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Some theorems in special Finsler spaces and its generalizations
in a bivector connected space
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Abstract. In this paper we would like to prove some reduction theorems for R-
quadratic, Ricci-quadratic, W-quadratic, Douglas, and S(n) spaces (in which the stretch
tensor vanishes). Moreover, a new, special type of Finsler spaces, the so-called GRH
(generalized Ricci-quadratic) space is defined. Finally, in the second part of this paper
we develop the theory of quasi-autoparallel mappings.

0. Introduction

Let F™(M™, L) be an n-dimensional Finsler space, where M™ is a connected
differentiable manifold of dimension n and L(z,y), where y* = i*, is the funda-
mental function defined on the manifold TM \ {0} of nonzero tangent vectors. In
the following we assume that L is positive and that the fundamental metric tensor
gij = %L%i)(j) ((i) = 0/0y") is positive definite. In the first part of the present
paper we shall use the terminology and definitions described in MATSUMOTO’S
monograph [1]!.

The system of differential equations for geodesic curves x'(t) of F™ with

Mathematics Subject Classification: 53B40.

Key words and phrases: Finsler space, Douglas space, Randers space, R-quadratic space, Ricci-
quadratic space, W-quadratic space.

INumbers in brackets refer to the references at the end of the paper.



140 Séandor Bécsé and Ildiké Papp

respect to the canonical parameter t is given by d;t”;i = —2G*(z,y), where

1
Gl = Zgw‘(yﬁ(ﬁLQ(a) J0xP) — 92L%9x*).2

The Berwald connection coefficients G (a: Y), G;-k(x, y) can be derived from

the function G, namely G = G , G = G (k). The Berwald covariant deriva-
tive with respect to the Berwald connectlon can be written as

i = 0T} /02 VG = TLGS,. (0.1)

J(a

We denote by H = H Z’; . the h-curvature tensor, where H is defined by
Hpy = 0kGY — Gl o G + GGl — 0;Gl + Gl (g G — GRGL,, (02)
where 9), = 9/0x*. From (0.2) we obtain the v(h) torsion tensor

Hy® =Rl (0.3)

oyk: -

and
H Bkyayﬂ = ook - Rh (04)

Let us consider two Finsler spaces F™(M™, L) and F"(M", L) on a common
underlying manifold M™. A Finsler space is said to be projectively equivalent
to F™ if it has the same geodesics as F™ as point sets. In this case the change
L — L of the metrics is called projective. The Douglas tensor

1
D, = (Gh - G(ga)yh> : (0.5)
! n+l (D)) (k)

and the Weyl tensor

1/[/3,;c = thk(i), (0.6)
where
h _ ph
ij_Rk+7{y k+5(nHak+Hka)y /(n—1)}

— — (Y Hiy + 0L (nHoy + Hya)y® (= D)}

are invariant under projective changes.
We introduce some sets of special kinds of n-dimensional Finsler spaces
(n>2):

2The Roman and the Greek indices run over the range 1,2,...,n; the Roman indices are free
but the Greek indices denote summation.
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B(n)... Berwald spaces (GZk =0),

L(n)... Landsberg spaces (yaGgj), = 0),

D(n)... Douglas spaces (ijk =0) [3],

S(n)... spaces with vanishing stretch tensor (Zniji = yaHyjp;) = 0) [1],

Hzx(n)... spaces with H depending on the position alone, R-quadratic
spaces (Hihjk(l) =0) [2],

Wz(n)... spaces with W depending on the position alone, W-quadratic spaces
(Wi%;‘k(l) =0) [3],

RHz(n)... spaces with RH depending on the position alone, Ricci-quadratic

spaces (H .y = H;jiy = 0) [4], [5],
GRH=x(n) ... generalized Ricci-quadratic spaces (H;"ij(k) =0).

We have some well-known inclusion relations of the above mentioned notions:

D(n) N L(n) = B(n)... [6]
B(n) C Hx(n) C ( )
B(n) C L(n) C S(n)

B(n) C D(n) C Wa(n)... [3]
B(n) C Hx(n) C Wz(n)
B(n) C Hx(n) C RHz(n).

1. Some reduction theorems among special Finsler spaces

Proposition 1. Wz(n) N RHz(n) = Hx(n).

PROOF. From (0.6) we have

1
Wi = Hipy + —— n+ {5hHJhk o+ 8¢y + 3" Hinyo) + ﬁ(;?
8 [(nHak(i)(l)+Hk04(i)(l))y +(nsz<i>+Hkl<i>)+(”Hik<l>+H’“<l>)H
1 L
n+1{5 Hijy + 0 Hijto) + " Hijiy o) + — 0%

x| (nHaso0) + Hjayo)y* + (WHig + Hi)

+ (nHig) + Hiiw) | (1.7)
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From (1.7) we easily get Proposition 1. Consequence of (1.7): Hz(n) C
Wax(n). O

Proposition 2. Wz(n) N RHz(n) C S(n).

