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Chern connection of a pseudo-Finsler metric
as a family of affine connections

By MIGUEL ANGEL JAVALOYES (Murcia)

This article is dedicated to Professor Lajos Tamdssy on the occasion
of his 90th birthday

Abstract. We consider the Chern connection of a (conic) pseudo-Finsler mani-
fold (M, L) as a linear connection V¥ on any open subset 2 C M associated to any
vector field V' on 2 which is non-zero everywhere. This connection is torsion-free and
almost metric compatible with respect to the fundamental tensor g. Then we show some
properties of the curvature tensor R associated to V' and in particular we prove that
the Jacobi operator of RY along a geodesic coincides with the one given by the Chern
curvature.

1. Introduction

The Chern connection of a Finsler metric F' on a manifold M was originally
conceived by S.-S. CHERN [5] as a connection in a fiber bundle over TM \ 0 and
introduced again independently by H. RUND in [14] (see also [2]). Then it was
completely forgotten until the work of D. BAo and S.-S. CHERN [3], where the
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authors show the extraordinary usefulness of the Chern connection in treating
global problems of Finsler geometry. In particular, the connection provides an
easy way to compute the flag curvature of a Finsler metric, which is an impor-
tant invariant associated to the deviation of geodesics. But when considered as
a connection in a fiber bundle over TM \ 0, it does not allow one to use the
coordinate-free global methods of Modern Differential Geometry employed in the
study of Riemannian Geometry. This can be overcome by using the osculating
Riemannian metric associated to a Finsler metric introduced by A. NAZIM in his
Ph.D. thesis [10] and studied sistematically by O. VARGA [16]. More precisely, for
any p € M and any non-zero vector v in T, M, the fundamental tensor provides a
scalar product in T, M. In particular this idea was developed by H.-H. MATTHIAS
in his Ph.D. Thesis [9, Definition 2.5] to define an affine connection V' on an
open subset 2 C M for every vector field V' on Q which is non-zero everywhere.
The connection VV is torsion-free and almost g-compatible, meaning that the
derivative of the osculating Riemannian metric gy is not zero, but a certain exp-
ression in terms of the Cartan tensor (see (1) and Definition 2.1). The approach
of H.-H. MATTHIAS was collected in [15, page 100], where the author shows a
relation of the Jacobi operator of the metric gy in case that V is a geodesic field
[15, Proposition 8.4.3 and Lemma 8.1.1] and recovered again by other authors as
H-B. RADEMACHER [12], [13] and Z. KovAcs and A. TOTH in [8] and also used
by J. C. ALvAREZ PAIVA and C. E. DURAN in [1, Theorem 6.1].

None of the cited works makes a detailed study of the properties of the
curvature tensor RV of V" and its relation with the flag curvature when V is
not a geodesic field. Our main goal is to write down the symmetries and basic
properties of RV in order to establish the relation of RV with the flag curvature
in the general case when V is not a geodesic field. This result can be used for
example to obtain the first and the second variation of the energy functional with
coordinate-free global methods (see [7]).

The work is structured as follows. In Section 2 we introduce the notion of
pseudo-Finsler metric, which generalizes the former notions of Finsler metric in
the sense that the function is not necessarily positive and it is positive homoge-
neous of degree two, rather than one, with non-degenerate fundamental tensor.
Then we introduce the Cartan tensor associated to (M, L) and an affine connec-
tion VY associated to a vector field V in an open subset @ C M which takes
values in A NT . This connection is characterized as the unique one which is
torsion-free and almost metric compatible (see Definition 2.1). As it is shown in
Proposition 2.6, the connection V" can be identified in a certain sense with the
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Chern connection and it defines a covariant derivativ D"‘r/ along any curve v with
a reference vector V' along the curve which is non-zero everywhere.

In Section 3 we firstly study in Proposition 3.1 the symmetric properties of
the curvature tensor RY of VV. In Subsection 3.2 we establish the link between
the tensor RY and the flag curvature of (M, L). Unlike V", the curvature tensor
RV depends not only on the value of V in p € M, but in the whole vector
field in a neighborhood of p. Nevertheless we show that the Jacobi operator can
be defined along a curve (see Proposition 3.3) and it coincides with the Jacobi
operator obtained from the curvature of the Chern connection as a connection
on the fiber bundle 7% (T'M) over the conic subset A when v is a geodesic (see
Theorem 3.4).This allows us to compute the flag curvature in terms of RV (see
Corollary 3.5).

