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The Gauss—Bonnet—Chern formula for Finslerian orbifolds
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Abstract. In this article, we prove a Gauss—Bonnet—Chern formula for Finsler
metrics on a smooth orbifold. The main idea is that the intrinsic proof of the Gauss—
Bonnet formula for Riemmanina manifolds of S. S. Chern is applicable to the very broad
class of Finsler metrics on the very generalized orbifolds.

1. Introduction

In this paper we shall present a Gauss—Bonnet—Chern formula for Finsler
metrics on an orbifold. The Gauss—Bonnet—Chern formula is one of the most
important results in differential geometry. It discloses the intrinsic relation bet-
ween the curvature, which is a geometric quantity, and the Euler characteristic
number, which is a topological invariants. The intrinsic proof of CHERN ([5], [6])
is of great significance in that it can be applied to a much larger class of metrics
or spaces. For example, in 1949, LICHNEROWICH [11] proved a Gauss—Bonnet
formula for Finsler metrics on a smooth manifold, using the Cartan connection
on the Cartan—Berwald spaces. This formula was generalized to the more general
class of Landsberg spaces by BAO—CHERN in [3]. The essence of BAO-CHERN’s
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proof in [3] is exactly CHERN’s idea in [5], [6]. See also [15] and [10] for other
forms of the Gauss—Bonnet—Chern formulas for Finsler metrics.

The notion of an orbifold is a generalization of manifolds. It was first intro-
duced by I. SATAKE in [16] and [17], where it is called a V-manifolds. The study
of V-manifolds was revalidated by W. THURSTON in [18] where the terminology
“orbifold” first appeared. The Gauss—Bonnet—Chern formula was generalized to
Riemannian metrics on orbifolds by SATAKE [17] and for Riemannian metrics on
orbifolds with boundary in [13] or [14]. It is interesting that CHERN’s method in
[5] is also applicable in such generalized cases.

In this paper we will prove that the Gauss—Bonnet—Chern formula holds for
some types of Finsler metrics on orbifolds. The main idea of the proof is adopted
from the intrinsic proof of CHERN for Riemannian metrics on closed manifolds
([5], [6]) and BAO—CHERN’s treatment for Landsberg metrics ([3]).

In Section 2, we recall the definitions and fundamental properties on orbi-
folds and Finsler manifolds. Section 3 deals with Finsler metrics on orbifolds. In
Section 4, we prove the main results of this paper. Finally, in Section 5, we discuss
orbifolds with boundary and show that certain forms of the Gauss—Bonnet—Chern
formula holds for orbifolds with boundary.

Notation Conventions. Throughout the article, we assume the Einstein sum-
mation convention. Lower case Latin indices run from 1 to m and lower case
Greek indices run from 1 to m — 1.

2. Preliminareis

In this section, we recall some definitions and facts of smooth orbifold struc-
tures and Finsler manifolds; see [1], [2] and [16], [17] for more details on orbifold
structures, and [3], [4] for Finsler metrics on manifolds.

Let M be a Hausdorff space. We say that {(7, G, p} is a C™ orbifold chart
or local uniformizing system over a uniformized open subset U C M if it satisfies
the following properties:

(i) U is a connected open subset of R™,
(ii) G is a finite group of C° transformation of (7, whose set of fixed points has
dimension < m — 2,
(ili) ¢ : U—Uisa continuous map such that ¢ oo = ¢ for all ¢ € G, and the
induced map between U/G — U is a homeomorphism.

Given a chart {(},G,gp}, if there exists an element g € G, g # 1, such
that gr = x, Vo € U, we say that G acts ineffectively on U; otherwise, G acts
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effectively, then the orbifold is called to be effective. In this paper, we always
assume that each orbifold chart of M is effective.