PRrOOF. If an F" is Wx(n) and RHx(n) at the same time, then we have

Hyqy = 0. (1.8)

.

The stretch curvature tensor X, is written in the form [1]:
Ehijk = _yaH}?jk(i)- (1'9)

(1.9) gives Proposition 2. O

The notion of Douglas spaces, arising from the problem of the equations of
the geodesics, yields interesting topics in Finsler geometry. A Finsler space is a
Douglas space if and only if the Douglas tensor DZ i vanishes identically.

It means that

G;zjk = Ghjkyi/(n + 1) + (Ghjé,’c + ijéfl + Gkh(S;)/(n + 1), (110)

where Gp i = Gghj(k) are completely symmetric.
One of the Bianchi identities of BI' (Berwald connection) is the following:

Hh

h h
mijk) TG -G

mjk||i mijllk —

0.
Consequently, we have the expression

hijk = (yaG%ki) - (yaG%ji)Hk'

Il5

Therefore F™ is without stretch, iff

(yocG%ij)llk - (yaGgik)\lj =0. (1.11)

(In the above equation,
(1.10) by h! we easily get

7| is the h-covariant differentiation in BT"). Transvecting

Ghik = 1aGhjp) + (h,Gik + W Grp + hi.Grj)/(n + 1). (1.12)

Proposition 3. F™ is a Douglas space without stretch if and only if (1.11)
and (1.12) are satisfied.
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Differentiate (1.12) h-covariantly and we get
Ghgui =V (laGhji) i + (PG + By Grngi + PiGngi) /(n+1). - (1.13)
By changing the indices ¢ and j in (1.13) we have
Gy =1 (laG%ik)Hj + (Gl + heGrnyj + hGhayy) /(n + 1). (1.137)
From (1.13), (1.13’) and ¥ = 0 we obtain
Hyijay = (M Gy + hiGrnyj + PGy
— Wi Grnpi = PGy — M, Grgpi) /(n + 1). (1.14)

ll4

So we have:

Corollary 1. Hxz(n) C S(n) with G;;;, = 0.
Transvecting (1.14) by the indices [ and h, we get
Corollary 2. GRHx(n) C S(n) with G,j;, = 0.

2. Quasi-autoparallel mappings

In the last section we want to study the quasi-autoparallel curves and quasi-
autoparallel mappings in bivector preserving tensorially connected spaces.

Let M™ be an n-dimensional manifold. A nonlinear (that is, a not necessarily
linear) connection of the tensors ¢/ of type (2,0) is a mapping between the n?-
dimensional vector spaces of the tensors of the given type at two points of M.
For two neighbouring points x and x + dx this is given by the vanishing of the
absolute differential

V' = dt + B ,(z,t)dz, (2.15)
where BY,(z,t) are the coefficients of the connection [7].

VYt must be a tensor of type (2,0). This requirement determines the trans-
formation law of the geometric object B¥, [7]. B%,(z,t) is supposed to be
homogeneous of degree one in t.

A tensor connection is linear if

BY,(w,1) = yia ()",
and it reduces to a linear vector connection (to an affine connection) with coeffi-
cients T, if and only if

’Yﬁ)\ija = cha(si + Fg\aéé'

N. S. SINYUKOV gave the following notion ([8]):
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Definition 1 ([8]). A curve is almost autoparallel if there exists a plane 7(t)
in every tangent space of the curve x?(¢) such that:

(a) 7(t) are parallel translated along x%(t), and

(b) the tangent dx’/dt of the curve lies in 7(t).

This definition can be used in any context in which the parallelism of planes
is defined. We showed that the parallel translation of plane positions can be
defined in any tensorially connected space in which bivectors, as tensors of type
(2,0), are translated again into bivectors. In the following we use the fact that a
bivector determines a plane position, and vice versa.

The following theorem characterizes a subclass of tensorial connections B% ,
which carries bivectors into bivectors.

Theorem 1 ([9]). The nonlinear tensor connection B* ,(x,t) carries bivec-
tors p (p'? # 0) into bivectors if and only if the relations

B(ij)a(x>p) =0
pl[QB")‘]a(x,p) + B2 prMl =0 (ka2 A=3,4,...,n; K#£\)
hold good, where (ij) denotes the cyclic permutation of indices i, j and summa-
tion, and [ij] means the interchange of indices i, j and subtraction.

Definition 2 ([9]). A curve z'(t) is quasi-autoparallel if it satisfies Definition 1
with respect to a bivector connection.

Theorem 2 ([9]). In a canonical parameter the differential equation of a
quasi-autoparallel curve z*(t) is

dp¥ i dz®
o dx®

Let two bivector be given, which preserve the tensorially connected spaces
T, and T,.