2. Pseudo-Finsler metrics

Let M be a smooth manifold, TM its tangent bundle and 7 : TM — M the
natural projection. We will say that an open subset A C T'M is conic if for every
v € A and A > 0, we have Av € A. We say that a function L: ACTM — Ris a
(two-homogeneous, conic) pseudo-Finsler metric if it is positive homogeneous of
degree 2, that is, L(Av) = A\2L(v) for every v € A and A > 0, and the fundamental
tensor of L defined as

1
9000 0) = 5 5158

for any v € A and u,w € Tr(,)M, is non-degenerate (see [6] for explicit comp-

L(v + tu + sw)|t=s—o0,

utations of the fundamental tensor in some important cases). In the following,
we will assume that the pseudo-Finsler metric is two-homogeneous and conic, na-
mely, not necessarily defined in the whole tangent bundle. Observe that in some
references, a pseudo-Finsler metric is defined as a one-homogeneous function [6]
with possibly degenerate fundamental tensor. The square of such a function fits
in our definition whenever the fundamental tensor is non-degenerate.

Then we define the Cartan tensor of L as the trilinear form

1 >
Cv(wl, ’lUQ,'lUg) = 4853882851L<U + ; Siwi)

for any v € A and wy, wa, w3 € Tr(,)M. It is easy to see that C, is homogeneous

; (1)

81282283:0

of degree —1 in v and

Cy(v,wy,we) = Cy(wr,v,w2) = Cy(wy,wz,v) =0 (2)
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for any v € A and wy,wy € Tr,yM (see for example [7, Proposition 2.6 and
Remark 2.9]).

2.1. Chern connection. Given a pseudo-Finsler manifold (M, L) with conic
domain A C TM \ 0, we will say that a vector field V' on an open subset Q C M
is L-admissible if V(z) € ANT,M for every z € Q.

Definition 2.1. Let (M, L) be a pseudo-Finsler manifold and V' an L-admis-
sible vector field on an open subset 2 C M. Consider an affine connection V"
on 2 and denote by X(£2) the space of vector fields on 2. We say that

(1) VV is torsion-free if VY — VY. X = [X,Y] for every X,Y € X(Q),
(2) VV is almost g-compatible if

X(gv(Y,2)) = gv(VXY, Z) + gv (Y, VX Z) + 2Cy (VX V)Y, Z),

where X,Y,Z € X(Q) and gy and Cy are, respectively, the fundamental
tensor and the Cartan tensor of L evaluated on the vector field V.

Remark 2.2. Observe that the condition of almost g-compatibility for the
pseudo-Finsler metric L given above is equivalent to the equation

V¥ (gv)(Y, Z) = 20y (VY V, Y, Z),

namely, the derivative of gy is expressed in terms of Cartan tensor.

Proposition 2.3. A pseudo-Finsler manifold (M, L) and an L-admissible
vector field V' on an open subset ) C M admit a unique torsion-free and almost
g-compatible affine connection VV .

PROOF. Observe that V" is determined by a “Koszul formula” as

29v(VXY, Z) = X(gv (Y, 2)) — Z(gv (X, Y)) + Y(9v(Z, X)) + gv ([X, Y], Z)
+ gV([Z7 X]aY) - gV([Y7 Z]vX) =+ 2(_CV(VE/(V7K Z)
— Ov(VyV, Z,X) + Cv (VL V, X,Y)).

Indeed, when X =Y =V, the terms of the Cartan tensor vanish because of (2)
determining VV,V and then VYV can be determined using VY, V. Moreover, it
follows from Koszul formula that V¥V is f-linear in X, that is, V}/XV = fVkv
for any real function f on U. Then it is clear that Koszul formula determines
VXY for any vector fields X, Y on U and it is an affine linear connection. (|
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Analogous computations to those of the last proof can be found in [12, The-
orem 3.10].

