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On Randers metrics of isotropic scalar curvature
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Abstract. In this paper, we study the scalar curvature defined by H. Akbar-Zadeh
in Finsler geometry and obtain the formula of scalar curvature for Randers metrics.
We prove that a Randers metric of isotropic scalar curvature must be of isotropic S-
curvature. Further, we consider Yamabe problem on Randers manifolds and give a
negative answer to Yamabe problem on Randers manifolds with isotropic S-curvature.

1. Introduction

In 1960, in order to solve Poincare conjecture, H. YAMABE considered con-
formal metrics and the following question as the first step (see [3], [10]):

For a Riemannian metric a on a compact manifold M of dimension n > 3,
is there a non-constant smooth real-valued function o = o(x) on M such that the
Riemannian metric @ := e« is of constant scalar curvature?

H. YAMABE attempted to solve this question using techniques of calculus of
variations and elliptic partial differential equations ([10]). He claimed that every
compact Riemannian n-manifold M has a conformal metric of constant scalar
curvature. Unfortunately, his proof contained an error, discovered by N. TRUD-
INGER in 1968 ([9]). Later, because of the outstanding contributions made by
N. TRUDINGER, T. AUBIN and R. SCHOEN, etc., the solution of the Yamabe
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problem has been completed in 1984 (see [3], [7]). The solution of the Yamabe
problem marks a milestone in the development of differential geometry and the
theory of nonlinear partial differential equations.

Finsler geometry is just Riemannian geometry without the quadratic restric-
tion. Hence, it is natural to extend Yamabe problem in Riemannian geometry to
Finsler geometry. To study Yamabe problem in Finsler geometry, the first work
that we have to do is to define scalar curvature in Finsler geometry. However,
there is no unified definition of scalar curvature in Finsler geometry, although se-
veral geometers have offered several versions of the definition of scalar curvature.
Here, we adopt the definition of scalar curvature introduced by H. AKBAR-ZADEH
([1], [2]). For a Finsler metric F' on an n-dimensional manifold M, let Ric denotes
the Ricci curvature of F' (see section 2 for the details). The scalar curvature r of
F is defined as follows ([1], [2]):

r := g Ricj, (1)
where 1
Ricij = §Ricy1ﬂyg‘, (gij) = (gu)il

and g;; = %[Fg]yyj We say a Finsler metric F' to be of isotropic scalar curvature
if there exists a scalar function p(x) on M such that r = n(n — 1)u(z).

Randers metrics were introduced by physicist G. RANDERS in 1941 in the
context of general relativity. Later on, these metrics were used in the theory of
the electron microscope by R. S. INGARDEN in 1957, who first named them Ran-
ders metrics. Randers metrics form an important and ubiquitous class of Finsler
metrics with a strong presence in both the theory and applications of Finsler geo-
metry, and studying Randers metrics is an important step to understand general
Finsler metrics (see [5]). A Randers metric on a manifold M is a Finsler metric
that can be expressed in the following special form:

F:a+/83

where o = /a;;(z)y?y7 is a Riemannian metric and 8 = b;(z)y’ is a 1-form on
M such that the norm of 8 with respect to « satisfies that ||5||o(z) < 1. In this
paper, our main focus is on the Yamabe problem of Randers metrics. Firstly, we
compute the scalar curvature of Randers metrics and get the following theorem.

Theorem 1.1. Let F' be a Randers metric on an n-dimensional manifold M.
If the scalar curvature of F' is isotropic, that is, r = n(n — 1)u(z), then F is of
isotropic S-curvature.

Based on Theorem 1.1, we give a negative answer to Yamabe problem on
Randers metrics with isotropic S-curvature and obtain the following theorem.
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Theorem 1.2. Let F' be a non-Riemannian Randers metric with isotropic S-
curvature on an n-dimensional manifold M (n > 3). Then there is no non-constant
scalar function o = o(x) such that F := e° F is of isotropic scalar curvature.

A Finsler metric is called conformally flat Finsler metric if it is conformally
related to a Minkowski metric. Note that any Minkowski metric has zero scalar
curvature. According to Theorem 1.1 and Theorem 1.2, it is easy to reach the
following result.

Corollary 1.3. Let F' be a conformally flat non-Riemannian Randers metric
on an n-dimensional manifold M (n > 3). If the scalar curvature of F' is isotropic,
that is, r = n(n — 1)u(z), then F must be Minkowskian.

2. Preliminaries

Let M be an n-dimensional smooth manifold and T'M be the tangent bundle.
A Finsler metric on M is a continuous function F' : TM — [0,00) with the
following properties:

(1) Smoothness: F(x,y) is C* on TM\{0}.

