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On some band decompositions of semigroups

By PETAR V. PROTIC (Nis)

Abstract. M. S. PuTcHA in [5] described semigroups which are bands of r-
Archimedean or t-Archimedean semigroups. L. N. SEVRIN, J. L. GALBIATI, M. L.
VERONESI, S. Boapanovié and M. CIrié described rectangular bands of w-groups. In
this paper we characterize some bands of r-Archimedean semigroups.

Let N be the set of all positive integers. A semigroup S is right
Archimedean (or r-Archimedean) if, for every a,b € S, there exists n € N
such that a™ € bS. The dual of a right Archimedean semigroup is a left
Archimedean (or I-Archimedean) one. A semigroup S is t- Archimedean if,
for every a,b € S, there exists n € N for which a™ € bS N Sb.

A semigroup B is a band if for each = € B, 2? = x holds.

A semigroup S is a band Y of semigroups Sy if S =], cy
a band, S, NSz =0 for a, f € Y with o # 5 and S,S3 C Sap-

A congruence p on S is called a band congruence if S/p is a band.

Sa, Y is

Theorem 1 [5]. A semigroup S is a band of r-Archimedean semi-
groups if and only if

(1) (Ya € S)(Va,y € S)(3i,j € N)(zay)® € xa*yS, (za’y)’ € zaysS.

In this theorem, it is proved that if (1) holds then the relation o
defined on S by

(2) aob < (Vr,y € SY)(3i,j € N)(zay)® € zbyS, (zby)’ € zayS
is a band congruence on S.
For undefined notions and notations we refer to [1] and [3].

Recall that a band B is a right reqular band if ef = fef for every e,
f e B.
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Theorem 2. A semigroup S is a right regular band of r-Archimedean
semigroups if and only if

(3) (Vu,v € S)(3n € N) (uv)™ € vS.

PROOF. Let S be a right regular band Y of r-Archimedean semi-
groups So. If u € S,, v € Sg then wv € Sag = Sgag, VUV € Sgag.
Since Sgqp is r-Archimedean, then there exists n € N such that (uv)” €
vuvSgas C 08, and so (3) holds.

Conversely, let statement (3) hold on a semigroup S and let a € S,
x,y € S'. Then, for u = a, v = ayzx, there exists n € N such that

n+1l _

(za®y)" " = (zaay)" "

= z(aayx)"a*y € rayrSay C raysS.
Also, for u = yxayx, v = ayxa there exists m € N such that

)3(m+1) — ( )m+1

= za(yrayrayxa)yrayxray

(ray rayrayray

€ zaayraSyzrayzray C ra’ysS.

Now, by Theorem 1 we have that S is a band Y of r-Archimedean semi-
groups S,.

Let a,b € S. Then, by (3), (ab)™ = bt for some t € S and n € N. If
a € Sq, be Sg, t €Sy then aff = By = BBy = BaB. Hence Y is a right
regular band. O

Recall that a band B is a right zero band if e = fe for every e, f € B.

Theorem 3. A semigroup S is a right zero band of r-Archimedean
semigroups if and only if

(4) (Vu,v € S)(Im,n € N)(uv)™ € vS, v" € uwvS.

PRrROOF. Let S be a right zero band Y of r-Archimedean semigroups
Se, v €Y. Ifu e Sy, v € Sg then wv € S,3 = Sg. As Sg is r-
Archimedean, statement (4) holds.

Conversely, let statement (4) hold on a semigroup S. Then, by The-
orem 2, it follows that S is a right regular band Y of r-Archimedean
semigroups So, @ € Y. Let a € Sy, b € S3. Then by (4) there exists
t € Sy such that b = abt whence 8 = afy = afafy = oS = af. Thus
Y is a right zero band and so the semigroup S is a right zero band Y of
r-Archimedean semigroups S,, a € Y. O

Recall that a band B is a left normal band if efg = egf for every
e, f,g € B.
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Theorem 4. A semigroup S is a left normal band of r-Archimedean
semigroups if and only if

(5) (Vu,v,w € S)(In € N) (vvw)™ € uwvs.

PRrROOF. Let S = (J,cy Sa Wwhere Y is a left normal band and S,
are r-Archimedean semigroups for every o € Y. If u € S,, v € Sg,
w € 8§, then wvw € Sapy = Sayp. Since uwv € So g and since Sy is
r-Archimedean we have that (5) holds.

Conversely, let statement (5) hold on a semigroup S. If a € S and
x,y € S then by (5) for u = za, v = a, w = yxa®y there exists n € N
such that

(za’y)?" = (raayza®y)" € vayra®yaS C rays.