Remark 2.4. Observe that V" is homogeneous of degree zero in V in the
sense that if A > 0, then VAV = VY, since V" solves the same equations as V"
(see Definition 2.1).

Let us denote by n the dimension of M. Now fix a coordinate system on
an open subset Q of M, that is, a map ¢ : Q — ©(Q) C R", given by ¢(p) =
(2t (p), 22 (p),...,2"(p)) for every p € Q and denote as %, ..., =%, the vector

» Qxm

fields associated to the system, that is, the partial derivatives of ¢!

(composed
with ¢ in order to have vector fields in ), which we will call the coordinate basis
associated to . We define the formal Christoffel symbols associated to ¢ and the

vector field V| Fkij(V), by means of the equation

3] - 3]
VV E k v
o (81:j)_ Il )8mk7
k=1

Erl

fori,j=1,...,n.

Remark 2.5. Let us denote by g;;(v) = gv(%, %) the functions defined
for any v € TQ N A. Moreover, g*7 will be the coefficients of the inverse matrix
of {gi;} with i,j = 1,...,n. From now on we will use the Finstein summation
convention consisting in omitting the sums from 1 to n when an index appears
up and down, and we will raise and lower indices using g;; and g%/, for example

Fkij(v) = Z gkm(V)Fn;j(V) = gkm(v)rwzl'j(v)a
m=1

for any L-admissible vector field V on 2. Moreover, j in % will be considered a
down index and then

" 0 0
Z sz‘j(v)@ = sz’j(v)W'
k=1

In principle, I‘kij(V) depends on the vector field V', but let us see that this
is not the case and in fact they are homogeneous real functions of degree zero on
ANTQ (see Remark 2.4).

Given a curve v : [a,b] = M, we will define the vector bundle v*(T'M) as
the vector bundle over [a,b] induced by © : TM — M through . The smooth
sections of v*(T'M) are called vector fields along v and we will denote by X(7)
the subset of such smooth sections. We will say that V' € X(v) is L-admissible
it V(t) € A for every t € [a,b].
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Proposition 2.6. Let (M, L) be a pseudo-Finsler manifold and V an L-
admissible vector field in an open subset Q0 C M endowed with a system of
coordinates . Then the Christoffel symbols of VV depend only on v = V (x),
with x € (), and not on the extension of v. Moreover, they coincide with the
Christoffel symbols of the Chern connection (see [4, Eq. (2.4.9)]). Given a smooth
curve v : [a,b] = M, X € X(v) and W an L-admissible vector field along ~y, we
can define the covariant derivative of X along vy having W as reference vector as

B dXxt o 9]

DYV X = & g +X"(t)ﬁj(t)Fkij(W(t))@7 (3)

where (X1,...,X™) and (§,...,4™) are respectively the coordinates of X and
4 in the coordinate basis of ¢. Moreover, it is almost g-compatible, namely, if
X, Y € X(v), then

d
—gw(X,Y) = gw(DY X,Y) + gw (X, D)Y) + 20w (DY W, X,Y).  (4)

dt
PROOF. Let us observe that the functions g;; are defined in ANT and we
will consider the natural coordinate system in TQ associated to z',z2,...,z",

which will be denoted as x',22,...,2",y',y?,...,y". Denote by V!,...,V" the
coordinates of V' in (€2, ¢). Observe that
ANgijoo V@, V'(x),....,V"(x) Adgiy  OV'dgy 9gi; OV

Oxk 9xk  Ozk Oyl Oxk +2WC’W’ (5)

where Cj;; = Cv (2, 52 505) and © = (z1,...,2") € (). With abuse of
notation we have omitted the composition with ¢ ~! and the point of evaluation
in the right-hand terms and in the rest of the proof. Now from Koszul formula

for X = %, Y = % and Z = % and (5), we obtain
Piji = Yji — VT Cprj — VT, Cpir, + VT, Cpji, (6)

1 (0g;; 0g; OGri
%-jk=2(g’ gﬂ’“+g’“).