Let {ﬁ,G,go} and {(7’7G’,g0’} be two orbifold charts for U and U’, respec-
tively, and suppose U C U’. An injection A : {U,G, ¢} — {U',G',¢'} is a C
isomorphism A from U onto an open subset of U’ such that for any o € GG there
exists 0’ € G’ such that A\ooc =0’ o)X and p = ¢’ o \.

Definition 2.1 (orbifold). A C*° orbifold consists of a connected Hausdorff
topological space M and a family F of C'*° orbifold charts for open subsets in M
satisfying the following conditions:

(i) Each point € M is contained in an open subset U C M for which there
exists an orbifold chart {U, G, ¢} € F such that o(U) = U. If z € Uy N Uy,
then there is a uniformized open subset Uz C Uy N Uy such that x € Us.

(i) If {U,G, ¢}, {U, G, ¢’} € F and ga(U) U c U = ¢ (U'), then there
exists a C injection A : {U, G, o} — {U', &, ¢'}.

Moreover, an orbifold i is called orientable if all the injections in (ii) are orientation
preserving, i.e., det ( ) > 0 for any 1nJect10n A {U G,p} — {U' G', o'}, where
(#') and (") are coordinates of U and U’, respectively.

The notion of an orbifold N with boundary can be defined similarly. We
just need define the orbifold chart with boundary, and require that the boundary
be preserved under the action of the finite group. The boundary ON is also an
orbifold with the structure inherited from N.

A map f: M; — M between orbifolds is called C*°, if for any local orbifold
chart U; the map f|51 o1 between ﬁl({ﬁl,Gl,gol} € F1) and ﬁz({ﬁg,Gg,ﬁpg} €
F3) is C*°. Since R can be considered an orbifold with F = {R, {1},id}, one can
define a C'*° function on an orbifold M to be a C°*° map f: M — R.

For each point x € U C M, there is an orbifold chart {ﬁ,G,g&} € F such
that = € (U) = U. Fix a point Z € U such that ¢(Z) = = and denote by G5 the
isotropy subgroup of Z. Then Gz depends only on x. So we call Gz the isotropy
group of & and denote as G,. If G, # 1, then z is called a singular point of M;
otherwise, it is a nonsingular point.

Orbifold vector bundles are orbifolds which are locally of the form U x R¥
where the group G acts as bundle isomorphisms. In general, the fiber of an orbifold
vector bundle is not always a vector space. A section of an orbifold vector bundle
is a collection of locally G-equivariant sections on orbifold charts.

In particular, the orbifold tangent bundle w : TM — M of an orbifold M
is defined locally as the quotient Tﬁ/ G, with the action of G given by ¢(Z, ) =

(9%, dgs (7)) for each (Z,7) € TU.
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For z € M, denote by T, M the maximal vector space of m~!(z). The
elements of T, M are called the tangent vectors at x.

The orbifold cotangent T*M can be defined in the same manner (see [17],
p. 474, for details). For an orientable orbifolds M, one can define the integral
/ oy w of an m-form w in the following way.

If the support of w is contained in a uniformized open set

U = o(U)({U,G,p} € F), then we define

i)
w=— [ ws
/U G| Jo Y

If the orbifold M is paracompact, then it admits a C° partition of unity {1;}
on M subordinate to a cover consisting of uniformized open subsets (see [7] or
[8]). Then one can define the integral of the m-form w by

/wa - zi:/Mwiw.

It can be checked that the above integral does not depend on the specific partition
of unity. From now on we always assume that the orbifold M is paracompact.

