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Groups of bounded automorphisms of a free group
of countably infinite rank

By WITOLD TOMASZEWSKI (Gliwice)

Abstract. We consider the subgroup EX < Aut(F∞) generated by elementary si-

multaneous Nielsen automorphisms, introduced by R. Cohen in 1973. The still open

Solitar’s conjecture states that EX coincides with the subgroup of bounded automor-

phisms. We prove that EX is generated by involutions, EX is perfect, and it has trivial

center. We conclude that a subgroup of bounded automorphisms of a relatively free

nilpotent group of infinite rank is generated by involutions.

1. Introduction and main results

Let F be a free group of infinite, countable rank. A basis of F is a set of

free generators of F . If X is a basis of F then |w| denotes the length of a word

w ∈ F with respect to the basis X. When it is necessary to distinguish between

the lengths in different bases X and Y we shall write |w|X for X-length and |w|Y
for Y -length. We say that a group G is perfect if G coincides with its commutator

subgroup G′ and we say that G is complete if it has trivial center and every its

automorphism is inner.

The aim of this paper is to investigate a subgroup generated by elementary

simultaneous Nielsen automorphisms. We prove that this subgroup is generated

by involutions and that it is perfect and has trivial center. And we conclude that

the subgroup of bounded automorphisms of a relatively free nilpotent group of

infinite rank is generated by involutions.
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Definition 1. Let X be a basis of F . An automorphism τ ∈ Aut(F ) is an ele-

mentary simultaneous Nielsen automorphism if it has one of the following forms:

(1) τ permutes the set X.

(2) τ inverts some elements of X and acts trivially on the rest of the elements

of X.

(3) There exists the subset U of X such that uτ = uv or vu for u ∈ U and some

v in X \ U and vτ = v for every v ∈ X \ U .

Following Bogopolski and Singhof [1] we call the automorphisms of type

(1) and (2) monomial automorphisms.

We use the notation MX for the subgroup of all monomial automorphisms,

EX for the subgroup generated by elementary simultaneous Nielsen automor-

phisms, and M or E for the subgroups generated by all MY and EY , respectively
where Y runs over the family of all bases of F .

The notion of elementary simultaneous Nielsen automorphisms was intro-

duced by Cohen in [6].

Definition 2. Let X be a basis of F . We say that an automorphism α of F

is bounded if there exists N such that for every x ∈ X we have |xα| ≤ N and

|xα−1 | ≤ N .

The subgroup of all automorphisms of F that are bounded on a basis X will

be denoted by BX . We shall denote by B the subgroup generated by all BY ,

here Y runs over the family of all bases of F . It follows from Definition 1 that

an automorphism α is X-monomial if and only if α is bounded on X by N = 1

and that the subgroup EX is generated by all automorphisms bounded on X by

N ≤ 2.

Solitar’s Conjecture (see [6]) states that BX = EX . This conjecture is still

an open problem.

Solitar’s Conjecture can be formulated for every relatively free group F/V all

automorphisms of which are induced by automorphisms of F . If F/V is nilpotent

then by [3] every its automorphism can be lifted to an automorphism of F . In

[12] Macedońska proved that Solitar’s conjecture is true in a free abelian group

of infinite rank. Then Burns and Lian Pi in [5] obtained a positive answer for

groups F/V where V is a characteristic subgroup of F containing γc+1(F ), the

(c + 1)st term of the lower central series of F . Hence if V is a characteristic

subgroup of F containing γc+1(F ) then every bounded automorphism of F/V

can be lifted to a bounded automorphism of the group F .
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If G = F/V is a relatively free group freely generated by a set X̄ then we

use notations: ĒX̄ , M̄X̄ , B̄X̄ for subgroups generated by elementary simultane-

ous Nielsen automorphisms, monomial automorphisms, bounded automorphisms

in G, respectively.

Now we introduce two subgroups of the group EX . The first subgroup is

SX , which consists of automorphisms permuting the basis X. We shall use the

symbol S for the subgroup generated by all SX , where X is an arbitrary basis

of F . The second subgroup is LX . An automorphism belongs to LX if it inverts

some elements from X, and does not change remaining elements. As previously

L is the subgroup generated by LX for all bases X of F .

The subgroup LXSX is the subgroup of all monomial automorphisms on

the set X and it is a semidirect product LX o SX of LX by SX . If we look

closely we will see that this subgroup is isomorphic to the unrestricted wreath

product Z2 WrN S(N) of a cyclic group of order two and a symmetric group on

the set of natural numbers. Elements of this wreath product have the form u =

(σ, (ε1, ε2, . . .)), where σ ∈ S(N) and (ε1, ε2, . . .) ∈ ZN
2 and u is associated with

automorphism α ∈ SXLX acting on X = {x1, x2, . . .} as follows: xα
i = x

(−1)εiσ

iσ .