where

ozk ozt oxI

Observe that by 2, Vlclij = 0 and Cjjj, is symmetric in the three indexes. Then
ViVl = ViVJq,; and raising indices we get

it ik ivsi ok
V*VI1 b=V W’Yij' (7)
From (6) and using (7) we conclude that

VT = g"ViThj = VirSy, = VIVIAh65 Cppy i= N7, (8)
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where the quantities N'% are the coefficients of the nonlinear connection associated
to L (see [4, Eq. (2.3.2a)]). Finally, using the last expression and (6),

sti = ’Ysji + gks (‘Ngcpjk - N?Cpki + Nicpij) : (9)

It is clear that Christoffel symbols depend just on the vector V(z) and not in the
vector field V', since they do not depend on the derivatives of V. This allows one
to define a covariant derivative along a curve v by fixing a vector field W along
the curve. In order to check (4), observe that if 4(t) # 0, then D!V’ X = V;‘j’f( for

any extensions X and W of X and W and (4) follows from the definition of v,

Assume now that §(t) = 0. First observe that D!V Z(t) = ddZti (t) 52 v for any
Z € X(7) of coordinates Z!,..., Z™. Then
low(X, ) = (X Vg (V)
dt aw ; - dt Yij
axi Y dgs (W)
= Y (W) + X' ——gq;; (W) + X'y) L2
di 9i;(W) + dt 9i;(W) + dt
- dW* By,
= gw (DY XY) + gw (X, DY) + X'YI =5 (W)

= gw(DY' X,Y) + gv(X,D}Y) 4+ 2Cv (DY W, X,Y),

as required. To check that the definition does not depend on the system of
coordinates is left to the author (see also Remark 2.7) O

Remark 2.7. Observe that the covariant derivative along v with reference an
L-admissible vector field V' € X(v) which has been defined in Proposition 2.6 can
be also defined as the unique map DY : X(y) — X(7), such that

(1) D;/((J,Zl + ng) = aD,‘;Zl + bD,‘Y/ZQ, for 71,75 € .}t(’}/) and a,b € R,
(i) DY (hZ)=%Z+hDY Z, for Z € X(v) and h € F([a, b)),
(iii) DY X(y) = VY X for t € [a,b] and X € X(9),
where F([a, b]) is the subset of smooth real functions on [a, b], in (iii) we consider
any L-admissible extension of V' to an open subset © and X () is the vector field

along 7 defined as X(t) = X(v(¢)) for every t € [a,b]. See also [11, Proposit-
ion 3.18].

3. Curvature

Along this section we will fix a pseudo-Finsler manifold (M, L) and an L-
admissible vector field V' defined in an open subset 2 C M, being VY the Chern
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connection of (M, L) having V as a reference vector field. We can define now the
curvature associated to the affine connection VV as a tensor (1,3) in the open
subset 2 C M defined by

RY(X,Y)Z =VXVyZ - VyVXZ - Vixy 1 Z

for every XY, Z € X(Q). It is straightforward to check that RY is a tensor. The
curvature tensor satisfies some symmetries with respect to the metric gy,. We will
need the covariant derivative of the Cartan tensor to express these symmetries.
This covariant derivative VVCy is a (0,4) tensor defined as

V}/(CV(Y, Za W) = X(CV(Ya Za W)) - CV(V}/(K Za W)
—Cv(Y,VXZ,W) = Cv(Y,W,VXW),
for every X,Y, Z,W € X(Q). It follows easily that V% Cy is trilinear, symmetric

and
VXCv(V,Z, W) = =Cy (VXV, Z,W). (10)

Proposition 3.1. Let X, Y, Z, W € X(Q), then
(1) RV(X7 Y) = _RV(Y7 X)7
(11> gV(Rv<X7 Y)Za W) + gV(RV(X> Y)W Z) = QBV<X7 K 27 W)7 where
BY(X,Y,Z,W) = Vy.Cy(VXV, Z,W) = VX Cv (VY V, Z, W)
+Cy(RY (Y, X)V, Z,W),
(iii) RV(X,Y)Z+ RV(Y,Z)X + RV (Z,X)Y = 0.
Furthermore,
gV(RV(X7 Y>Z7 W) - gV(RV(Z7 W)Xa Y)
= BY(2,Y,X,W)+ BY(X,2,Y,W)+ B"(W,X,Z,Y)
+BY(Y,W,Z,X)+BY(W,Z,X,Y)+ BY(X,Y,Z,W). (11)
PROOF. As the identities are tensorial, we can assume that the brackets
between all the vector fields (excluding V') are zero. The first identity follows