Let X be a vector field on the orbifold M with an isolated zero z. Let
{U,G,¢} € F, T € U be an orbifold chart such that 2 € ¢(U) and (Z) = z.
Let X be a corresponding vector field on U. Then X has a zero at 7. The index
I.(X) of X at x is given by

1

('X)7

where |G| is the order of the isotropy of Gz. The index I,(X) is uniquely

determined by the vector field X and 2 and need not be an integer (see [17]).
Now we recall the notion of Euler characteristic number xy (M) of an or-

bifold M. Let M be an m-dimensional orbifold and X be a vector field on M

with isolated zero points x1, 3, ...,z (the existence of such a vector field can be

proved easily, see [17]). Then we define

Xv(M) = (1) Y L, (X).
k

The number xy (M) is called the Euler characteristic number of M as an orbi-
fold. This notion was introduced by SATAKE in [17], where it is called the Euler
characteristic number of M as a V-mainfold. Note that xy (M) need not be an
integer.
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Next, we give some definitions and results on Finsler metrics on a manifold.
Let (ﬁ, F) be a Finsler manifold. Given z € U, let 7' be the global coordinates
with the canonical coordinate base (%) on the tangent space T:U. By removing
the origin y = 0, the punctured linear space Tgﬁ' \0 becomes a Riemannian ma-
nifold when equipped with the following metric: ds% = ¢;;(Z,y)dy" @ dy’, where
9i = 5(F)%.3,-

The volume element of Tgﬁ \0is \/§d§1 Ady?A- - -Ady™, where our convention
is dyAdZ = dy@dz—dz®7. Let SzU := {j € T3U | F(Z,7) = 1}. The indicatrix
53U is an (m —1)-dimensional submanifold of the punctured manifold T50U\0 and
hence inherits a Riemannian structure hz from the metric ds%.

Since Moy = 17"% is the outward-pointing unit normal field of Sgﬁ , the
volume element of hz is

AV = g > (1Y G A AT A A A
j=1

where the 7’s are the elements satisfying F(z,7) = 1.
We consider the volume function

Vol(F) := Vol(S3U, hz) = /347 dv. (1)

Now we define the covariant differential of the Cartan tensor A = Aijkdii ®
dz’ @ dz* by
VA = (dAijr—Agjuw; — Ajskw — Ajsw} ) dT @da @dz* == (VA)ijudF @d7 @dz",

where Aijk = %[FZ]@@@& (57:17) '
Denote (VA)ijr = Aiji|sdz® + Aijk;s% and define

A= Aipd¥ @ di @ d7*,
where A,»jk = Aijk|sy—;.
Definition 2.2. If A =0, then ((7, F) is called a Landsberg manifold.

Proposition 2.3 ([3]). If (U,F) is a Landsberg space, then the volume
function Vol(Z) is a constant.

The second formal Christoffel symbols on U is defined by

i1 99s; 99k | Ogks
ik = 59 (azk T 0w )
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We also define the quantities V. ; by

A’L S ""I”"’S

N} = 7§k§k VY Y
Set
o 0 i 0
ox' " or oyt
and
6y' :=dy" + Njdz’.
Then { ML,F o7 } and {dxl a7 } are natural local bases for the tangent bundle

TSU and cotangent bundle T (S U) of SU, respectively.
Recall that SU has a natural Sasaki type metric (which is a Riemannian

metric) defined by

i oyt oy
i'dz d] %
g]a:®x+g]F®F

With respect to this metric we have an orthonormal basis {€,,€m+q} for T'S U
and its dual frame {w® w"”‘“} for T*SU, where ¢, = al 52,, Emta = uZFail,

w? = 7%dz" and W™t = 7@ 5y (see [4], p. 35).

Theorem 2.4 ([4]). Let (U, F) be a Finsler manifold. Then there exists a
unique connection on the pull back bundle 7*TU, called the Chern connection,
whose connection forms are characterized by the structure equations:

dw® = Wb A wy Wab + Wha = —2Agpew™ .

where wqp=wEdep, and Agpe= iF(F )y y]yku ub . In particular, wy,p + wpm=20.

Note that in the above theorem we have w™t™ = d(log F') (see [4], p. 36,
Exercise 2.15 (a)), and w?, = w™t* (see [4], p. 43, Exercise 2.4.7 (c)).

m

3. Finsler metrics on orbifolds

In this section we consider Finsler metrics on orbifolds. We will define the
Chern connection forms on orbifolds, which will be useful in our study of the
Gauss—Bonnet—Chern formula.

