(Fa, F3)) < degF), then deg F; = degg(Fs, F3). Note that
m = po. Set degyg(x,y) =pog+7r, 0 <r <py. Then

di = deg Il = deg g(Fy, F3) > q(p2ds — p2 — d3 + deg[Fy, F3]) +rds
> q(3d3 — p2 — d3 +2) +rd3z > q((d3 — p2) +d3 + 2) + rds.
Since dy < (d3—p2)+ds+2 and d; < ds, it follows that ¢ = r = 0. Hence, g(z,y)
belongs to k[z]. Thus, d; = deg Fy = deg g1 (F2) belongs to paN. This contradicts
dl < p2.

Case 8: If F admits an elementary reduction for some g € k[z,y| such
that deg(Fy — g(F}, F3)) < deg F», then deg Fy = deg g(F1, F3). It follows from
ds ¢ diN+ poN that ged(dy, d3) # di, whence p = m
m # 2 by assumption, we have p > 3. Let deg, g(z,y) = pg+r, 0 <r <p.
Then

> 2. Moreover, since

po =deg Fy = degg(Fl,Fg) > q(pd3 —dy —ds + deg[Fl,Fg]) + rds
> q(3d3 — d1 — dg + 2) + ng S q((dg - dl) + dg + 2) + ng.

Since py < d3, we get ¢ = r = 0. Hence, g(x,y) belongs to k[z]. Thus, ps =
deg Fy = deg g1 (F1) belongs to diN. This contradicts that ps is a prime number
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with po > d;.

Therefore, F' cannot admit any elementary reduction, the contradiction im-
plies that there exists no tame automorphism with multidegree (di,p2,ds) if
dy < po and d3 ¢ diN + psN. O

We claim that the condition m # 2 in Theorem 3.3 cannot be removed.
Indeed, for each positive integers p and g, KURODA [12] constructed a tame auto-
morphism with multidegree (2m, 2pm+p+1, (2p+1)m) with m = pg+p+q which
admits a reduction of type I. In the special cases where (p,q) = (2,1),(2,3),
the multidegrees are equal to (10,23,25) and (22,47,55), for which we have
gcd(‘fiﬁ = 2. We note that, if (p,q) = (2,1), this tame automorphism is de-
scribed as

fi=z+y? - g%
fo= Bl fP g+
fs=[f2+h,

where g = z + 3%y 4+ 3xy® + y° and h =y — 6(z + y?)%g + 8(z + y*)g° — 2g°.
From the proof of Theorem 3.3, we see that a more precise lower bound
of deg[Fy, F3] gives a better description of mdeg(Tamek3). We mention that
SUN—CHEN [16] and KARAS [9] gave notable results on the multidegrees of tame
automorphisms by improving the lower bound of the degrees of Poisson brackets.

4. Multidegree (d;, d2, p3) with ps a prime number

In this section, let 3 < d; < ds < p3 be integers with ged(dy,ds) =1 and p3
a prime number.

Lemma 4.1. If (di,d2,p3) € mdeg(Tamek3) with ged(dy,ds) = 1 and
ps a prime number, then there exists a tame automorphism with multidegree
(d1,da, p3) which admits an elementary reduction.

PROOF. Let F be a tame automorphism with mdeg F' = (dy,ds,p3). By
Theorem 2.3 and Remark 2.4, F' admits an elementary reduction or a reduction
of types I-III.

If F admits a reduction of type III, then by [15, Definition 3] there exists
n € N such that

3
n<d < §n, do =2n, p3=3n; or (4.1)
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on
di =—-n, ds=2n, - < p3 < 3n. (4.2)

Since p3 is a prime number greater that 3, (4.1) cannot be satisfied. If (dy, da, p3)
satisfies (4.2), it follows from ged(dy,d2) = 1 that n = 2. Hence 5 < p3 < 6,
and so ps = 6. This contradicts that ps is a prime number. Thus, F' admits no
reduction of type III.

By [6, Proposition 20], if F' admits a reduction of type I or II, then there
exists a tame automorphism with the same multidegree that admits an elementary
reduction. O

We can now formulate our main result in this section.

Theorem 4.2. Let 3 < d; < ds < p3 be integers with ged(dy,ds) = 1 and p3
a prime number. Then (dy, d2,p3) € mdeg(Tame k%) if and only if p3 € diN+d,N.

PROOF. Thanks to [8, Proposition 2.2], it suffices to prove the “only if” part.
Suppose that p3 ¢ diN + d2N, whence ps < (d; — 1)(d2 — 1) by Lemma 3.2. We
prove that no tame automorphism has multidegree (di, ps2,ds) by contradiction.
If the assertion is false, then there exists a tame automorphism F = (Fy, Fy, F3)
with mdeg F' = (di,da,ps) admitting an elementary reduction by Lemma 4.1.
There exist three cases to be considered as follows.

Case 1: If F admits an elementary reduction for some g € k[z,y| such
that deg(Fy — g(Fs, F3)) < degF}, then deg F; = degg(Fs, F3). Note that

m = dy. Set deg, g(v,y) = dag + 7, 0 <1 < da. Then

dy = deg F1 = deg g(F3, F3) > q(dops — do — p3 + deg[Fa, F3]) + rps3
> q(3ps —dy —p3 +2) +7p3 > q((p3 — da) +p3 +2) + 7p3.

Thus, ¢ = r = 0. Hence, g(z,y) belongs to k[z]. Thus, d; = deg F} = deg g1(F>)
belongs to doN. This contradicts dy < ds.

Case 2: If F admits an elementary reduction for some g € k[z,y] such
that deg(F> — g(F1,F3)) < degFy, then deg Fr = degg(Fi, F3). Note that

W&m = d;. Set deg, g(z,y) = dig+r, 0 <r <d;. Then

dy = deg Fy = deg g(F1, F3) > q(dips — d1 — ps + deg[F, F3]) + rp3

> q(3ps —di —ps +2) + 7p3 = q((ps — d1) + p3 + 2) + rps.

Thus, ¢ = r = 0. Hence, g(z,y) belongs to k[z]. Thus, dy = deg F» = deg g1 (F})
belongs to diN. This contradicts ged(dy,ds) = 1.
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Case 3: If F admits an elementary reduction for some g € k[x,y] such
that deg(F3 — g(F1, F»)) < deg F3, then deg F5 = deg g(Fy, Fy). It follows from
ged(dy, da) = 1 that m = d;. Set deg, g(z,y) = dig+r, 0 <r <d;.
Then

p3 = degF3 = degg(Fl,Fg) Z q(dldg — d1 — d2 + deg[Fl,FQD +7’d2
Z q(dldg — d1 — d2 + 2) + ng.

Since p3 < (d; —1)(d2 — 1), we have ¢ = 0. Hence, we get deg, g(z,y) = r. Noting
that 0 < r < dy, we can write g(x,y) = go(z) + g1(x)y + - + ga, 1 (x)yL 1. Tt
follows from ged(dy, d2) = 1 that the sets diN,d1N+ds,...,diN+ (d; — 1)ds are
disjoint. Thus,

ps = deg g(F1, Fz) = deg(go(F1) + g1(F1)Fz + -+ + ga, 1 (F1) F3* ™)

o max_ {degFidegyg; +idegFo} = max {didegg; +ida}

which contradicts ps ¢ d1N + daN.
Thus, F admits no elementary reduction, the contradiction implies that there
exists no tame automorphism with multidegree (dy, ds, p3) if p3 ¢ diN+doN. O
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