immediately. For the second one, using the definition of RV and that VV is
almost metric g-compatible, we get

g (RV(X,Y)Z, W) + gy (RY (X, Y)W, Z)
=gv(VXVYVZ = VyVXZ W)+ gv (VX VYW — Vy VX W, Z)
= X(QV(V¥Z7 W)) - gV(v}‘izv VE/(W) - QCV(VE/(‘/’ V¥Z7 W)
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~Y(9v(VXZ,W)) + gv (VX Z, VW) +20v (VY V, VX Z, W)
+ X (gv (VY W, Z)) = gv (VY W, VX Z) = 20v (VX V, VYW, 2)
—Y(9v(VXW, 2)) + gv (VX W, VY. Z) + 20y (VY V, VX W, Z)
= X(gv(Vy Z, W) + gv(VyW, 2)) = Y (gv (VX Z, W) + gv (VX W, Z))
— 20y (VYV, VY Z, W) 4 20y (VVV, V% Z, W)
— 20y (VX V, VYW, Z) 4+ 2Cy (VY V, VX W, Z)
= X(Y(gv(Z,W)) = 20v(VyV, Z,W)) = Y (X (gv (W, Z)) — 2Cy (VX V, W, Z))
— 20y (VY V, VY Z, W) +2Cy (VY V, VY Z, W)
— 20y (VX V,VyW, Z) 4+ 2Cy (VY V, VX W, Z)
= [X,Y(gv(Z,W)) + 2(=VXCv (VY V, W, Z) = Cv (VX VYV, Z, W)
— Cy(VYV,VYZ, W) — Cv(VYV, Z, VY W) + VY Cy (VX V, W, Z)
+ Oy (VYVYV, Z, W) + Cyv (VY V, VY Z, W) 4+ Cy (VY V, Z, VY W)
— Cy(VXV, VY Z, W) + Cy(VyV, V% Z, W)
— Cv(VXV, VYW, Z) 4+ Cy (VY V, VW, Z))
=2(VVCy(VYV,W, 2)) = VX Oy (VY V, W, Z) + Cy (RYV (Y, X))V, Z, W),

w
w

as we wanted to prove (since Cy and V% Cy are symmetric for any E € X(Q)).
The third identity is true for any torsion-free connection (see for example the
proof in [11, Proposition 3.36]). To check (11), use the third identity to deduce
the following four ones,
gy (RV(X, W)Y + RV(W,Y)X + RV(Y, X)W, Z) =0
gv(RY(X,Y)Z + RV (Y, 2)X + RV (Z,X)Y,W) = 0.
gv(RV(X,W)Z+RY(W,Z)X + RV(Z, X)W,Y) =0
(W, X)=0

gv(RYV(Y,Z)W + RV (Z, W)Y + RV (W,Y)Z,

Then summing up the four identities and using the symmetries of parts (i) and
(i), it comes out
2g9v (R (X,Y)Z, W) — 2gv(RY (Z, W)X,Y)
+2BY(Y,Z,X,W) +2BY(Z,X,Y,W) + 2BV (X, W, Z,Y)
+2BY(W,Y, Z,X) +2BY(Z,W,X,Y) + 2BV (Y, X, Z, W) = 0.
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Taking into account that BY is anti-symmetric in the two first components and
symmetric in the two last ones we get (11). O

Having at hand the affine connection V¥ we can compute the derivative of
any tensor. In particular,

VXRY(Y, Z)W = VY (RY (Y, Z)W) — RV (VYY, Z)W
~ R (Y,VXZ)W — RV (Y, Z)(VXW)

for every X, Y, Z,W € X(2). As VV is an affine connection, RV also satisfies the
Second Bianchi identity (see for example the proof in [11, Proposition 3.36]).

