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Some remarks on Rizza—K&ahler manifolds

By TADASHI AIKOU (Kagoshima)
Dedicated to the 90th birthday of Professor Lajos Tamdssy

Abstract. In the present paper we prove that if an almost complex structure J on
a Finsler manifold (M, L) is parallel with respect to the Berwald connection D of (M, L),
then (M, L) is a Berwald space. Furthermore, in this case, the Berwald connection D is
induced from the Levi—Civita connection of a Kéhler metric on M.

1. Introduction

Let M be an n-dimensional smooth manifold, and 7 : TM — M its tangent
bundle. We denote by V' := ker{dn : TTM — TM} the vertical subbundle over
TM. Since the quotient bundle TTM/V is isomorphic to the pull-back bundle
7T M, we obtain the following short exact sequence of vector bundles:

0 V s TTM —" s o TM —— 0, (1.1)
where ¢ : V < TTM is the inclusion, and dr := (m,dm).

Let y € T, M be a tangent vector at * € M, where T, M = 7~ '(x) is the
tangent space at * € M. Then the pair v = (z,y) denotes a point in TM.
Since every subspace of T, TM complementary to the fibre V, at v € TM is
mapped isomorphically onto the tangent space Tr(, M, there is no canonical

choice of a subspace H,, complementary to V,,. Thus we shall fix a complementary
subspace at each point v € TM. An Ehresmann connection for T M is a subbundle
H C TTM complementary to V.

Mathematics Subject Classification: 53B40.
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Definition 1.1. An Ehresmann connection H of a vector bundle T'M is called
a nonlinear connection for T M if it satisfies the following conditions:

(1) The distribution H : TM 3> v — H, C T,TM is smooth on TM\{0;;} and
is continuous on the whole of T'M, where 0); is the zero section of TM.

(2) The distribution H is invariant under the action m of R on TM defined by
m)\(v) = (x’ A y)a i'e'7
dmy(H,) = me(v) (1.2)
for any A € R and v = (z,y) € TM.
Remark 1.1. If H is smooth on the whole of T'M, then it is called linear.

Alternatively, a non-linear connection is defined as a V-valued 1-form 6 on
TM satistying 0(Z) = Z for any section Z of V. Thus 6 is a splitting of the exact
sequence (1.1):

0O

L —_—~
TTM —S— *TM 0.

|4

The Ehresmann connection H = ker(f) is also called a horizontal subbundle of
TTM.

The action m of R on T'M induces the so-called Liouville vector field £ by
Eulf) = | fma(w)), feO¥(TM). (13)
Considering £ as a section of V', we call it the tautological section of V.

Let 6 be a nonlinear connection for M. A vector field X in M is parallel
along a regular curve c : [a,b] — M with respect to 6 if it satisfies the ordinary
differential equation

(Xoc)*0 =0, (1.4)
or, equivalently, its velocity vector field (X o ¢)’ is always horizontal, i.e.,
(X 0c)(t) € Hixoc)t) for all t € [a,b]. Equation (1.4) has a unique solution X,
for each initial value v € T{c(q)M, on which it depends smoothly. The parallel
transport Py : TeqyM — Tey M defined by

Pey(v) = Xy (1) (1.5)
has the homogeneity property
Pc(t)()\ . 1)) = )\ . Pc(t) (v) (1.6)

for any v € TM(,) and A € R, where we write A - v := m(v) for simplicity. The
parallel transport P is a diffeomorphism between the fibres, but not a linear
isomorphism in general. A nonlinear connection is linear if and only if P,y is
a linear isomorphism between the fibres for every curve ¢ : [a,b] — M and all
tela,b).
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2. Canonical connection

Let in the sequel A*(F) be the space of all k-forms with values in a vector
bundle F. Then, in particular, A°(F) = I'(F) denotes the space of all smooth
sections of F.