The aim of this paper is to prove the following Theorem and Corollaries.

Theorem 1. The subgroup EX (generated by elementary simultaneous

Nielsen automorphisms) is generated by all subgroups SXτ , where τ belongs

to EX .

Corollary 1. (i) E = S and E is a normal subgroup in Aut(F ).

(ii) Every subgroup EX and the subgroup E are generated by involutions.

(iii) Centralizers of EX and E in Aut(F ) are trivial. In particular EX and E have

trivial centers.

(iv) Every subgroup EX and the subgroup E are perfect groups.

Proof. (i) The inclusion S ⊆ E is clear. By Theorem 1 EX = SXτ ⊆ S, so
it gives us the converse inclusion. Since η−1SXη = SXη , the subgroup S = E is

closed under the conjugation, so it is normal.

(ii) It follows from [8] (Lemma 8.1A, p. 256) that every permutation of a

countable set is the product of two involutions. So E being generated by permu-

tations of infinite sets is also generated by involutions.

(iii) For every x ∈ X the inner automorphism ix(a) = x−1ax is a product of

two elementary simultaneous Nielsen automorphism. So ix belongs to EX . The

subgroup of inner automorphisms is generated by all ix, where x ∈ X. So we get

the inclusion Inn(F ) ⊆ EX .
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If α belongs to a centralizer of EX then α commutes with every inner auto-

morphism of F . So for every a ∈ F we have iaα = αia. Hence, for every w ∈ F we

get g−1wαg = g−αwαgα. Thus gαg−1wα = wαgαg−1, and it means that gαg−1

commutes with every element of F , so it has to be trivial. Thus, we have gα = g,

and since it is satisfied for every g, the automorphism α is an identity map.

(iv) In [13] Ore proved that every permutation on infinite set is a commu-

tator. By Theorem 1 every element of EX and E is a product of automorphisms

permuting some bases. Since every automorphism permuting a basis can be iden-

tified with a permutation of the set N by Ore Theorem it is a commutator. Hence

every automorphism from EX or E is a product of commutators. Thus subgroups

EX and E are perfect. �

Corollary 2. Let B̄X̄ be the subgroup of bounded automorphisms on the

basis X̄ of the free abelian group F̄ = F/F ′. Then

(i) B̄ = S̄.
(ii) Every subgroup B̄X̄ and the subgroup B̄ are generated by involutions.

(iii) Every subgroup B̄X̄ and the subgroup B̄ are perfect groups.

Proof. It follows from [5] that the equality B̄X̄ = ĒX̄ holds. The Corollary

follows from (i) and Corollary 1. �

We also show some properties and examples of groups of bounded automor-

phisms of the group F .

There are some papers describing certain classes of automorphisms of the

free group of countable rank and properties of the group Aut(F ). For example,

in [6] and [10] one can find a description and properties of bounded, triangular

and permutational automorphisms. In [1] Bogopolski and Singhof show that

the group Aut(F ) has a countable presentation in a big free group sense. In [2]

Bryant and Evans show that the group Aut(F ) has the small index property. In

[15] Tostykh shows that the automorphism group of a free group of countable rank

is complete. Earlier, the same for free groups of finite rank was shown by Dyer

and Formanek in [9]. Also Tostykh in [16] shows that Aut(F ) has the Bergman

property, that is if S generates Aut(F ) then there exists a natural number k such

that every automorphism is a product of no more than k generators from S.

The List of subgroups mentioned here and connections between them:

• LX – the subgroup of all automorphisms inverting some elements of X and

leaving the remainder fixed,

• SX – the subgroup of all automorphisms permuting elements of X,
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• MX – the subgroup of monomial automorphisms,

• EX – the subgroup generated by all elementary simultaneous Nielsen auto-

morphisms,

• BX – the subgroup of all bounded automorphisms,

• MX = LXSX < EX < BX ,

• for subgroups HX of automorphisms depending on X we denote by H the

subgroup generated by all HX , where X is an arbitrary basis of F ,

• M = LS < E < B.

2. Proof of Theorem 1

In this section we prove Theorem 1.

Proposition 1. Let X and Y be bases of F . Then

(i) BX = ηBY η
−1 and EX = ηEY η−1, where η is an automorphism induced by

an arbitrary bijection η : X → Y .

