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Cubic Thue inequalities with positive discriminant

By SHABNAM AKHTARI (Eugene)

Abstract. We will give an explicit upper bound for the number of solutions to
cubic inequality |F'(z,y)| < h, where F(x,y) is a cubic binary form with integer coef-
ficients and positive discriminant D. Our upper bound is independent of h, provided
that h is smaller than D/4.

1. Introduction

Let F(z,y) be a binary form with integral coefficients. Also assume that the
maximal number of pairwise non-proportional linear forms over C dividing F' is
at least 3. For positive integer h consider the following Thue inequality

0 < [F(z,9)| < h. 1)
This inequality can be considered as a finite number of Thue equations
F(z,y) =m, (2)

where 0 < |m| < h. By a well-known result of THUE [12], the equation (2) has
only finitely many solutions in integers = and y. From this, one can easily deduce
that inequality (1) has only finitely many solutions in integers z and y.

In this manuscript, we will study the inequality |F'(z,y)| < h where h is a pos-
itive integer smaller than D/, Our goal is to give an upper bound for the number
of solutions to the above inequality. For a treatment of cubic Thue inequalities
with negative discriminant, we refer the reader to a work of WAKABAYASHI [14],
where Padé approximations and Ricket’s integrals are used. In general, upper

Mathematics Subject Classification: 11D75, 11J25, 11D45.
Key words and phrases: Thue inequalities, the method of Thue—Siegel, cubic forms.



728 Shabnam Akhtari

bounds for the number of solutions to a Thue equation F(z,y) = m, depend on
the number of prime factors of m (see [10], [2] and [13]). The problem of counting
the number of solutions of Thue inequalities F'(x,y) < h and obtaining upper
bounds independent of the value of h for “small” integers h has been studied
by many mathematicians. In 1929, SIEGEL [11], by means of an approximation
method in which hypergeometric functions are used, showed that the number of
solutions of the cubic inequality

L< F(z,y) <h

in integers x, y with ged(z,y) = 1, y > 0 or (z,y) = (1,0), is at most 18 if
D > 4.3'97p30, In 1949, A. E. GEL’MAN showed, by refining Siegel’s estimates,
that 18 can be replaced by 10 if one assumes that D > ch?%, where c is an absolute
constant (we refer the reader to Chapter 5 of [5] for a proof). The following are
our main theorems.

Theorem 1.1. Let F(x,y) be a binary cubic form with positive discrimi-
nant D. Suppose h is an integer and satisfies h = i(3D)1/4_€ for a positive
value € < 1/4. Then the inequality

|F(z,y)| < h
log(%-i-%) . . . . .
has at most 9 + gz solutions in coprime integers x and y with y # 0.

The upper bound in Theorem 1.1 gets larger as € approaches 0. It turns out
that we can get a better upper bound if we use the value of discriminant in our
upper bound; in other words, if we are willing to have more dependence on our
form F' in the upper bound.

Theorem 1.2. Let F(x,y) be a binary cubic form with positive discrimi-
nant D. Suppose h is an integer satisfying h = %(?)D)l/‘*_6 with 0 < e < 1/4.
Then the inequality

|F(z,y)| < h
has at most 12 + 1022 log W solutions in coprime integers x and y
2 og(3D

with y # 0.

Note that our bound in the above theorem can be seen as an absolute bound,
as the number of conjugacy classes of cubic binary forms with bounded discrimi-
nant is finite.

It is worth to mention here that in order to have our upper bounds inde-
pendent of h, we must take h smaller than D'/4, and therefore, in some sense
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the dependence of h on D is sharp in Theorems 1.1 and 1.2. A cubic form of
discriminant D looks generically like

G(x,y) = loDY*2® + 1, DY 422y 4+ 1,DV 4 2y? + 13DV 43, (3)

where [; are small numbers (see the formula for discriminant in (5) ). Now consider
the inequality
G(z,y) <k.

Assume k > lpD'/* and write k = vlgD/*, where v > 1. Then for any integer X
with | X| < v, the pair (X, 0) is a solution to (3). Therefore the number of solutions
depends on v and consequently on k. To avoid only having solutions of the form
(z,0), we can let SLy(Z) act on the form G and construct non-trivial solutions;
solutions (x,y) with y # 0 (see Section 2 for details on equivalent forms). It is
well-known that a binary cubic form with positive discriminant D is equivalent
to a cubic form, namely a reduced form, with leading coefficient that is bounded
in absolute value by D'/4. Reduced forms are defined in Section 2.