If a nonlinear connection 6 is specified in T'M, then there exists a partial
connection § : I'(V) — I'(V ® H*) along H = ker(#) in the bundle V', where H*
is the dual bundle of H. Moreover, any partial connection § can be extended to
a connection D : I'(V) — I'(V @ T*T' M) so that the diagram

rw) b

r(VeTTM)
1®p

v eHY)

is commutative, where p : T*TM — H* is the natural projection and T*TM is
the dual bundle of TT M (see [Ba-Bo]).

We suppose that a nonlinear connection 6 is given in TM. Since we do
not assume the differentiability of 6 over 0j;, the parallel translation P, along
any curve ¢ in M is compatible only with the scalar multiplication, but not
with the addition in general. Therefore we can not define a connection V on
TM from a nonlinear connection # in general, however, we can show that any 6
induces a connection D on the vertical subbundle V as the extension of a partial
connection 4.

A connection D in the bundle V is usually defined to be a covariant derivative
in V, i.e., as a homomorphism D : I'(V) — AL(V) satisfying the Leibniz rule

D(f-Z)=df ® Z+ fDZ

for all f € C®°(TM) and £ € I'(V). We shall now introduce a connection D
associated with a given nonlinear connection 6.

Since the vertical subbundle V' is isomorphic to the induced bundle 7*T M,
any vector field X in M is naturally lifted to a section XV € I'(V'). The section
XV is defined as the vector field which is tangent to the curve c(t) = (x,y+tX (z))
in the fiber T,M at t = 0. The map T,M > X(z) — XY (v) € V, is an
isomorphism. The vector field XV is called the wvertical lift of X. In the sequel,
we use the superscript V for the vertical lifts of vector fields on M.

On the other hand, for any vector field X in M, there exists a section X
of H such that dm,(X*) = X, (,) at any point v € TM. The vector field X* on
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the total space T'M is called the horizontal lift of X. In the sequel, we use the
superscript H for the horizontal lifts of vector fields on M.

Since any vector field Y on M is a smooth map Y : M — TM such that
moY =id, its derivative dY, : T, M — Ty (,)T'M satisfies

oo (8)-(5)) -

for any regular curve ¢ in M. Then it is easy to check that

dc v de\"
dY (dt) = L(dc/dt)HY + (dt)

holds, where £y = denotes the Lie derivative by X*. Then, since H = ker(#), we

have
oo d v (de\" v
(Y e} C) 9 a = 9 ['(dc/dt)HY + E = 9 (['(dc/dt)HY ) y

and thus Y is parallel vector field on M with respect to 6 if and only if
0(LxuYV)=0
forall X € I'(TM). Hence, it is natural to define a partial connection § : I'(V') —
I'(V @ H*) by
dxZ:=0(Lx2)=0(X, 2] (2.1)
forall Ze I'(V) and X € I'(H).

Since the vertical subbundle V is relatively flat, the partial connection § may
be extended to a connection D of V' so that the covariant derivative along V is
flat, i.e.,

DzXV =0 (2.2)

forall Ze I'(V) and X € I'(TM).

Definition 2.1. The connection D : ['(V) — I'(VQT*TM) := A} (V) defined
by (2.1) and (2.2) is called the canonical connection on V associated with the given
nonlinear connection 6.

From the definition of £ and (2.2), we have Dz€ = Z for all Z € I'(V), and
the homogeneity condition (1.2) implies Dx& = 0 (LxE) = 0 (—LgX) = 0 for all
X € I'(H). Therefore the given nonlinear connection 6 is recovered by D.

Proposition 2.1. The canonical connection D associated with 6 satisfies
DE=14 (2.3)

for the tautological section £ of V.
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3. Finsler manifolds and Berwald connections

In the sequel of this paper, we use the chart (7=1(U), (2%, y%)1<i<n) in TM
induced by a chart (U, (z%))1<;<n in M, where y', ..., y" are the fibre coordinates
in each T,M,peU.