Let M be an orbifold with an orbifold charts family F as in Section 2. For
each {Tj', G,p} € F,let TU be the tangent vector bundle. Let SU be the quotient
of TU \ 0 under the following equivalence relation: (Z,7) ~ (Z,7) if and only if
there exists a positive constant a such that iy = ay’. For each injection
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A {ﬁ,G,(p} — {ﬁ’,G',(p’}, let \* : SU — SU’ be the corresponding bundle
map. Let ¢* be the restriction to SU of the bundle map TU — TM. Set
SM = J¢*(SU). Then we obtain an orbifold SM with an orbifold charts family
F* = ({SU,G*,¢*}). We call SM the projective orbifold sphere bundle and
denote the projection of SM onto M by .

Definition 3.1 ([8], the pull back orbifold tangent bundle). Let Pr: TM —
M Dbe the orbifold tangent bundle over an orbifold M and 7 : SM — M be the
C* projective orbifold sphere bundle. By a pull back orbifold tangent bundle
7*TM over SM via m we mean an orbifold vector bundle 7 : E — SM with
a C® map f : E — TM such that each local lifting of f is an isomorphism
restricted to each fiber, and f covers the C* map 7 between SM and M.

The notions related to the dual 7*7T*M can be defined similarly.
The fiber of 7*T'M at a point (z,[y]) € SM is defined by

T TM |y = {(z, [y, 0) [v €7 (2, [y])} = Pr(a).

Let {17, G, ¢} € F be a local orbifold chart over a uniformized open subset U of
M and (Zy,...,%m) = (') : U — R™ be a local coordinate system on the open
subset U. Let (%) and dZ’ be a coordinate bases for the tangent space T5U and
cotangent space T;ﬁ , respectively. The nature local coordinate (7%, 7%) of TU is

given by
.0
~
V=Y

A Finsler metric on U is defined to be a G*—invariant Finsler metric on (7,
i.e., a Finsler metric FU satisfying the condition

FY(7,9) = FY(0(7),doz(y)),
for any o € G and for any point (Z,y) € TU.

Definition 3.2 (Finsler metric on orbifold). A Finsler metric F' on an orbifold
M is a C'* function F' : TM — [0, 400) such that for any uniformized open subset
U C M, the restriction of F' to TU is a Finsler metric on U.

According to the definition, to give a Finsler metric I on an orbifold M is
to define a Finsler metric F'V on each U such that

FU7,9) = FU ()%, d\s7),
for any (%,7) € TU and for any injection
Ai{U, G 0} = {U, G ¢}

Following the idea of [2], we now prove



52 Jifu Li and Shaogiang Deng

Lemma 3.3. There always exists a Finsler metric on any orbifold.

PRrROOF. Let {U;} be a locally finite covering of an orbifold M, and
{Uz, Gi, i} € F be the correspondlng orbifold charts such that ¢; : U, /G = U;
is a homeomorphism. Let TU be the tangent bundle over U and suppose that
F'U’ is a Finsler metric on TUz.

Define

Z F'U (o, dozy).

oceGy

PV (@, 5) =
|G |
Let o B
PV ) =Y FY (@, \9), Tel, jeT:U,

where the sum is taken over all the indices j such that 90; o ;(T) # ¢, here
Zij € ap;l 0 ¢;(x), and \;; are defined by \;; = ()\i)*()\jl)*, where ¢;(z) € U C
Uint, {U,G,(p} € F, and ()\1)* X (U)> ()\])* : TU — TUj|)\j(U).
Now suppose {¢;} is a partition of unity subordinated to the covering {U;} and

define F =}, 1; FUi. Then it is easy to check that F is a Finsler metricon M. O

Lemma 3.4. Let M be an orbifold. Define
g=0ijd7' @d7, A= Ajd3d' ®di @ dzt.
Then g is a Riemannian metric on the pull back orbifold tangent bundle 7w*T M
and A is a symmetric section of m™*TM @ #*TM ® 7*T M.