The problem in hand has been studied by EVERTSE and GYORY (see [7] and
[8]) in a general set up; they have considered the Thue inequality

0<|F(z,y)l <h

for binary forms of arbitrary degree n > 3. Define, for 3 < n < 400

(N(n),5(n)) = <6n7(’§), %n(n - 1))

and for n > 400
(N(n),d(n)) = (6n, 120(n — 1)).

They prove that if
|D| > h®™ exp(80n(n — 1))

then the number of solutions to 0 < |F(x,y)| < h in co-prime integers = and y, is
at most N(n). Further, GYORY [9] showed for binary forms F of degree n > 3,
that if 0 < a < 1 and

ID| > n™(3.5"2)2n=1)/(1~a)

then the number of solutions to 0 < |F(z,y)| < h in co-prime integers = and y is
at most

2 1
250 + (n + 2) <a+4),
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and if F' is reducible then at most

5n+ (n+2) <z+i)

Here we are able to improve these results for the particular case of n = 3.
The cubic equation

|F(z,y)| =1 (4)

has been very well studied. EVERTSE [6] refined the techniques used in [11] to
show for irreducible cubic form F of positive discriminant, that equation (4)
has at most 12 solutions in integers & and y. Later, BENNETT [1] improved this
upper bound to 10. Here we will appeal to methods that deal with the equation
|F'(z,y)] = 1, particularly those from [6], to prove similar upper bounds for the
number of solutions to (1), when h = 5= (3D)/4=¢ for a positive value of e.

Throughout this manuscript, by a solution (z,y), we mean z,y € Z, y # 0
and ged(z,y) = 1.

2. Invariants and covariants of binary cubic forms

Let F = ax® + bz?y + cxy? + dy® be an irreducible binary cubic form. The
discriminant of F is

D = 18abed + b°c* — 2Ta*d” — dac® — 4b°d = a* [ [ (i — )7, (5)
4,7
where a1, as and a3 are the roots of polynomial F(z,1).

For the cubic form F', we define an associated quadratic form, the Hessian
H = Hp, and a cubic form G = Gp, by

§?F §°F ( §?F

2
1
Hwy) =5 (aay () ) e

oxdy
and SFGH G0FGH
Gy =55y " oy o

These forms satisfy a covariance property; i.e.
I’IFQ,Y = HF oy and G‘FQ,y = GF oy

for all v € GLo(Z).
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We call forms F; and Fy equivalent if they are equivalent under GL2(Z)-
action; i.e. if there exist integers a1 , as , az and a4 such that

Fi(a17 + azy, azz + asy) = Fa(z,y)
for all , y , where aja4 — azaz = £1.

We denote by Np the number of solutions in coprime integers x and y of
inequality F(x,y) < h. If F} and F; are equivalent, then Ny, = Np, and Dp, =
Dp,.

For F(z,y) = az® + bx?y + cwy? + dy® with discriminant D, it follows by
routine calculation that

A=0b>—-3ac, B=bc—9ad, C=c*—3bd
and
B? — 4AC = -3D.
Note that if F' has positive discriminant then H is positive definite.
Further, these forms are related to F'(x,y) via the identity

4H (x,y)® = G(x,y)* + 27DF(z,y)>. (6)
Binary cubic form F' is called reduced if the Hessian

H(z,y) = Az? + Bay + Cy?
of F satisfies
C>A>|B|.
It is a basic fact (see [5]) that every cubic form of positive discriminant is equiv-

alent to a reduced form F(z,y) .

Lemma 2.1. Let F' be an irreducible binary cubic form with positive dis-
criminant D and Hessian H. Assume that F is reduced. For all integer pair
(z1,41) with y; # 0, we have H(z1,y1) > $v3D.

PROOF. This is Lemma 5.1 of [1]. O

3. Reduction to a diagonal form

Let v/—3D be a fixed choice of the square-root of —3D. we will work in the
number field M = Q(v/—3D). By syzygy (6), one may write
H(z,y)® = U(z,y)V(z,y)

where
G(z,y) + 3vV—-3DF(z,y)

2 )

Ulx,y) =
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Vi) = G(z,y) — 3\2/—3DF(30, y)

Then U and V are cubic forms with coefficients belonging to M such that corre-

sponding coefficients of U and V' are complex conjugates. Since F' must be also

irreducible over M, U and V do not have factors in common. It follows that

U(z,y) and V(z,y) are cubes of linear forms over M, say &(z,y) and n(x,y).
Note that &£(z,y)n(z,y) must be a quadratic form which is cube root of

H(z,y)? and for which the coefficient of 22 is a positive real number. Hence we

have
5(1‘,3})3 - 77(5573/)3 = 3v —3DF(x7y), (7)
&z, y)* +n(z,y)* = G(a,y), (8)
E(x,y)n(z,y) = H(z,y) 9)

and

@) o n@)
£(1,0) n(1,0)
The reason for the last identity is that for any pair of rational integers z , yo,

eM

§(wo,90) and  n(xo,yo)

are complex conjugates and the discriminant of H is —3D.