Definition 3.1. A function L : TM — R is called a (real) Finsler metric if it
satisfies

(1) L is continuous on the total space TM, and is smooth on the slit tangent
bundle TM\{0ps},
(2) L(v) > 0 for every v € TM, and the equality holds if and only if v = 0,
(3) L(M\-v) = AL(v) for every v € TM and X € RT,
(4) L is strongly convex, i.e., the Hessian (G;;) defined by
1 9%L?
2 0y oy’
is positive definite at each point of 7=1(U).
Then the pair (M, L) is called a Finsler manifold. The Minkowski norm of v €
TM is measured by ||v|| = L(v).
The equation of a geodesic in (M, L) is given by

2t
ds?

+ 2G" (x d‘”) =0, (3.2)
ds

where s is the arc-length with respect to the Finsler metric L, and

;1 im (OGjm | OGmr  OGi\ ; y
G_4ZG (3xk+8xj &Tm)yy'

Then the velocity vector field of the natural lift ¢ = (¢, ') of a geodesic ¢ is given

by
|0 oG" dz\ 0
~ il Y v ety v ’
¢ Zy [896-7 Z Oyd <x, ds) Byi] (e,€)-
We define a nonlinear connection 6 so that ¢’ is horizontal, i.e., by
0 , 0 , . ,
=3 57 ©0 = 3 57 © (dy’ +3 Ni(z,y) dxﬂ) , (3.3)

where the coefficients N} are given by

. 0Gt 1 i [ OGjm  OGmir  0Gjp
Ni.— 27 = im J w2 k. A4
TTooyh 2 Z ¢ ( Ok + O’ Oz™ > Y (34)




110 Tadashi Aikou

Definition 3.2. The nonlinear connection 6 defined by (3.3) is called the Ber-
wald nonlinear connection of (M, L). The canonical connection D associated with
the Berwald nonlinear connection 6 is called the Berwald connection of (M, L).

The connection forms w} of D with respect to the local frame field
(0/0y")1<i<m of V are given by w’ = 3 F;kda:k with the coefficients

L _on
=y

0 ON}
(315") ’ > Ay 32/

In the case of TM, both V and H are 1somorph1c to the bundle 7*TM
induced from T'M via w. Therefore the derivative dm of 7 can also be considered
as the projection from T(TM) onto V with ker(dm) = V, and thus dr can be
interpreted as a section of A'(V) given locally by

o
dr = Z oy ® dz’.
From (3.4) and (3.5) we obtain

In fact, from (2.1)

0
D((")/Bzi)Haiyj =

Proposition 3.1. The Berwald connection D satisfies
Ddr = 0. (3.6)

Any Finsler metric L defines a Riemannian structure G on the vertical sub-

bundle V' by
g 0

The homogeneity assumption for L implies L? = G(&,&) for the tautological

section £. Then, by the definition of the Berwald nonlinear connection 6, we
have X(L?) = 0 for all X € I'(H). Thus L is constant along the horizontal
subbundle H, i.e.,

X(L)=0 (3.8)
for all X € I'(H).

Since the vertical lift XV is related to the horizontal lift X by

V = dn(xH),
(XH YH] - [X,Y]H € [(V) implies dn([XH,YH]) = dr([X,Y]") = [X,Y]V
and thus (3.6) implies

DxuYV — Dyu XV =[X,Y]V (3.9)

for all X,Y € I'(TM).
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4. Landsberg spaces and Berwald spaces

The specific goal of this section is to recall some facts on Landsberg spaces
and Berwald spaces which we need later on (see, e.g., [Ai3], [Ai-Ko], [Ic1], [Sz] for
details).