3.1. Two parameters maps. Let D be an open subset of R? satisfying the
interval condition, namely, horizontal and vertical lines of R? intersect D in in-
tervals. A two-parameter map is a smooth map A : D — M. We will use the
following notation:

(1) the t-parameter curve of A in sq is the curve 74, defined as

t = s, (t) = A(t; 50)
(2) the s parameter curve of A in ¢g is the curve 5, defined as

s = Bty (s) = Alto, ).
Moreover, we will denote by Ay(t,s) = 4(t) and Ay(t,s) = Bi(s). Let us define
A*(TM) as the vector bundle over D induced by 7 : TM — M through A. Then
we denote the subset of smooth sections of A*(T'M) as X(A). Observe that a
vector field V' € X(A) induces vector fields in X(v,,) and X(8;,). We will say that
V is L-admissible if V(¢,s) € A for every (t,s) € D. When A lies in the domain

1

of a coordinate system z!,...,z", we will denote A’ = z% o A.

Proposition 3.2. With the above notation, if V' € X(A) is L-admissible,
then D,‘Y/S By = Dgt"ys.

Proor. Using Proposition 2.6 we get

. 02Nk ON ONT\ O
DY B, = k. = )| =
2.t (atas )5 ) T
D?AF ON ONT O
DY 4y = — (V)" ) =—.
b <658t %V 5 s > 0
Both quantities coincide because I’kij(V) is symmetric in ¢, j and % = %.

O
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3.2. Jacobi operator and flag curvature. In a fixed point p € M, the cur-
vature tensor RV depends not only on V(p) but on the extension V. Let us see
that the quantity RV (V,U)W depends only on the value of V along the integral
curve of V.

Proposition 3.3. Let (M,L) be a pseudo-Finsler manifold, v : (a — ¢,
a+¢) = M an L-admissible smooth curve and u,w € TyayM. If'V is an L-
admissible extension of 7 and U and W extensions of u and w, then

R (4(a), w)w := RY, (V,U)W

is well-defined, namely, it does not depend on the extensions used to compute it.

PROOF. As the result is local, we can assume that the image of 7 is contained
in an open subset € that admits a system of coordinates (2, ). First assume that
V and U are the variational vector fields of the two-parametric variation of -,
A:(a—¢c,a+e)x (—e1,e1) = M, (t,s) = A(t, s), namely, V(A(t,s)) = Ae(t, s)
and U(A(t, s)) = As(t, s) for every (t,5) € (a—e,a+¢) x (—e1,€1) and the image
of A lies in €2 (recall notation in Subsection 3.1). We can also assume that the
curves s are L-admissible for s € (—¢1,e1) by taking €; small enough and that
W € X(A). We will denote by W' the coordinates of W in (Q, ¢), being W} and
W the partial derivatives with respect to the parameters of the variation ¢ and s.
Then using (3) twice we get

g " 0
D DYW = [WE + WIAIT(8) + WAL (A) + WAL 5T (A)
0

+ WIATTY, (M) + WAL (AT, (A) | 55

and

o . ;0
DD = |Wh + WAL, (40) + WALTE, (A0 + WAL T (1)

o 0
WA (A) + AT (A0 (00| 5o
Then
DAt — phpdaw = lwind ek, —wind 21k
ve D, W — D, Dy ;W= gl i () = 1551 i (M)
o D)
AP (I (0T (A1) = T (AT () | 5. (12)

Define f‘lij (p) = I‘lij(V(p)) for every p € {1 and observe that f‘lij are the Ch-
ristoffel symbols of the affine connection V" in Q. In particular, we have that
I (A) = T';;(Ay). Taking into account that [V,U] = 0 (at least in the points
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A(t, s)), we get