We call a pair of forms £ and n satisfying the above properties a pair of
resolvent forms. Note that there are exactly three pairs of resolvent forms, given
by

&m), (WS»WQTI)’ (W2€7W§)7

where w is a primitive cube root of unity.
We say that a pair of rational integers (x,y) is related to a pair of resolvent
forms if

‘1 - (10)

&(x,y) ’ - Orgnklrglz

Theorem 3.1 (EVERTSE, 1983). Let F' be a binary cubic form with inte-
gral coefficients, positive discriminant D and quadratic covariant H. Let k be a
positive integer. Then the number of solutions of the inequality

|F(z,y)| <k
in integers x,y with

3
H(x,y)2§(3D)1/2k37 ged(z,y) =1, y>0 or(z,y)=(1,0)

is at most 9.
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The following is Lemma 1 of [6].
Lemma 3.2. If D > 0 and if F' is reduced and irreducible then

H(z,y) > %Dl/zy2 for z,y € Z,

H(z,y) > %Dlmy2 for x,y € Z with |z| > |2y|.

EVERTSE [6] uses the properties of a reduced form stated in Lemma 3.2 to
obtain the following;:

Theorem 3.3 (EVERTSE, 1983). Let F' be a reduced, irreducible binary
cubic form of positive discriminant with integral coefficients and let k be a positive
integer. Then the inequality

[F(z,y)l < k
has at most nine solutions in integers x, y with ged(x,y) = 1 and y > 12/4k3/2,

Having Theorem 3.1 in hand and from (9), we conclude that there are at

most 9 solutions (z,y) to inequality |F| < h for which

V3
V2

All we have to do is to give an upper bound for the number of solutions (z,y) for

which \f
€ y)] < 7;3

In order to prove our main result, in Section 5, we will show

€z, y)| = —=(3D)V*h?/2.

(3D)1/4h3/2.

Theorem 3.4. Let F' be a reduced, irreducible binary cubic form of positive

1_.
@DIT T ith

discriminant D with integral coefficients. Suppose that h = ==

0<e< i. Then the inequality

0<|F(z,y)|<h
% solutions in integers x, y with ged(z,y) =1 and 0 < y <
121/413/2 . Moreover, the inequality

0<|F(z,y)| <h

has at most 3

I (E)E)
has at most 3 ———725=*2~ + 3 solutions in integers x, y with ged(z,y) = 1

and 0 < y < 121/4p3/2,

Remark. In the above Theorem, two upper bounds are given. The first one
is independent of the discriminant.
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4. Gap principle

Let us fix the resolvent forms (£,7n). Our aim is to give an upper bound for
the number of primitive solutions (x,y) that are related to (&,7n). We will first
derive an upper bound for

From our definitions, we have

‘1 _n@,y)*| _ 3V3D|F(x,y)| _ 3v3Dh
{(z,y)? fla,y)® 7 &(zy)?
and will, in consequence of Lemma 2.1, assume H(z,y) > ‘/%T), whereby
1 1/4
§(z,y)| = —=(3D) /. (11)

Sl

Hence, by (7), we obtain

6v/2h
(3D)1/4°

(z,y)*

(z,y)?

Remark. From here it is obvious that h has to be bounded in terms of D.

IN

-

m S

Let us define
n(z,y)®
£(z,y)3

Since n(z,y)/&(z,y) has modulus one, we have

dry) =1~

|z| < 2.

Lemma 4.1. Suppose that (x,y) is a solution to |F| < h and is related to a

pair of resolvent form (&,7). Let z(x,y) =1 — 2TV We have

&(z,y)3
n(f&y)‘ 7T
1- < —|z
‘ §(z,y) 6
Further, if |z| < 1, we have
n(%y)‘ m
1- < —|z
- g < 5w
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PROOF. Put ( )3
me,y
30 = arg ( ) .
£z, y)3
We have -
0l < —.
ol <?
Since

2 —2cos(30) = |z|,

when |z| < 1 we have
6] < 5
5"

We have assumed that (z,y) is related to (£,n). Therefore

£(2,y)
We conclude that
P_n@ww<1 130 P_n@wf.
E(@,y)| ~ 3 \/2—2cos(30) (z,y)3
|36] _|60]