Let (M, L) be a Finsler manifold, and let (¢;) be the local flow generated by a
vector field X in M , and (¢ ) the flow of the horizontal lift X of X with respect
to the Berwald nonlinear connection 6. From (3.8), we have %}tzo (eH*L = 0.
Therefore ¢} preserves the indicatrix I, = {y € T,M | L(x,y) = 1} for all
r e M:

Iw(r) = ‘Pf]([w)' (4.1)

Since each fibre V() over (z,y) € T'M is the tangent space T, (T, M) of
T.M at y € T, M, each fibre T,,M is a Riemannian space endowed the metric
G, = G | T,M. A Finsler manifold (M, L) is called a Landsberg space if the
parallel transport P, along any curve c¢ in M is an isometry from the initial
Riemannian space (T¢(q) M, Ge(q)) to (TeyM, Geyy) for all t € [a,b]. Thus (M, L)
is a Landsberg space if and only if

LxnG = 4

H\ % _
4| elra=o (1.2

for any X € I'(TM). By the definition of D, this condition is equivalent to
DxuG =0 (4.3)

for all X € I'(TM) (see [Ai-Ko]).
On the other hand, a Finsler manifold (M, L) is called a Berwald space if the
parallel translation P, is an isometry between the normed tangent spaces, i.e.,

[v = wl| = || Pery (v) = Pegy (w)| (4.4)

is satisfied for all v, w € T,()M and t € [a,b] (see [Ic1]). Then, by a well-known
theorem due to SzZABO [Sz], the Berwald connection D of a Berwald space (M, L)
is induced from the Levi-Civita connection V9 of a Riemannian metric g on M,
ie.,

DxnYV = (V%Y)" (4.5)

for all X,Y € I'(TM).
Since we have G(€,€) = L?, the tautological section £ is a unit vector at
every point y € I,. Further, the gradient vector field of the level hypersurface
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I, C T, M is given by
im OL 0 1 im OL? (0
2" gy <5yi> =20 2" gy <5yi)
_1 im0 _ 15,9
_ZZG Gimy <3y1> - Lzy Ay

at each point of I,. Thus £ may be considered as the outward-pointing unit

normal vector field of the indicatrix I,. Hence, for the volume form dy =
Vdet G dy' A --- A dy™ on each tangential Riemannian space (T,M,G,), the
(n — 1)-form

dpr = o(E)dp = Z(—l)j_lyj\/detG dy' A Adyi A dy” (4.6)

defines a volume form of each indicatrix I,, and the volume vol(I,) of I, is given

by vol(I) = [, dur.
The averaged Riemannian metric of G is a Riemannian metric g on M defined
by

1
X,Y) = GXV, YY) d 4.7
g( ) ) VOI(I;I;) /Iz ( ) ) ur, ( )
and the averaged connection of D is a linear connection V on T'M defined by
1
V,Z)=——— | G(DxuY"V,Z") d 4.8
g(vX ) ) VOI(II) /[T ( XH ) ) K ( )

for all X|Y,Z € I'(TM), respectively (see [Ma-Ra-Tr-Ze], [To-Et]). Since £ satis-
fies (2.3), we have

Lemma 4.1 (cf. [Ai-Ko]). If (M, L) is a Landsberg space, then
Lxndur =0 (4.9)

for every X € I'(T M), and therefore the volume of the indicatrix I,, is constant.

From Lemma 4.1 we conclude that

X(/I fdm) :/I EXH(fd/n)=/Iw X7(f) dur

for all X € I'(TM) and f € C(TM) if (M, L) is a Landsberg space. This
identity implies that V is compatible with the averaged metric g. Further, (3.9)
implies that V is torsion-free.
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Theorem 4.1 ([Ai3]). If (M, L) is a Landsberg space, then the averaged
connection V of D is the Levi-Civita connection of the averaged Riemannian
metric g of G.

In particular, if (M, L) is a Berwald space, we have the the following well-
known result.

Theorem 4.2. ([Sz], [Vi]) If (M, L) is a Berwald space, then the Berwald
connection D is induced by the Levi—Civita connection V9 of the averaged Rie-
mannian metric g of G, i.e., D is given by (4.5) for all X, Y € I'(TM).