R | AL 9k,
RY(V,U)W = DY DYW — D DYW = [WIAIAY —2(A) — WIAJAP—2(A)
OxP oxP
WiniAr (B, (AT, (A) — T, ()P () | 2
+ WAL (T (), (4) = T (VP () | 5o
~ ark, . ark,,
As Flij(A) = Flij(At)» %Fkij(At) = Af ErT (A) and %Fkij(At) = A7 5P (A), we
conclude that
Av4 Ay HA: Ay A
RY (V,U)W = D! Dg!W — Dyt Dy'W
as required. Moreover,
) ork. ork.
gl (Ae) = AT (A) + AL (A, (13)
aﬂz\—MW%A MM%A
5T () = AL (M) + AL () (14)
Here recall that x',...,z",y',...,y" is the natural coordinate system of T}

associated to the coordinate system (2, ¢). From the above equations and (12), it
follows that RY (V, U)W depends only on the curve v and the values of the vector
fields U and W along . Now given any vector field V' extending , observe that
the value of RV (V, U)W does not depend on the extensions U and W of the vectors
u,w € TyqyM. Tt is always possible to get extensions such that V' and U are the
variational vector fields of a two-parametric map and W a smooth vector field
on it. Indeed, consider a system of coordinates adapted to V in a neighborhood
Q of y(a) small enough, in the sense that V = % in this neighborhood. If

u = ai% (@) and w = bi% (a)? then U = aiaii and W = biagi are the
required extensions in @ C M. (]

Let us recall that the Chern connection can also be interpreted as a connec-
tion in the fiber bundle 7% : 7% (TM) — A (see for example [7, Remark 2.5]) and
we can define the curvature 2-forms associated to this connection. In particular,
the horizontal part of these 2-forms is the so-called hh-curvature tensor (see [4,
Chapter 3]), which in coordinates is written as

0

Ry (V, U)W = VjUleRjikz(U)% (15)
forve Aand V =V'.2 U =U"2 W = W' vector fields in Q C M, where
: ar, or’, ar are.
Ryfalv) = g (0) = NI G0 = S5 0+ Vi) 55 0)

+ Fihk(”)rhﬂ(”) - Fihl(v)rhjk(v)v
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and N has been defined in (8) (see [4, Formula (3.3.2) and Exercise 3.9.6]).
Now given a system of coordinates (2, ¢), for every L-admissible smooth curve
v :[a,b] = Q C M, define

8Fkij ., 0

dyP (7)W

It is easy to see that the definition does not depend on the choice of coordinates
and then we can define a symmetric tensor H., : X(v) x X(y) = X(v) for every L-
admissible smooth curve « : [a,b] — M that does not lie necessarily in a domain
of coordinates.

H,(U,W) = U'W3(D34)"

Theorem 3.4. Let (M, L) be a pseudo-Finsler manifold. Consider an L-ad-
missible smooth curve v : (a — ¢,a + ¢) — M. With the above notation

R’V("y(a),u)w = R“/(a) (7(a)7u>w + HV(U,U)) (16)
for any u,w € T\ M.

PROOF. First observe that we can choose any extension of u to the curve ~.

In particular, we can choose a parallel vector field U = U i(t)% along ~,

v(t)
which satisfies 90— = — UWJFkij (). Moreover., % = (D;ny)k —yl'yjl“kij(fy). Let A
be a two-parametric variation of v such that 5, = U and ~ys are L-admissible cur-

ves (recall notation of Subsection 3.1). As A}, = % and AL, = dd%p, substituting

the last formulae in (13) and (14), these equations in (12) and making s = 0, we
obtain

. i g arkm lempp akm
Ry, ww = u'w? | 475 (9) = 79" T, (7) (7)

o or., ark.
— ot () i, ) A )

w4 (U (DT (3) = T (DT, (1) bigg) = + Ho (u, w).
Observing that N%(§) = 4™T%, (%) (see (8)), we get (16). O
This theorem can be used to compute the flag curvature using V¥ and RV .

Corollary 3.5. Given a plane m = span{v,u} which is g,-nondegenerate,
the quantity
9o (R (v, u)u, v)
L(v)go(u, u) = go(v,u)?’
where 7, is the geodesic with velocity v at t = 0, is the flag curvature of m with
flagpole v.

K,(u) =
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PrOOF. After Theorem 3.4, it is straightforward that this quantity is the
flag curvature for the pseudo-Finsler metric L of 7 with flagpole v (see [4, Section
3.9]), since H,, = 0 because 7, is a geodesic. O

Finally, observe that, with the notation of the corollary, the quantity

gu (R (v, u)w, v)

Koy (u, w) = L(v)go(u, w) = go (v, u)gy (v, w)

is the predecessor of the flag curvature (see [4, page 69]).
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