(ii) If η is bounded on X then the equation BX = BY holds.

(iii) If η belongs to EX then the equation EX = EY holds.

Proof. (i) LetX = {x1, x2, . . .} and Y = {y1, y2, . . .} and let η map every xi

onto yi for every i ≥ 1. If α belongs to BX then there exists a natural number N ,

such that for every xi ∈ X we have |xα
i |X ≤ N . If xα

i = wi(x1, . . .) then yη
−1αη

i =

xαη
i = wi(x1, . . .)

η = wi(y1, . . .), so |yη
−1αη

i |Y = |xα
i |X and η−1αη ∈ BY . It gives

us the inclusion BX ⊆ ηBY η
−1. The proof of the converse inclusion is analogous.

If τ is an elementary simultaneous Nielsen automorphism on basis X then

η−1τη is an elementary simultaneous Nielsen automorphism on basis Y . Thus,

we get the equation EX = ηEY η−1.

(ii) If η is bounded on X then it follows from (i) that BY = η−1BXη = BX .

(iii) If η belongs to EX then by (i) we get EY = η−1EXη = EX . �

Proposition 2. EX = ⟨MXτ , τ ∈ EX⟩.

Proof. Let τ belong to EX . Then by Proposition 1 (iii) EXτ = EX . Thus,

subgroups SXτ , LXτ are contained in EXτ = EX . This gives us the inclusion

⟨SXτ ,LXτ , τ ∈ EX⟩ = ⟨MXτ , τ ∈ EX⟩ ⊆ EX .

It remains to prove the reverse inclusion. It is enough to prove that ele-

mentary simultaneous Nielsen transformations of the type (3) (see Definition 1)

belong to ⟨MXτ , τ ∈ EX⟩.



720 Witold Tomaszewski

We partition X into three pairwise disjoint subsets X = U ∪ V ∪W . Subset

W is “nonactive”, that is if w ∈ W then wτ = w. Also for v ∈ V we have vτ = v

but elements from this set act on elements from U . Let V ={v1, v2, v3, . . . }.
We partition U into subsets U = U1 ∪ U2 ∪ . . . . If u ∈ Ui then uτ = uvi.

Let Ui consist of elements ui1, ui2, . . . for i = 1, 2, . . . . Now we define the

new basis Y which is the union U ′ ∪ W , where U ′ = U ′
1 ∪ U ′

2 ∪ . . . and U ′
i =

{ui1, ui1vi, ui2u
−1
i1 , ui3u

−1
i1 , . . . } . One can check that Y is a free generating set

of F and that the automorphism σ defined by any mapping X → Y belongs to

EX . Now we define an automorphism η. The automorphism η interchanges ui1

and ui1vi for i = 1, 2, . . . and acts identically on other elements. This automor-

phism belongs to SY ⊆ EY . How does η work on elements of the basis X? Let

us calculate vηi = (u−1
i1 ui1vi)

η = (ui1vi)
−1ui1 = v−1

i , uη
i1 = ui1vi, and for k > 1

uη
ik = [(uiku

−1
i1 )ui1]

η = uiku
−1
i1 ui1vi = uikvi. Thus τ = ϑη, where ϑ inverses all

vi and acts trivially on other elements. So ϑ ∈ LX and τ ∈ ⟨MX ,MY ⟩. For

other variants of the mapping τ the reasoning is analogous. This completes the

proof. �

Proposition 3. LX is generated by automorphisms δ for which there is a

partition of the set X = X1 ∪ X2 into two infinite, disjoint subsets such that δ

acts trivially on X1 and inverts all elements in X2. Moreover, every element from

LX is a product of at most two such elements.

Proof. The proof is left to the reader. �

Proof of Theorem 1. By Proposition 2, EX is generated by all subgroups

MXτ for τ ∈ EX and we know that MXτ = LXτSXτ . Now it is enough to prove

that LX is contained in ⟨SXτ , τ ∈ EX⟩.
By Proposition 3, the subgroup LX is generated by all automorphisms δ for

which there exist two infinite sets X1 and X2, such that X = X1 ∪X2 and δ acts

trivially on X1 and inverts all elements from X2. We show that such automor-

phisms lie in ⟨SXτ , τ ∈ BX⟩. Let X2 consist of elements a1, a2, . . . , b1, b2, . . . .

Then Y = X1∪X ′
2 = X1∪{a1, a2, . . . , b′1, b′2, . . .}, where b′i = b−1

i for i = 1, 2, . . . is

a basis of F and any bijection X → Y defines an automorphism belonging to EX .