(2) Homogeneity: F(x, \y) = A\F(z,y), VA > 0.

(3) Strong convexity/Regularity: the fundamental tensor (gij(x,y)) is po-
sitive definite, where

gis(a9) = 5[], 0.0,

For a given Finsler F' = F(z,y), the geodesics of F' are characterized locally
by a system of 2nd ODEs:

d*z’ i dx
7dt2 +2G (1'7 dt) = 07

where 1
G' = Zgll{[Fz]x’”ylym - [FQ]zl}
G’ are called the geodesic coefficients of F.
For any z €M and y € T,, M\ {0}, the Riemann curvature R,= R’, (, y)% ®
dz* is defined by

0G PG o OGN 0GTG™
ark  dzmayk” Bymayk  aym oyt

Ry (2,y) =2 (2)
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The Ricci curvature Ric(x,y) is the trace of the Riemmann curvature defined by
Ric(z,y) := R";, (2, y)- 3)

Obviously, the Ricci curvature is a positive homogeneous function of degree two
in y. The Ricci tensor is defined by

1
Ricij = §Ricy1yg .

Then Ric(z,y) = Ric;jy’y?. A Finsler metric F is called an Einstein metric if
there is a scalar function p = p(x) on M such that F' satisfies

Ric = (n — 1)uF2 (4)

The scalar curvature of F' introduced by H. Akbar-Zadeh ([1], [2]) is defined by (1),
that is, r := g“/Ric;;. By the definition, a Finsler metric F' on an n-dimensional
manifold is of isotropic scalar curvature if r = n(n — 1)u(x), where u(x) is a
scalar function. Obviously, Einstein metric must be of isotropic scalar curvature.
However, the converse may not be true.

Define the Busemann—Hausdorff volume form of F' by

dVp = opg(x)dz' A--- A da™,

where
Vol (B"(l))

~ Vol ((yl) € R”|F(Jc,yi%) < 1)'

O'BH(.’L') :

Here Vol(+) denotes the Euclidean volume function on subsets in R™. Further,
the distortion of F' is defined by
det (gij(ﬂ%y))

7(z,y) :=1n p—
The distortion 7 is a basic invariant which characterizes Riemannian metrics
among Finsler metrics, namely, 7 = 0 if and only if the Finsler metric is Rie-
mannian. The vertical derivative of 7 on tangent spaces gives rise to the mean
Cartan torsion I = Lidz?, I; = Tyi- The horizontal derivative of 7 along geo-
desics is the so-called S-curvature, S(x,y) := 7| (x,y)y™. In a standard local
coordinate system, we have the following formula for S-curvature:

Gm

oy™

(z,y) — ymi(lnaBH(x)).

S(z,y) == S
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We say that F is of isotropic S-curvature if
S(z,y) = (n+ 1)cF(z,y),

where ¢ = ¢(z) is a scalar function on M.

For a Randers metric F' = « + 8 on an n-dimensional manifold M, we have

(5], [8])

G s g Pat B

g7 = za¥ = Oy + V) + —m— 'y, ()
where b := ||8]|o denotes the norm of S with respect to a. The mean Cartan

tensor I = I;dx’ of F = o+ f3 is given by ([6])

n+1 Byi
I = b — , 6
2F ( o? ) (6)
where y; 1= a;;y7.

Let “|” denote the horizontal covariant derivative with respect to «. Denote

1
rij = (bi; +bj10)s 85 = §(bi\j —bji),

i il Y o pipi
rioi=atry, ri=Vrg, o =0y,

i, il I
sty i=a"siy,  si= sy,
eij = ’I"i]‘ + Sibj + S]‘bi,

— o i il il
Qij =TimS"},  lij = SsimS"}, ¢ i=a"qy, 1 i=a"ty,
g =0qj, ti=0t;, t=tb,

m

._ ._ i
Wij 2= TimT 5, DPj =TS, (7)

and s := s;y", ro0 1= Tijyiyj, €00 ‘= eijyiyja qoo ‘= Qijyiyja ete..
According to [5], we have the following lemma.