5. Rizza—Kahler manifolds

In the sequel of this paper we assume that (M, L) is a 2n-dimensional Finsler
manifold which admits an almost complex structure J, i.e., an endomorphism .J
of TM such that J o J = —I, where I is the identity morphism of T'M.

Definition 5.1 ([Ril], [Ic3]). A Finsler metric L is called a complex Finsler
metric or Rizza metric if it satisfies

Lo(al +b))X =+va?+b> Lo X (5.1)

for all X € I'(TM) and a,b € R. Then the triplet (M, J, L) is called a Rizza
manifold.

Example 5.1. Let h be a Hermitian metric on an almost complex manifold
(M, J). Forany X € I'(TM), we put LoX = /h(X, X). Then, since h(JX, X)+
h(X,JX) = 0 is satisfied, it is easily checked that L satisfies (5.1). Thus Rizza

manifolds are natural generalizations of Hermitian manifolds.

Let ¢¢ be the endmorphism of T'M defined by ¢y = cosf - I + sinf - J for
each 0 € R. Then we can write assumption (5.1) as L o ¢9X = L o X for any
0 € R. By direct calculation, we have ¢g, © ¢pp, = ¢g,+0, for all 81,602 € R. Using
this fact, we obtain

Theorem 5.1 ([Ic3], [Ril]). For any Finsler metric L on an almost complex
manifold (M, J), the function Lo X = (& fo% f(d)gX)de)l/z defines a Rizza
metric on (M, J).

The almost complex structure J of T'M is lifted to that of V:

JVXV .= (Jx)V (5.2)
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for any X € I'(TM). Suppose that JV is parallel with respect to the Berwald
connection D:
DJV =0. (5.3)

From the definitions of D and JV, it is obvious that DzJ" =0 for all Z € I'(V).
Thus this assumption is equivalent to

DxJV =0 (5.4)

for all X € I'(H). Since the Kéhler condition in [Ic4] implies (5.3), the class of
Rizza manifolds satisfying (5.3) includes the class of Kaehlerian Finsler manifolds
in [Ic4]. To distinguish our Kéhlerity from that of [Ic1] or [Ab-Pa], we use a new
terminology:

Definition 5.2. A Rizza manifold (M, J, L) is said to be Rizza—Kdhler if (5.3)
is satisfied.

Remark 5.1. Since the Kihler condition in [Le-Wo] implies the corresponding
condition in [Ic4], our Rizza—K&hler manifolds are defined in wider sense than that
of [Le-Wo]. A complex manifold M with a normal (a, b, f)-metric L discussed in
[Ic-Ha] is an example of Rizza—Kéahler manifolds.

The integrability tensor for J is the Nijenhuis tensor field N; given by
Ny(X,Y) == [X,Y] + J[JX,Y] + J[X,JY] — [JX,JY] for all X,Y € I'(TM).
From (3.9), the assumption (5.3) implies
(N(X, Y)Y = (X, Y]+ J[JX, Y]+ J[X,JY] - [JX,JY]V

=X, YV +7VIx, V)V + VX, IV - [JX,JY]V

=DxuY" = DyuX" +J" (Dyxyn YV = Dyu(JX)")
+JY(Dxn(JY)Y = Diyyyn XV)= Dyxyn (JY)V + Diyyyn (JX)Y

=DxuYV = DyuX" +J"D;xyu YV + Dyu X" — DxuY"
—JVDyyyu XV = JVDyxynYY + TV D(yyyn XV =0

for all X,Y € I'(T'M). Thus N; = 0, therefore J is integrable.

Proposition 5.1 ([Ic4]). If the Berwald connection D satisfies (5.3), then J
is integrable, i.e., (M, J) is a complex manifold.

Remark 5.2. This proposition was first proved by ICHIJYO [Ic4] in terms of
the Cartan connection of (M, L). The essential fact we need in the proof above
is the condition (3.9) of D.