By differential calculus 35 1s increasing on the interval 0 < 6] <

\/272cos(39) " sin 50
% and does not exceed 7. Therefore

_n(z,y)
‘1 Ewy)

<

and similarly, when |z| < 1, from the fact that \/% < § whenever 0 <

|0] < § , we conclude that

as desired. O

Suppose that we have distinct solutions to |F(z,y)| < h, related to (£,7) and
indexed by i, say (z;,y;), With [§(zit1, yit1)] > [§(z4,95)). Let us write

ni = n(xi,yi)
and

& = (w4, i)



736 Shabnam Akhtari

Since &(z, y)n(z,y) = H(x,y) is a quadratic form of discriminant —3D, it follows
that
Sam — &2 = £V =3D(z1y2 — 22y1)

and, since (x1,¥1), (x2,y2) are distinct solutions to |F(x,y)| < h, we have

).

-

\/?5<|§2771—§1772|<|§1||§2|(‘1_771 v

&

"

By Lemma 4.1, we have

V3D < &€

3@hn< 1 . 1 )
6 [STRE I

Since we assume that |&2] > [€&1],

ViD < g 221 ()

Therefore,

1
2
(2] = |65 — (12)

We have h = %. From (11), we have |&;| > (3[\)/)51/4. This implies

€2 > (3D)M/**.

Using (12) for &3 and &3, we obtain
1
> [&f*— > 2(3D)V/4+3e,
6] 2 leal?— 2 23D)

Applying (12) once more, we get |£4] > 8(3D)Y/4*7¢. Generally for k > 2, we
have
| > 22’“*2—1(3D)1/4+(2’“*1—1)e_ (13)

5. Counting small solutions

We shall use our gap principle established in the previous section, to detect
an integer k for which

ﬁ 1/413/2
|5k|>\/§(3D) hr=.
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After finding such k, we can deduce that there can be at most k£ — 1 solutions
(z,y) related to a a fixed pair of resolvent form (£, ) satisfying

V3
V2
To find such k, by (13), it is sufficient for k to be large enough to satisfy

€z, )| < —=(3D)"/*h3/2.

22k—271(3D)1/4+(2’“‘1—1)e > £(3D)1/4h3/2. (14)
V2
The following Lemma, together with Theorem 3.1, gives us our main result,
Theorem 1.2.

Lemma 5.1. Let F' be an irreducible binary cubic form of positive discrim-

1_.
inant D with integral coefficients. Suppose that h = % with 0 < € < i.
Then the inequality
|F(z,y)| < h
log(%-ﬁ-%) . . . .
has at most 3 sz solutions in integers x, y with ged(z,y) = 1 and 0 <

H(z,y) < 3(3D)Y/2h3.

1_.
PRroOF. First we substitute the value of h = (3132); in equation (14) to get
: 3 1
(3D)(2" Pe-% > \/2;('22k_2 (15)
Note that if 5

1
k=1 _ e 2 >
( 2)6 8*0

then the inequality (15) will hold. This means there are at most
log (5 + 3)
log 2
solutions related to each fixed pair of resolvent forms (£, 7). The statement of the
lemma follows immediately. (]

Lemma 5.2. Let F' be an irreducible binary cubic form of positive discrim-

1_.
% with 0 < e < L.

inant D with integral coefficients. Suppose that h = 1

Then the inequality
|F(z,y)| < h

log ———3
* ((8) -+ matsrn)

log 2

has at most 3 ) +3 solutions in integers x, y with ged(x,y) = 1

and 0 < H(z,y) < 3(3D)'/2h3.
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ProOOF. Following the proof of Lemma 5.1, we notice that in order to satisfy
inequality (15), it is sufficient to have

1 3
282 1og 2 4 log(3D) (<2k—1 — 2) €— ) > 0;

1
((2’“ - 2) €— z) log(3D) > —2""2log 2.
ot 1) _ 3}, 2 loe2
2 8 log(3D)

_ 1 log 2 3
k=2 2 — —_ -
(( 2) “r 1og<3D>> 73
If k > 2 then it suffices to have
3 log 2 3
ok—2 d i
((3) e+ mety) =

1 -3
8 S((2)et etdy)

log 2

which means

That is

From here,

k—2>

This means there are at most

lo %
& 5((D) et sy

1
log 2 +

solutions with |£(z,y)| < %(Z%D)l/‘lhg/2 related to each pair of resolvent form
(&,m). Since we have 3 pairs of distinct resolvent forms, our proof is complete. [

Now we can deduce Lemma 3.4 from Lemmata 5.1, 5.2 and 3.2.
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