Lemma 2.1 ([5]). Let F = a+ 8 be a Randers metric on an n-dimensional
manifold M, then F' is of isotropic S-curvature, S = (n + 1)c(z)F, where c(x) is
a scalar function on M, if and only if

egp = 2c(x)(a2 — 52).
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3. Scalar curvature of Randers metrics

In this section, we compute the scalar curvature of Randers metrics. For a

Randers metric F' = a + 3, the Ricci curvature of F' is given by (see [5])
(8)

Ric = Ricq + (2as'y),,, — 2to0 — %t )+ (n — 1)Z,

where Ric, denotes the Ricci curvature of o and

_ 2« 3 1
== F((JOO —aty) + @(TOO — 2as0)® — ﬁ(TOOIO — 2as0jp)-

Then the scalar curvature of F' is expressed as
o . 1 g L
r = g”Ric;; = (Rlca)ijg” + iEijglj + i(n —1)Z;;97,

where (Ric,);; denote the Ricci tensor of a and

E = 2as”5|m — 2too0 — a2tmm,

[1]

— . e—
— -

El'j = Eyz:yj, ij yiyd -
Now we calculate each term on the right side of (9) as follows. Firstly, we

b2
MRica, (10)

can get
« 200 . i
ra — ﬁ(RlCa)ljb yj + F3

i (VR
(Rlca)ijg =7
where r, denotes scalar curvature of Riemannian metric a. Further, we obtain

the following

. a(n+1
Eijg” =2{F { oS opm — (n+2)t0,
da m 7 .m m bQOé+ﬂ
-5 [s omS + ab's iim — 2to — 5t m] + 27}"3 E} , (11)

where s := f/a.
In order to determine =;;¢", let

A= Too — 20{80, B := ’/‘00|0 — 20[80‘0,

D1 = dqoo — O{to, D .= OéDl.

Bij i= By + 55 + 5, (12)
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where b

—1 «

=y =2 -en], =2(3),

j 7 (@00 — ato) " 7).
3

< <[ipim ], - Q) (2),,

— 1 1

:?j = [2F(T00|0 — 2as0)0 ] ‘ <2> (>
We have

P 2 « D1
=1 i __ m

4o . b2Oé+
—ﬁ [SD1 + Ol((](]()@bz — st — Oét)] +6 5 ﬁ}
4
T { (34 s)D1 + a(qoo.sb’ — sto — at)]
@ i ba+ 8
— 7 [F(sD1 + alqooit' — sto — at) +3D(s +%)] + —— }
.D D |« 9 62a+ﬁ
and
—2 ij 6 [« 7005
=97 = 72 {F [woo -2 02 O _ 2apy + 352 — toﬂ}
2c Va+p8 , 3A (« S0
— 3 Ao = ss0) + AT L+ {2 — (n 1) 2]
20 Vo + B 124 [ [ro0
7ﬁ(7‘07880)+ F3 A}FB{F |: -+ 07(2+8)80i|
@ 2 Va+ 3 3(n—1)A?
5 [F(ro — s50) + A(s + %)) + — } St
942 oy, VPat+p
+21?4{1?(1_1’”1:1] (14)
and
=3 ij 1 |2« S0/0 .
i%e% i b2a + 8
_ ﬁ I:TOO\O“L'b — 2SSO|0 — 2OCSO|O ,Lb :I +6 jat B}

1 « 3T00 0 i ;
+ ﬁ {F |: o | - 2(3 + S)SO\O + TOO\O»ib — 2()(80‘0.ib :|
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_|_
— o [F(Too‘o ,Lb — 28080|0 — 20[80‘0 bl) =+ 3B(S + b2)] + 3 a BB}

F? F3
n—1 2B o DPa+p

Plugging (10)—(15) into (9) yields the expression of scalar curvature for Randers

metric ' = a + B as follows,

(0%

F 4F5{Zl —|—EQOZ} (16)

r =
where
S = {[ — 128"+ 24¢™, — 485" b’ + 16t — 8(2n + 3 + 20%)t™, ] 8
—4(n — 7466 )tg + 4r Ojm + 27 m|0+4(n+1—|—4b2) Ojm
— 8(Rica) by — 12507, — 16d00.1° — 24po + 8sojo.ib' }a4
+ {801 = 2)t7, — 165717 + 8¢7, — 4577, 5°
+ [4(29 — 5n)to — 24qo0.b" + 16b°5",, + 12175, + 61" o — 24po

+ 245"G,,,n — 24(Rica), byl — 12507, + 85 ojm T 8S0j0- Zb '18°
+ [2(n + 5 + 6b)(2q00 — soj0) + 12ro0r", + 24woo + 725070
— 16(1 + 26%)tgo + 12(n + 20)s5 + 8Ricab® — 8rgg)o.ib° + 4Ric,] B
— (n+3 = 6b%)ro0p0 + 6(n — 29 — 12b%)rg0s0 — 36r00r0}a2
+4(n — 3)3"6|m64 + [4(n — 3)qoo — 16teg + 4Ric, + 2(1 — n)spp) 8
+ [(3 = n)roojo +6(1 — n)rooso],@2 +3(18 — n)rgoﬁ