Also, for u = xza, v = yrayx, w = ay there exists m € N such that
(xay)®™ = (zayzayray)™ € zaayyrayrS C ra’ys.

By Theorem 1 it follows that S is a band of r-Archimedean semigroups.
Now we shall prove that the congruence g defined by (2) is a left normal
band congruence on S. Let a,b,c € S and z,y € S'. For u = za, v = b,
w = ¢y by (5) there exists n € N such that (zabcy)” € zacybS. Hence
(zabey)™ = zacybs for some s € S and (xabey)" ™ = zacybszabcy. By
(5) for u = wac, v = ybsxa, w = bcy there exists m € N such that
(xacybszabey)™ € zxacbcyybsxaS. Now, (zacybsxabey)™ = xacbeyyt for
some t € bszaS. By (5) for u = xach, v = cy, w = yt there exists p € N
such that (zacbeyyt)? € xacbytcyS C xacbyS. Hence

(zabey) " TI™P = (zacybszabey)™ = (zacbeyyt)? € zachys.

Similarly we prove that there exist ¢,r, [, € N such that (macby)(ﬁl)” €
xabcyS. Hence abcpach and p is a left normal band congruence on S. It
follows that S is a left normal band of r-Archimedean semigroups. O

Recall that a band B is a right quasinormal band if efg = egfg for
every e, f,g € B.

Theorem 5. A semigroup S is a right quasinormal band of r-Archi-
medean semigroups if and only if

(6) (Vu,v,w € S)(3n € N) (vvw)" € uwovwsS.

PRrROOF. Let S = |J,cy Sa where Y is a right quasinormal band and
S are r-Archimedean semigroups for each o € Y. If w € S,, v € S5,
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w € 9, then we have uvw € Sogy = Sarypy. Since uwvw € Sy~ We have
that statement (6) holds.

Conversely, let statement (6) hold on a semigroup S. If a € S, z,y €
S then for u = za, v = a, w = yray there exists n € N such that

(ra’y)*” = (zaayra®y)" € zayra*yayra®yS C raysS.
Also, for u = xa, v = yrayzr, w = ay there exists m € N such that
(zay)®™ = (vayrayray)™ € raayyrayrayS C xa’ys.

Hence, by Theorem 1 the semigroup S is a band of r-Archimedean semi-
groups.

Let a,b,c € S, z,y € S'. By (6), for u = xa, v = b, w = cy, there
exists n € N such that (zabcy)™ € zacybcyS and so (xabey)™ = xacybeyt
for some t € S.

Using (6) for u = zac, v = ybeytracy, w = beyt, there exists m € N
such that (zacybeyt)?™=(zacybeytzacybeyt)™ExacheytybeytxacybeytSC
xacbeyS. Thus

)an

(zabcy = (zacybeyt)®™ € zacbeys.

Similarly, by (6) for u = za, v = ¢, w = bey there exists p € N such that
(racbey)?P € xabeycbeyS C xabeysS.

Hence, by (2) it follows that abcpacbc whence p is a right quasinormal
band congruence on S and S is a right quasinormal band of r-Archimedean
semigroups. O

Recall that a band B is a right seminormal band if efg = egefg for
every e, f,g € B.

Theorem 6. A semigroup S is a right seminormal band of r-Archi-
medean semigroups if and only if

(7) (Vu,v,w € S)(3n € N)(vvw)"™ € uws.

PRrROOF. Let S = |J,cy Sa where Y is a right seminormal band and
S, is an r-Archimedean semigroup for every o € Y. Then, for u € S,,
v € Sg, w =5, we have uvw € Sagy = Sayapy- Since vwWUVW € Sayaby,
there exists n € N such that

(vvw)" € uwuvwS C uwS

and so (7) holds.
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Conversely, let statement (7) hold on a semigroup S. Let a € S,
x,y € S'. Then for v = za, v = yrayzray and w = ay there exists n € N
such that

(zray)®" = (vayrayray)”™ € raayS = xa’ys.

Also, by (7) for u = za, v = a and w = yza?y there exists m € N such that
(xa?y)?™ = (zaayzay)™ € xayra’yS C wayS. By Theorem 1 we have
that S is a band of r-Archimedean semigroups. Hence, S = (J,cy Sa, Y
is a band and S, is an r-Archimedean semigroup for all « € S. If a € S,
be Sg, c €S, then abc € Sy, and by (7) there exists n € N such that
(abc)™ € acS. Now, there exists ¢ € S such that (abc)™ = act. If t € Ss
then afy = ayd = ayayd = ayaly. Hence, Y is a right seminormal
band. O

Recall that a band B is a rectangular band if efg = eg for every
e, f,g € B.