Some remarks on Rizza—Kéahler manifolds 115

We suppose that (5.3) is satisfied. Since (M, J) is a complex manifold, we
identify T'M with the holomorphic tangent bundle over (M, J). Then each fibre
T,.M over x € M is a complex manifold with complex structure J,. Since
Lxu(JY)V, JV(LxuYV) e (V) for all X,Y € I'(TM), we obtain
(DxuJVYYV)=Dxu(JVYV) = JV(DxuYV) = (LxuJV)YV.

Proposition 5.2. If (M, J, L) is a Rizza—K&hler manifold, then

LxuJV =0 (5.5)
for all X € I'(TM).

A real vector field X on a complex manifold (M, J) is real holomorphic if
X0 = (X — /=1JX)/2 is a holomorphic vector field on (M, J). A vector field
X is real holomorphic if and only if the flow (¢;) generated by X is a holomorphic
map of (M, J), i.e., dp;oJy = J,, (z) 0 dypy is satisfied for every z € M. Thus X is
real holomorphic if and only if LxJ = 0, i.e., X is an infinitesimal automorphism
of J.

Let X be a real holomorphic vector field on a Rizza—K&hler manifold (M, J,L).
Then, since (5.5) implies dp{’ o Jy" = J7 ) o dp{!, the flow i’ : T, M\{0} —
T,, () M\{0} generated by the horizontal lift X H of X is a holomorphic map for
every x € M.

Theorem 5.2. If (M, J,L) is a Rizza—Kéahler manifold, then (M,L) is a
Berwald space.

PRrROOF. Let i : T,M\{0} — T,,)M\{0} be the flow generated by the
horizontal lift X of any real holomorphic vector field X. By Proposition 5.2, each
¢! is a holomorphic map. Since we are always concerned with M of dim¢ M > 2,
the isolated singularity {0} of ¢ is removable by Hartogs’ theorem (see, e.g.,
[Hu]), and thus each I may be extended to a holomorphic map on the whole of
T. M for every x € M.

Let n% =y ++v/—1y® (1 < a < m, (a) = m+a) be the complex coordinates
on each fiber of the holomorphic tangent bundle over (M, J) naturally induced
from the given local complex coordinate system (z!,...,2™) (n = 2m) on M.
Denoting by N the coefficients of the Berwald nonlinear connection H in the
complex coordinate system (2%,7?) in TM, the horizontal lifts (0/92°)7 of the
members of the local frame field (9/02°)1<p<m are given by

) L0
(a) =53~ 2 Mg
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where the coefficients N are holomorphic in = (n',...,n™). Further, the
relations between the coefficients Nj’f and N are given by N := N + v—lNéa)
and

, Ny N
(N}) = 1<i, j<n=2m.
-N Ny
The power series expansions of N(z,7n) with respect to (n',...,n™) are of the
form
NeGm) = Y N ()0 (™),
C1yeesCm >0
and thus

N;,l(l',y) + \/leéa)(x,y)
— ZNZ;ICI"'CWL (Z) (y1 + \/jly(1)>cl o (ym + \/j].y(m)>cm '

Since the real coefficients N;f satisfy the homogeneity condition N JZ omy = AN ]’
for all A > 0, the surviving terms in the RHS of the above relation are given by
ci+ - +eym =1

Vg () + V=INS (0,y) = YN 2) (57 + V-1y®)).
If we put V2 (2) = I':(z) + \/jlfb(g)(w), then we obtain

> N(e) (v VT ) = 3 (Bate)y — 0 @)@
VY (M) + 00 @)ye)
Consequently we have

Ny =Y (szcyc _ Fb(f)y(c)) LN =Y (F&y(c) n Fb(f)yc)

This shows that the real coefficients N;f are of the forms N;f =5 ijyk, and the
coefficients IV J’ of H are polynomials of degree one in (y',...,y™). This shows
that (M, L) is a Berwald space by SzABO’s theorem[Sz]. O
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6. Kahler metrics associated with Rizza—Kahler metrics