and

To i = {807 — A(n+ 24+ 20", — 4", + 4L+ 1657, b' o

" {[24q":” +126 — 1257, — 8(3n + 2+ bB2)t, — 48, b 5
+ [ —8(2n + 3b* — 10)tg — 24(Rica),;b'y’ + 16(n + 1+ 2b%)s7y,,
+ 61710 — 24507, + 12775, — 40qo0. ib" — 48pg + 1650)0.,b"] B
— Arg0)0.ib" + 12woo + 19257 + 24b>qoo + 6roor", + 725070 + 4Ric,b?
— 126500 — 166200 + 72b250}a + [42 = n)tm ] B
+ [8(8 = n)to + 16(n — 1), + 21" o + 417G, — 8(Rica), by’ ] 5°
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+ [8(n + 1)goo — 16(2 + b*)too + 4Ricab” — 4(n + 2)spp0
+ 67r90r™, + 12(n — 2)s3 4 12wgo + SRic, — 4r00‘0.ibi} 52
+ |: - 2407’0080 + 6b27’00|0 - 367"007"0 - QTLTO()‘O]IB - 3(n - 12— 6b2)r30.

It is clear that 3; and X5 are homogeneous polynomials of degree 5 and 4 in y,
respectively.

4. Proof of Theorems

In this section, we will prove Theorem 1.1 and Theorem 1.2 respectively.

PROOF OF THEOREM 1.1. Assume F = «a + (8 is a Randers metric with
isotropic scalar curvature.
Note that

Too0 = €go — 25003, (17)
and then

To0jo = €000 — 20(0/3 — 2S0€00 + 4575. (18)

Then plugging (17), (18) into (16) and multiplying (16) by (a + 3)°, one has
(a+)°r =T 4 oo, (19)

where I'; and I'y are polynomials in y.
By direct computation, we can find that

[y — Ty = —18(1 — b?)Be2, + (a® — 52)Hooo, (20)

here Hygp is a polynomial of degree 3 in y.
On the other hand, by assumption, we have

r=n(n—1)u(z). (21)
Then

(a+ 8)°r = n(n — 1)u(x)( +Taa), (22)
where
I : = 508 + 10233 + 35,

I, : = a* 4+ 10a28% + 552,
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It’s easy to obtain
o3 — 11, = —4(a® — B?)(a® + B%)B. (23)
Comparing (19) and (22), we have the following
Iy =n(n—1Dp(@)y, Ty=mn(n—1)pu(z)l.
Then by (20) and (23), we have

18(1 — 0?3y = (a2 — 82){Hogo + dn(n — Dp(x)(a® + 6B}, (24)
It is well-known that b := ||3||2 < 1 for Randers metric F' = a+ 3. Because o —
B2 is an irreducible polynomial in ¥y, ego must be divided by o? — 82. Therefore,
there is a scalar function ¢ = ¢(x) such that

eoo = 2¢(a® — B?). (25)
By Lemma 2.1, F is of isotropic S-curvature. (|

As we mentioned in Section 2, Einstein metrics must be of isotopic scalar
curvature but the converse may not be true. Hence Theorem 1.1 generalizes a
result given by D. BAO and C. ROBLES in 2004 which says that any Einstein—
Randers metric is of isotopic S-curvature.

Next, we prove Theorem 1.2.

PROOF OF THEOREM 1.2. Assume that F' is a Randers metrics of isotropic
S-curvature,
S=(n+1)ux)F. (26)
If Randers metric F' := e F is of isotropic scalar curvature, where o = o(z) is a
scalar function, then by Theorem 1.1, F is of isotropic S-curvature,

S=(n+1)A(x)F. (27)

According to [4], for any Finsler metrics F and F := e F, their S-curvatures
have the following relationship
S=S+F%"I,, (28)
where 0" := ¢g"J0;, 0; 1= % and I, is the mean Cartan tensor of F.
Substituting (5), (6), (26) and (27) into (28), we have

1
- 2(7:1716){(—7 +2Xe” = 2p)a” + (=7B + 4Xe” B — 4pf + oob’)ar

(20782 = 2% + 00B) | =0, (29)

where o¢ 1= 0,9, 7 1= a”0;b;.
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From (29), we obtain
(=7 +2Xe” —2u)a? + (2Xe” B — 2uB + 00) 3 = 0, (30)

and
—7B 4 4Xe® B — 4uf + opb® = 0. (31)

Since a? is not reducible, by (30), we have

2Xe? =7+ 2u (32)
and
2Xe?B —2uB + op = 0. (33)

Plugging (32) into (33) and (31), we get
8 = —09, T8 =—b’0y.

Then (1—b%)0¢ = 0. However, we know that, for regular Randers metrics, b* < 1.
Therefore, og = 0, which implies that o is a constant. ([l
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