Definition 3 ([10]). A mapping L : T,, — T, is called quasi-autoparallel if
any quasi-autoparallel curve of T,, coincides with a quasi-autoparallel curve T,, as
a set of points and vice versa.
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Theorem 3 ([10]). A mapping L : T,, — T,, is quasi-autoparallel if and only
if there exists a vector field ©*(x,p) satisfying

B (x,p) = B¥ .(x,p) + cg*(x,p)0,. — c- o™ (x,p)0F, p7 Ap™(z,p) =0, (2.18)
where c is a constant.

From the parameters of a bivector preserving tensorial connection, one can
construct a tensor which is invariant under quasi-autoparallel mappings.

Theorem 4 ([10]). The tensor

Tkl”mnr = Aklljmnr - n_1 (Akllmn(si - Ak:ljmn(si% (219)
where A" pnr = %(%Bﬁj) and Apiton = Api*®mna, IS invariant under

quasi-autoparallel mappings.

From (2.19) it follows that if the bivector preserving tensorial connection is
linear with respect to p¥, then Ty;*,,n = 0. Conversely, if the invariant tensor
Tt yny vanishes, then from (2.18) we obtain the following equation:

N 1 . . , ,
B (z,p) — —— (Br'*a(z,p)0) — B o(z,p)oL) | =0

apmn n—1

Consequently, we have a new geometrical object

Ew (x) = Bu" (z,p) - (Bu'"a(2,p)8] — Br’®a(z,p)s;) . (2.20)

1

(n—1)

Using the contracted object Ey¥,.(z)p* = FE¥,.(x,p) and the contracted
connection parameters By, ,.(x, p)pF = BY,.(x, p), we obtain the following

Proposition 4. The object

E”r(va) = B”r(zvp) - m (Blaa(zvp)ég’ - Bjaoz(:%p)é;’) (221)

is invariant under quasi-autoparallel mappings.

We say that E%, are the quasi-projective parameters.

Consequently, we obtain the following

Theorem 5. In a space where a linear (bivector preserving) connection is
provided, the tensor Ty nr (2, p) vanishes. Conversely, if Tj™ (7, p) is equal
to zero, then the quasi-projective parameters are linear with respect to p*'.

Let (U, z%) and (U,z*) be two coordinate systems of M™ having the overlap-
ping region U N U, where we have n smooth transition functions z" = z" (). If
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we put Opz' = 07! /0x", 02,7" = 9%x'/02*0z! and A = ||0F!||, then we get the

following transformation law:

_ o ) S 1
Ep® 1 (2)00F 057 =Eap"  (2)0,3° 03 0,2° 0,2"+ 0, 7' 008 + 0737 O 7' ———

X [(aﬁlﬁa@j ! 1nAak§:iaT§:i) - (a,‘f@ja@i ~ 9 In Aa@fa@i)}. (2.22)
Therefore, summarizing all of the above, we have

Theorem 6. A tensor invariant with respect to quasi-autoparallel mappings
is equal to zero if and only if the bivector connection has the following form:

Bur(z,p) = Bu'r(2) + ——= (Bu'a(@,p)87 — Bu’“a(2,0)5;).

References

(1] M. MATsuMOTO, Finsler Geometry in the 20-th-Century, In: Handbook of Finsler Geo-
metry, (P. L. Antonelli, ed.), Kluwer Academic Publishers, 2004.

[2] S. BAcsO and M. MATSUMOTO, Finsler spaces with the h-curvature tensor dependent on
position alone, Publ. Math. Debrecen 55 (1999), 199-210.

[3] S. BAcsO and M. MATSUMOTO, On Finsler spaces of Douglas type, II. Projectively flat
spaces, Publ. Math. Debrecen 53 (1998), 423-438.

[4] B. L1 and Z. SHEN, On Randers metrics of quadratic Riemann curvature, Internat. J. Math.
20 (2009), 369-376.

[5] X. CHENG and Z. SHEN, Finsler Geometry, An Approach via Randers Spaces, Science Press
Beijing, 2012.

[6] S. BAcso, F. ILosvAay and B. Kis, Landsberg spaces with common geodesics, Publ. Math.
Debrecen 42 (1993), 139-144.

[7] L. TAMAsSY, On nonlinear tensorial connexions, Publ. Math. Debrecen 16 (1969), 193-197.

[8] N. S. SINYUKOV, Geodesic mapping of Riemann spaces, Moscow, 1969 (in Russian).

[9] L. TaMAssy and S. BAcsO, On quasi-autoparallel curves in tensorially connected spaces,
Collog. Math. Soc. Jdnos Bolyai 31 (1979), 725-737.

[10] S. BAcsO, On mapping preserving quasi-autoparallel curve, Publ. Math. Debrecen 29
(1982), 155-161 (in Russian).

SANDOR BACSO

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF DEBRECEN
H-4010 DEBRECEN, P.O. BOX 12
HUNGARY

E-mail: bacsos@science.unideb.hu
ILDIKO PAPP

FACULTY OF INFORMATICS
UNIVERSITY OF DEBRECEN

H-4010 DEBRECEN, P.O. BOX 12
HUNGARY

E-mail: papp.ildiko@inf.unideb.hu
(Received May 3, 2013)