PROOF. Let {U;} be a locally finite covering of M, and {U;,G;,¢;} € F
be the corresponding orbifold charts on M. Since F' is a Finsler metric on the
orbifold, we have

FUE5) = FU (\@), d) = F7 (o', o),

for any injection A : {(7, G,p} — {/lﬁ, G', o'}, where A\(T) = 2/, dA\zy = y'. Thus

s s a~/ S

5o 75 ox dy
U = FY — !
F(7,9) = F. (¢, )81+F (z ,y)ay F (x ,y)ax

Similarly, it is easy to check that

. 5 o 0"
U (=~ U
F%iigj ((E, g) = F@'lsglt (x', y/) 7851 78%] y

and that
8~/s af/t a~/n

— gy /
F TG (g;JD = F@’ls@’ltgln (x ) o7 &W axk: :
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Equivalently, we have
U o’ oz's 97"t
Ui = Uy~ ~
gij (aj’ @ = Yst ()\(.’17), dAw(y))iail 7851 5
and /S It ~/n
g 0z’ 9z" Oz
ozt 0z 9k

AT =A
Therefore we have

gOFPdF @ dF = gf (@), d\s (7))dF"* © di",
and

Agk@@d? ®di’ @ diF = AU’

stn

(A@), A\ (7))d3" @ dF"t ® di'™.

This proves the lemma. O

Corollary 3.5 ([7], [8], [17]). There always exists a Riemannian metric on
any orbifold.

Remark. Similarly as in classical Finsler geometry, we call g and A the fun-
damental tensor and Cartan tensor of the Finsler metric, respectively.

At any point p = (z,[y]) € SM, choose (SU,G*,p*) € F* such that p =
(,[7]) € SU, ¢*(p) = p. Let
g¢ o0 0

b =l = T~ N A~p A~ -

SO =P T F(z,j) 05k ™ok
Then £ is a section of the uniformized subset SU. In fact, let \* : {5(7, G p*}—
{SU',G*',p*'} be an injection. Then one verifies easily that

- ik 0
Esg, = é(g/@) = E()\.%d)\gm = WW
_yk oo o0y 378 -
T F(z,y) 07% 0w F(z,y) oz &P T ST
Thus £ =), il 45, is a globally defined section of SM, where {;} is a partition
of unity subordinated to the covering {U;}.

For the pull back tangent bundle o TU , define an orthonormal basis {eq, ea,
e} with e, = (g5 = ﬂfn%k and e, = ﬁf%, where @* are locally defined
functions on SU.

Let (0¢) = (u¥)~1, we can define a 1-form {wis} over SU by

c e gk
wep = vpda”.
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- J. S0~
Fjdz'. Let \* : {SU,G*,¢*} — {SU',G*', *'} be an injection. For p € SU, let

p* = (p;e1,ea,...,em) and

It follows from the equality wgﬁ(em) = dem that U" = Fye, that is, w

A*(D7) = (A(p); dAper, dAges, . .., dAgenm),

let {Z'*} be a coordinate system in U’ and denotke € = Wi, @) = (uy)—1.
Then we have wgs, (A*(p")) = vzt = vl dal = 05d17. Denote w® =
> Yiwgs,, where {¢;} is defined as above. Then {w°} defines a dual coframe
over SM.

Let w% be the Chern connection forms on the Finsler manifold (ﬁ ,F ﬁ).

From the e(ilualities w*(A*) = w?, A(A*-) = A and the uniqueness of the forms
w%a by Theorem 2.4, it follows that w%a()\* )= w%’ﬁa. Using the partition of unity,
one can prove that on a Finsler orbifold, there always exists a unique connection
whose connection forms w® verify the same structural equations as that of the
Chern connection of a Finsler metric on a manifold. We will call this connection
the Chern connection in the following.