We define two automorphisms α ∈ SX and β ∈ SY . Both of them act trivially on

X1. The first (α) is defined on X2 by the rules α : ai ↔ bi for i = 1, 2, . . . and the

second (β) is defined on X2 as follows: β : ai ↔ b′i. One can check that δ = αβ.

So δ belongs to ⟨SX ,SY ⟩ ⊆ ⟨SXτ , τ ∈ EX⟩, and the theorem is proved. �
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3. Further properties of BX

It is not known whether the condition in point (ii) of Proposition 1 is not only

necessary but also sufficient. In other words, is it possible that for unbounded

η the equality BX = η−1BXη holds? Or we can ask about normalizer of BX in

Aut(F ). Is it true that NAut(F )(BX) = BX? The series of examples below shows

that for certain bases X and Y the equality BX = BY does not hold.

Example 1. Let X = {x1, x2, . . .} be an arbitrary basis of F . We define

elements yi = x−i
1 xix

i
1 for i ≥ 1. Then Y = {y1, y2, . . .} is a basis of F and the

automorphism η : yi → xi is unbounded on X and BX ̸= BY .

Proof. The automorphism η maps every xi to xi
1xix

−i
1 . Thus, it is un-

bounded on X. Let σ be any permutation of the set of natural numbers such

that 1σ = 1 and let σ̄ be the corresponding automorphism defined on Y in the

following way yσ̄i = yiσ . Then σ̄ is bounded on Y . Let us see how σ̄ works on

basis X. We have xσ̄
i = yi1yiσy

−i
1 = xi−iσ

1 xiσx
iσ−i
1 and it depends on σ whether an

automorphism σ̄ is bounded on X or not. If for example σ changes only a finite

number of numbers (i.e. is a finitary permutation) then σ̄ is bounded on X, and

for σ having an infinite cycle that maps every 2i to 2i+1 for i ≥ 1, σ̄ is unbounded

on X. �

Example 2. Let X = {x1, x2, . . .} be an arbitrary basis of F and let βx1x2

be an elementary Nielsen automorphism (see [11], Section 4) which maps x1 onto

x1x2 and acts trivially on the rest of elements of X. Then there exists a basis Y

such that βx1x2 is not bounded on Y .

Proof. Let yi = x−i
1 xix

i
1. Then xi = yi1yiy

−i
1 , and βx1x2 maps yi for i > 1

to (x1x2)
−ixi(x1x2)

i = (y31y2y
−2
1 )−iyi1yiy

−i
1 (y31y2y

−2
1 )i and the Y -lengths of these

images form a strictly increasing sequence. So, βx1x2 is not bounded on Y . �

Example 3. Let X = {x1, x2, . . .} be an arbitrary basis of F and let σ be the

Nielsen automorphism, which interchanges x1 and x2 and acts trivially on the

rest of elements of X. Then there exists a basis Y such that σ is not bounded

on Y .

Proof. The automorphism σ is not bounded on the basis Y = {yi} where

yi = x−i
1 xix

i
1 for i ≥ 1. �

Example 4. Let X = {x1, x2, . . .} be an arbitrary basis of F and let us define

y1 = x1 and yi = x−1
i−1xi for i > 1. Then Y = {y1, y2, . . .} is a basis of F and the

automorphism η : yi → xi is unbounded on X. We associate an infinite sequence
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ε = (ε1, ε2, . . .), where εi = ±1 with the automorphism ε̄ acting on basis Y as

follows: yε̄i = yεii . Then ε̄ is bounded on basis Y and is bounded on basis X if

and only if the number of −1 in the sequence ε is finite.

Proof. First let us notice that xi = y1y2 . . . yi for every i ≥ 1. So, Y is a

basis of F and η is unbounded on X. The automorphism ε̄ acts on X as follows:

xi → yε11 yε22 . . . yεii = xε1
1 (x−1

1 x2)
ε2 . . . (x−1

i−1xi)
εi . If ε has only a finite number of

−1’s then there exists a number n such that εi = 1 for every i > n. Thus, for

i > n we have

xi → yε11 yε22 . . . yεii = yε11 yε22 . . . yεnn yn+1 . . . yi = yε11 yε22 . . . yεnn x−1
n xi.

So in this case ε̄ is bounded on X.