Let (M, J,L) be a Rizza manifold. If the metric G on V defined by (3.7)
satisfies the Hermitian condition

GJVZ,JVW) =G(Z,W) (6.1)

for all Z,W € I'(V), then L is the norm function L(z,y) = /D ¢ijy'y’ of
certain Riemannian metric g = Y g;;dz’ ® da? (see [He], [Ic4]). Thus, in [Ic4],
the following Riemannian structure K on V has been introduced:

K(ZW):= - [GEZW) +GJYZ2,J"W)], (6.2)

1
2
where Z,W € I'(V). Obviously, K satisfies the Hermitian condition, but K is
never obtained from a Finsler metric. Hence K is a generalized Finsler structure.
If (M, J, L) is a Rizza—Ké&hler manifold, then (4.3) and (5.3) show that the Berwald
connection D of (M, J, L) satisfies

DyuK =0 (6.3)

for all X € I'(TM). The aim of this section is to show that D is induced from
the Levi-Civita connection of a K&hler metric on (M, J).

Let (M, J, L) be a Rizza—Ké&hler manifold. Then, from Theorem 5.2, (M, L)
is a Berwald space, i.e., the Berwald connection D is induced from the Levi-Civita
connection V9 of the averaged Riemannian metric g defined by (4.7). Further,
from (4.5), we obtain

(V%0)Y]" = (DxuJV)YY =0

for all X,Y € I'(TM), and thus VY is a complex connection of (M, J).
Let k be the averaged Riemannian metric of K:

kE(X,Y ! / K (XY, YY) du;. (6.4)

)= vol(T,) J;.

Theorem 6.1. Let (M, J,L) be a Rizza-Kéhler manifold. Then (M, L) is
a Berwald space, and its Berwald connection D is induced from the Levi—Civita
connection of the averaged Kéahler metric k on M.
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PROOF. First we show that the metric k is a Hermitian metric on (M, J).

Indeed, from the definitions of K and k, we have
EJX,JY)= —— [ K(JVXY,JVYV)d
X TY) = o) /I ( ’ ) dur
1

_ vol(Im)/I K (XY, YY) dus = k(X,Y).

Furthermore (4.5) implies

1

k(VzX,Y) = wol(d )/1 K ((VEX)V, YY) dus
1

= K(DyuXV.YV)du;.

vol(I) /Iz ( z ’ ) pr

Then from (6.3) we obtain

(VZR)(X,Y) = Z (k(X,Y)) = k(VZX,Y) — k(X, VZY)

1
= / (ZP"K(XV, YY) = K(DzuX",YV) = K(X,DzuY")| dus
VOI(II) I
1
=—— | (DzuK)(XV,YV)du; =0.
vol(Z,.) /Im( zn ) { ) du
Since VY is torsion-free, k is a Kéhler metric on M. O

Therefore, if (M, J, L) is a Rizza-Kéahler manifold, then (M, J) is a Kédhler
manifold. As is well-known, since a Hopf manifold never admits any Ké&hler
metric, there exists no Rizza—Ké&hler metric on such a manifold. However, any
Hopf manifold admits a locally conformal K&hler metric ([Va]). Hence, in the
next section, we shall consider conformal changes of Rizza metrics.

7. Locally conformal Rizza—Ké&hler manifolds

First define the operator dy : L — dy L for a Finsler metric L by
i(X)dyL = X" (L), X eI(TM), (7.1)

where X is the horizontal lift of X with respect to a linear connection V. A
Finsler manifold (M, L) is said to be locally conformal Berwald (l.c. Berwald in
short) if there exists a torsion-free linear connection V on T'M such that

dyL=B®L (7.2)
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for a closed 1-form S on M ([Ail], [Ai3]). Such a space is a special type of the
so-called Wagner spaces (see [Ha-Ic]).
Let (M, J, L) be a Rizza manifold. We consider a conformal change

L% = e L (7.3)

of L by a local function o, defined on an open subset U, C M

Definition 7.1. A Rizza manifold (M, J, L) is called a locally conformal Rizza—
Kahler manifold (l.c. Rizza—Kdhler manifold in short) if there exists an open cover
(Ua)aca of M and a family (04 )aca of functions o, : U, — R such that all L*’s
are Rizza—Kaéahler metrics on U,.