According to the above remark, we can define A to be the covariant differen-
tial of the Cartan tensor A on orbifolds as in section 2. In the following sections
we will denote A the covariant differential of the Cartan tensor A on orbifolds.

Similarly to Definition 2.2, we give

Definition 3.6. If A =0, then the Finsler orbifold (M, F) is called a Lands-
berg orbifold.

From Proposition 2.3 and Lemma 3.3, we conclude that

Proposition 3.7. If M is a Landsberg orbifold, then the function V()
defined by (1) is a constant on each orbifold chart of M.

Similarly as in the case of a Finsler manifold, we have a Sasaki type metric

on SM defined by
Sapw® @ wb + Spw™ T @ W™ TP,

The curvature two-forms Q% of the Chern connection can also be defined by
the following structure equations:

b b b
Q) = dw, —ws Aw,.
Taking the exterior differentiation, one obtains the second Bianchi identity

A% = Qo AwS — Q5 A wep.
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Theorem 3.8. The Chern curvature two-forms Qb on the orbifold SM can
be written as

1
Qb = iRZ WS Awd 4+ PY L w® Aw™ e,

a

PROOF. For the case of Finslerian manifold, see [4]. The proof for the general
case is similar. O

4. The Gauss—Bonnet—Chern formula for a compact
Finsler orbifold surface

In this section, we turn our attention to orientable Finsler orbifold surfaces
without boundary. Let (M, F) be a Finsler orbifold surface. Let SM be the
projective orbifold sphere bundle of (M, F'). By section 3, we know that the pull
back orbifold tangent bundle 7*T' M has a global section

I N
T F(F,9) 08 | F(z,9) 032

and a natural Riemannian metric

By Euler’s theorem, we have g(¢,¢) =1 .
Fix a positively oriented g—orthonormal frame {e1,es} for 7*T M, such that
eo = £, that is,

_Fp 0 Fp 9 _ 5o o
NN

where g = det(g;;). Let {w',w?} be the dual base of {e1,e2}. Then one easily
checks that

€1

w' = %@Qdil —y'dz®), w®=Fjdi' + Fpdi®

Let w? = wi = g@géﬂl — y109?). Tt is easily seen that w!,w? w?
defined on the projective orbifold sphere bundle SM.

The three-dimensional projective orbifold sphere bundle SM has a natural

are globally

Sasaki type metric
W@ +w?®w? 4w Owd
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Let A = Agyew® ®w? ®we. By Euler’s theorem, we have Ag,. = 0, whenever
one of the a, b, ¢ is two, i.e., Agpe = 0. Then the Landsberg tensor becomes
A= A(el,el,el)wl Quw! @ w!.

Denote I := Ay11 = A(ey,e1,e1). It follows from the equations

Wap + Wha = _214(117<;('ij+C
of Theorem 2.4 that

_ 3 _ _
w11 = —Iw”, w1z + w1 = 0,w2 = 0.

Moreover, we have

— ,C [ -
w21 —w2501 =Wy =W

So the Chern connection matrix becomes

w11 Wiz | wi Wi . —Iw? —w?
W1 W22 wi w2 w3 0

It is easily seen that

dw! = —Tw! Aw? + w? A w?, dw? = —w! AW,
Let
dw® = Kw' Aw? — Jw! Awd 4+ Pw? Awd.
Taking the exterior differential of dw? = —w' A w3, we obtain

P AW Awd =0.

Thus P = 0 and dw?® = Kw' A w? — Jw' Aw?. On the other hand, similarly as
Exercise 4.4.7(d) of [4], one can prove that J = A;;;. This implies that if J = 0,
then (M, F) is a Landsberg orbifold surface. In particular, from Proposition 3.7
we have

Proposition 4.1. If J = 0, then the volume function Vol(Z) defined by (1)
is a constant.