Theorem 7. A semigroup S is a rectangular band of r-Archimedean
semigroups if and only if

(8) (Vz,y,z € S)(In € N) (zy2)" € 285, (z2)" € zyzS.

PROOF. Let Y be a rectangular band, S = UaEY S, and S, an r-
Archimedean semigroup for every a € Y. Then for x,y, 2z € S there exists
a,B,v €Y suchthat x € S,,y € Sg, 2 € Sy and xyz € 5,535y C Sapy =
Savs Tz € SaSy € Say. Since S, is an r-Archimedean semigroup, we
have that (8) holds.

Conversely, let statement (8) hold on a semigroup S. Let n be the
relation on S defined by

(9) anb <= (In € N) da" €bS, b" € al.

From a? € aS it follows that 7 is a reflexive relation. Clearly, 7 is a
symmetric relation.
Let a,b,c € S and

anb <= (In € N)a" € bS, b" € aS,
bnec <= (Im e N)b™ € ¢S, ™ € bS.
For k = max{n, m} we have a* € bS, b¥ € aSNcS, c* € bS. Hence, there

exist u,v,w € S such that a* = bu, b¥ = cv, & = bw. Now, by (8) for
x=b, z=u, y = b" there exists p € N such that

(10) (a®)P = (bu)P € bb*uS C b*S C c8S.
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Similarly, by (8) for z = b, z = w, y = b* theren exists ¢ € N such that
(11) (") = (bw)? € bb*wS C *S C aS.

From (10) and (11) for r = max{p, ¢} we have a*" € ¢S, ¢*" € aS and so
anc. Hence, 1 is a transitive relation and it follows that 7 is an equivalence
relation.
To show that 7 is right compatible, let a, b, c € S be arbitrary elements
such that
anb <= (In € N)a" € bS, b" € aS

For z = a, 2 = ¢ and y = a" there exists (by (8)) p € N such that
(ac)P € aa™cS and so (ac)? = aa™cu for some u € S. Now, since a”" = bv
for some v € S we have

(12) (ac)? = aa"cu = a"acu = bvacu.
From (12) for z = b, y = va, z = cu there exists ¢ € N such that
(13) (ac)?? = (bvacu)? € beuS C beS.

Similarly, for x = b, y = b™ and z = c there exists r € N such that
(be)™ € bb"cS and so (be)” = bb"cv = b"bcv for some v € S. Now, from
b"™ = aw, for some w € S we have

(14) (be)” = b"bev = awbew.

From (8) and (14) for x = a, y = wb and z = cv there exists j € N such
that

(15) (be)™ = (awbcv)? € acvS C acs.

From (13) and (15) for ¢ = max{pq,rj} we have acnbc and so 7 is right
compatible.

From anb we have a™ = bs for some s € S, and by (8) for x = ¢, y = a™,
z = a and some m € N it follows that (ca)™ € ca™aS = cbsaS C cbS.
Similarly, (cb)* € caS for some k € N. For r = max{m, k} it follows that
cancb and so 7 is left compatible.

Hence, 1 is a congruence relation.

From (a?)* € aS and a* € a?S we have ana® and so n is a band
congruence relation.

By (8) we conclude that abcnac for every a,b,c € S. Hence it follows
that 7 is a rectangular band congruence on S.

Let S = U,cy Sa, where Y is a rectangular band and S, are 7
classes. If a,b € S,, then b € S, and by (8) there exists n € N such that
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a” € b>S. Now, a™ = b?u for some u € S. If u € Sg, then a"™! = bbua €
bSaSpSa C bSasa = bSs. Hence, S, is an r-Archimedean semigroup and
so the semigroup S is a rectangular band Y of r-Archimedean semigroups
Sa. O

Similarly, the semigroup S is a rectangular band of [-Archimedean
semigroups if and only if for every z,y, z € S there exists n € N such that
(xyz)™ € Sxz, (xz)" € Sxyz. Now, the semigroup S is a rectangular band
of t-Archimedean semigroups if and only if for every x, vy, z € S there exists
n € N such that (zyz)™ € x2S N Szz, (z2)" € zyzS N Szyx.

We remark that Theorem 7 can be proved by Theorem 1. It is easy
to see that n C o where g is defined by (2) on S* and 7 is a congruence
on S.

Ezxample 1. Let S be a semigroup defined by the following Cayley
table:

aef gh
al| eef ef
e eef ef
f eef ef
gl gghgh
h| gghgh

Then S = S, U Sg where S, = {a,e, f}, Sg = {g,h}, Sa585Sa C Sa,
S3SaSs € S and S, and Sz are r-Archimedean semigroups. In this
example the semigroup S is a left zero band of r-Archimedean semigroups.
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