If εi = −1 then |yε11 yε22 . . . yεii |X= |yε11 yε22 . . . y
εi−1

i−1 |X+2 and |yε11 yε22 . . . yεkk |X>

|yε11 yε22 . . . yεii |X for every k > i. So if ε has an infinite number of −1’s then ε̄ is

unbounded on X. �

As we showed in Corollary 1, E is normal in AutF . Similarly by Proposi-

tion 1 (i) B also is normal in AutF . The question is whether they are proper. By

Theorem C from [4] every proper normal subgroup in AutF has index 2ℵ0 . So

these subgroups have indexes 1 or 2ℵ0 . Both subgroups E and B have cardinality

2ℵ0 and we do not know whether these subgroups coincide.

Theorem C from [4] shows that AutF is perfect. We proved in Corollary 1

that EX and E are perfect. Now we show that the subgroup MX is also perfect.

First we prove a lemma which is largely based on the result of Ore who showed

in [13] that certain groups are perfect.

Lemma 1. The symmetric group S(N) and a wreath product AWrN S(N)
where A is an arbitrary cyclic group are perfect.

Proof. In [13] Ore proved that every element of S(N) is a commutator,

so this group is perfect. Dark in [7] showed that for any group G the wreath

product GWrN S(N) is a perfect group. This proof is based on the theorem on

the structure of normal subgroups in GWrN S(N) (see Theorem 11.3.4 in [14]).

The proof below shows that every element of AWrN S(N) is the product of at
most two commutators, so that the group AWrN S(N) is perfect. We use additive

notation for a cyclic group A. Every element of the wreath product AWrN S(N)
has the form (σ, (a1, a2, . . .)), where σ belongs to S(N), and (a1, a2, . . .) is the

infinite sequence of elements of A. The multiplication and the inverse map are as

follows:
(σ, (a1, a2, . . .))(δ, (b1, b2, . . .)) = (σδ, (a1δ + b1, a2δ + b2, . . .))

(σ, (a1, a2, . . .))
−1 = (σ−1, (−a1σ−1 ,−a2σ−1 , . . .)).
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Every element (σ, (a1, a2, . . .)) in AWrN S(N) is equal (σ, (0, 0, . . .)) ·
(id, (a1, a2, . . .)). The element (σ, (0, 0, . . .)) is a commutator by Ore theorem. So

it is enough to show that every element (id, (a1, a2, . . .)) is a commutator. Here

a commutator [a, b] of elements a, b is equal to a−1b−1ab. Let us calculate:

[(σ, (w1, w2, . . .)), (id, (w1, w2, . . .))] = (id, (w1 − w1σ , w2 − w2σ )).

Let σ be a permutation acting on N as follows:

nσ =


2 if n = 1

2k + 2 if n = 2k

2k − 1 if n = 2k + 1 and k > 0

We define (wi)i∈N as follows:

w1 = 0, w2k = −a1 −
k−1∑
j=1

a2j , w2k+1 =

k∑
j=1

a2j+1 for k ≥ 1

and we get

[(σ, (w1, w2, . . .)), (i, (w1, w2, . . .))] = (i, (w1 − w1σ , w2 − w2σ )) = (i, (a1, a2, . . .)),

as required. �

Proposition 4. For every basis X of the group F , the group MX is perfect.

Proof. The group MX is isomorphic to the group Z2 WrN S(N), so by

Lemma 1 it is perfect. �

Another problem is the question of the completeness of certain subgroups.

We say that a group G is complete if it has trivial center and every automor-

phism of G is inner. We can also say that a centerless group is complete if its

automorphism tower has length 1. Dyer and Formanek in [9] showed that the

automorphism group of a free group of finite rank ≥ 2 is complete, and Tol-

stykh in [15] showed the same for a free group of countable rank. We do not

know whether EX or E are complete, but it follows from Corollary 1 that they

have trivial centers.

Let us denote by K the intersection
∩

X BX , where X ranges over all bases

of F . Then K is not trivial, since it contains the subgroup of inner automorphisms.

By Proposition 1 the equality K =
∩

X BX =
∩

η∈Aut(F ) η
−1BXη holds, where X

is an arbitrary basis of F . Hence, K is nontrivial, and by Examples 1-3 it is
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a proper normal subgroup of Aut(F ). Thus, by Bryant and Roman’kov ([4]

Theorem C), K has index 2ℵ0 in Aut(G). Since K contains Inn(F ) it is centerless.

If we want to understand which automorphisms belong to K we should re-

member that by Examples 1–4 many of elementary simultaneous Nielsen trans-

formations do not belong to K. Even the so-called finitary automorphisms (see

[11], Proposition 4.1) do not lie in K. So, there arises the question whether K
consists only of inner automorphisms.
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