We denote by L = Vol(Z) the Riemannian arc length of the indicatrix.

Theorem 4.2. Let (M, F) be a compact, connected, oriented Landsberg
orbifold surface without boundary. Then

1
—/ Kw' Aw? = xy (M).
L Jm
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PROOF. We follow the idea of [3], [4]. Let U be a vector field on the orbifold
surface M, with zeros at x;,7 = 1,2,...,p. Denote by I,, the index of U at z;,
1=1,2,...,p.

Let S. ., be a geodesic circle of sufficiently small radius € centered at x;.
Remove from M the interior of S, ,,, and denote the resulting orbifold with
boundary by M,.. Let

U N Ulz)
V= FO) M. - V(M) C SM, — 7F(U(z))'

Recall that for a Finsler orbifold surface, we have
—0? = —dw? = Kw' Aw? — Jw' Awd.

It can be checked that K = R3,, is the Gauss curvature of the orbifold charts. We
integrate the above formula over the two dimensional orbifold V(M,). Applying
Strokes’s theorem and taking the limit as e — 0, we obtain

P
/ V*(—le/\w2+Jw1/\w3):ZIim w3,
M i1 e—0 V(SE,Ei)

here the boundary cycle of each V(S., ;) is in a clockwise manner.
On the other hand, we have

/ w%—)—]wi/N ‘*%,17 as € — 0,
V(SE7I1:) Sz ‘

Tq

here the circles S, are given in a counter clockwise orientation, and §§ are
the corresponding circles in the orbifold charts. In fact, let {ﬁi,Gi,api} e F,
%; € U be an orbifold chart such that z; € @i(ﬁi) and ¢;(Z;) = z;. Let V be the
corresponding unit vector field on U;. Then #; are zeros of V. From the degree
theorem, we have

1 Iz,
2 2 z; 2 2
/ wi =177 [ - O i a1 /- ws =1y [ wr,, ase—0.
V(Sa,Ii) | 17,| V(Sa,ii) K | zz‘ SI'L ’ Sz K

Moreover, we have

P
/ V*(Ko.)l/\4;./2—Jw1/\w3):ZL,“/~ w%vl.
M K

i=1 Sz,
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Note that o o
w2 = Y9 (0 220y
Uil F F F )’
where 07° = dy’ + N;d%j. Meanwhile, as ¢ — 0, the circle gsg shrinks to ;.
Therefore the dx terms in the above integral do not contribute. Hence

0P 67
lim w} = lim V9 (y1 o )
=0 V(SE,'L"L) =0 V(S£7T1) F F F
VI (dy? dy1
g [ W Y ) = 1, Vol(&;
i /~ P\ F F @)

Therefore we have

p
/ V(KW' Aw? — Jot Aw®) = 3 (1, Vol(F).
M

i=1
Since M is a Landsberg orbifold surface, we have J = 0. Thus Vol(Z;) = L is a

constant by Proposition 4.1, and the above integral becomes

P

/M VA (Kw' Aw?) =Y (I, Vol(Z;)) = LY I, = L-xv(M).

i=1 i=1

Moreover,
Kw' Aw? = K\/gda" A d7? = —dw?.

Taking the exterior differentiation of the above equation on SM, one gets

)

This means that K,/g lives on the orbifold M. Consequently we obtain the
Gauss—Bonnet—Chern Formula in the orbifold case:

1
—/ Kw' Aw? = xy (M).
L Jm

This completes the proof of the theorem. O

Next we generalize the above Gauss-Bonnet—Chern theorem to m (m > 2)
dimensional Finsler orbifold M with the volume function Vol(Z) being constant,
following the idea of [3]. We consider the following polynomials on the projective
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orbifold sphere bundle SM:

/\wm /\wﬂ’l /\"'/\an

Q2 —1Q2k Q2K 41 Q2k+42 Qm—1"

)