From Theorem 5.2, the Finsler metric L® is a Berwald metric on U,. Since
the Berwald connection D of L satisfies D®J"Y = 0, Proposition 5.1 implies
that J is integrable, and thus (M, J) is a complex manifold.

For the Hermitian metric K on V defined by (6.2), we denote by K< the
Hermitian metric on V' | 77 1(U,) obtained by the conformal change K* =
€29 K. Then the averaged Riemannian metric k% of K¢ is defined by

1

XY = e

/ K (XY, YY) dpse

for all X,Y € I'(TM), where I = e~ %=1, is the indicatrix at x € M with respect
to L*, and dpye is the volume form on IS

dpre = Z(—l)i‘lm widwt A Adwi A A dw™
=" (—1)" 'V det G w'dw' A- o Adwi A A dw™

at w = (wl,...,w") € I, where G® is the metric obtained by the conformal
change G = €2°«(@. Since the isomorphism v, : (ToM,G,) > y — Vo (y) =

e %y e (T, M,GY) is an isometry, we have

Gi(dpge) = "N "(—1)"7/det G o o e yldyt A Adyt A Ady”
=Y (=1)"Wdet G yldy' Ao Ady' A Ady" = dp,

which implies vol(I2) fla dure = [; ¥5(dpre) = [; dur = vol(I;). Thus the
averaged Riemannian metric k% obtained from K® is given by

1

YY) = vol(12) Jre

KXV, YV)duze
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1
= KxV,yV
vol(I,) /IT (KXY 0 o) dus
620& Vv |4 20
_VOI(II)/]IK(X YY) dur = €27 k(X,Y)

for all X,Y € I'(TM), i.e., k* is given by the conformal change
k* = e*ok (7.4)

for the Hermitian metric k defined by (6.4). From Theorem 6.1, the metric k*
is a local Kéhler metric for all & € A. Since the Kéhler form 2% of k“ is given
by 2% = e??=() for the one {2 of k, we obtain df2 = —2do, A £2 and, hence
(doo — dog) A £2 = 0. By the non-degeneracy of {2, we have do, = dog on the

intersection U, NUg # ¢. Therefore the family (doy)aca of exact local one-forms
do,, glues up to a global 1-form 87, on M which implies df2 = =28 A §2. Thus
(M, J, k) is an l.c. Kéhler manifold ([Val]).

Theorem 7.1. Let (M, J,L) be an l.c. Rizza—Ké&hler manifold. Then the
associated Hermitian manifold (M, J, k) is an l.c. Kdhler manifold.

Let V* be the averaged connection determined by the local connection D¢
with respect to the local metric G* by the formula (4.8). Since each local con-
nection V® is compatible with the local Kahler metric £, we have

0= V%* = €27 (2do, @ k + V°k),
and thus we obtain
Ve = *QBL R k.

Therefore V* is the Weyl connection of (M,k) with the Lee form /51 of the
conformal class represented by k. The uniqueness of the Weyl connection implies
that the local connections V¢ glue up to a global torsion-free linear connection V.
Since each local connection D? is induced from V%, the connection V¢ satisfies
dyL* =0, i.e., dyaL = —do, ® L. Hence we obtain

dyL=—-BL®L (7.5)
on M. Therefore we have

Theorem 7.2. If (M, J, L) is an lLc. Rizza—Kéhler manifold, then the un-
derlying real Finsler manifold (M, L) is Lc. Berwald.
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