A QT Awh Ao Aw™

), = ¥ Om—1 Qalaz A---ANQ

Uy = (2k + 2)e* ¥ 1Q0 oo Ao A

Q2k—102k Qg1 Qokt2 Am—1"
[m
0<k<|—=|—-1},
(=r<[5]1)
v_,=0.
By taking exterior differential and using the equations wap + wpe = —2Agpew™ ¢,
we have ok 1
m— 2%k —
d®y, = Uy _ i — | ,
k k-1t Y k+ Qk

where Q¢ = 0 and

Qk = ket mt [Qawtz A (waloél - wazaz) + Qazaz A (wa1a2 + wOCZal)
+ (k - 1)9(12043 A (walas + w(!:s(ll)
+ (m -2k — 1){Qa2a2k+1 A (wa1a2k+1 + wa2k+1al)

1
+ %Q(«H(XQ A (w(¥2k+10¢2k+1)}] A QGB(M AR

A Q0421c710‘2k A wg;kJrl A wzvn2k+2 ARRRNA wglmil.
Define
—1
1 X (~1)*
P =2
o 2413 (ap— 2k — DRZe T
- 1 . k1 vk
7T‘1224+1q! Z(_l) Cq (I)ka m = 2q +1
k=0
and
(=Pt
Q= 223077'&'1’}7'61 ’inli2/\'../\Qimflim,7 m:2p7
Oa m = 2q —+ 1,

where C’(’; is the binomial coefficient given by ﬁik)!. Then a direct computation
shows that
dll =Q+Q,
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where
L (-1
=2
wP2P = 1-3..... (2p — 2k — 1)k!2F Qr, m = 2p,
Q=477
—aarig O (CDCEQk, m=2q+1.

Similarly as Theorem 4.2, we can prove

Theorem 4.3. Let (M, F) be a compact, connected, oriented boundaryless
m-dimensional Finsler orbifold. Suppose the volume function Vol(Z) = L defined
by (1) is a constant. Then for any unit vector field V on M, we have

_ Vol(s™ )

- iR+ Q) = xv (M),
M

where Vol(S™~1) is the Riemannian volume of m — 1 dimensional sphere S™~1.

5. The case of an orbifold with boundary

Let N be an orbifold with boundary ON. Let X : ON —— SN be a unit
vector field on N with finite number of zeros in the interior of N such that the
restriction of X to ON is the inner unit Finslerian normal vector field on ON.

Similarly as the proof of the Theorem 4.2, we have

Theorem 5.1. Let (N, F') be a compact, connected, oriented Finsler orbifold
with boundary ON. Suppose the volume function V(z) = L defined as above is a
constant. Then for any unit vector field X on N which coincides with the inner
normal vector field on ON, we have

. _ L / *
*/NX (Q+Q)V01(Sm—1)X(N)/aN(X) (11),

where the orientation of ON is induced with respect to the outer normal vector
field on N and Vol(S™~!) the Riemannian volume of m — 1 dimensional unit
sphere S™~1.

Note that x'(N) is called the inner orbifold Euler characteristic of N by
SATAKE [17], and x/(N) can be given by the triangulation in the interior of N
(see [17]).

In particular, when (N, F') is two dimensional Landsberg orbifold with bo-
undary, we have
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Theorem 5.2. Let (N,F) be a compact, connected, oriented Landsberg
orbifold surface with boundary. Let X : ON — SN be a unit vector field on N
with finite number of zeros in the interior of N such that the restriction of X to
ON is the inner unit Finslerian normal vector field on ON.Then

1 1 2 _l *wQ
z/NK“ AP = X(I) L/BN(X” )

Where L = V(Z) is the Riemannian arc length of the indicatrix and ON is the
induced orientation with respect to the outer normal vector field on N.

Remark. When the orbifold N is two-dimensional, the boundary 0N become
a curve. In this case, we can extend Theorem 5.2 to nonconstant indicatrix volume
with regular piecewise C™° curve using the method of [9], [12].
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