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1. Introduction

This paper contains the lecture, presented by the author at the IRSES Mee-
ting on Differential Geometry and Mechanics 14-16, January 2013, Ghent Univer-
sity, Belgium. It is devoted to variational structures that could be called Kawa-
guchi structures (KAWAGUCHI [3], [4]). Many references to the concepts, such
as Kawaguchi space and Kawaguchi fundamental function, can be found in the
literature; some of them are not always clearly established. We consider in this
paper the Kawaguchi structure as a special case of a higher-order, simple integ-
ral variational structure whose Lagrangian satisfies certain additional conditions
(higher-order Zermelo conditions).

Underlying structures for this class of variational problems are higher-order
velocity spaces, the manifolds of r-jets of curves in a given smooth manifold (see
URrBAN and KRUPKA [14]). The special case 7 = 1 corresponds with tangent
bundles, the underlying spaces for Finsler structures (see e.g. TAMAsSSY [11]).

Main objective of the research in this field is to extend the notions and
results of Finsler geometry to higher order Kawaguchi variational structures. It is
well known, in particular, that one can naturally assign to a Finsler fundamental
function the so called Hilbert form (CRAMPIN and SAUNDERS [1], [2], TANAKA
and KRUPKA [10]); it turns out that the Hilbert form is a special case of the
Lepage forms, and as such, it can be used to characterize in a geometric way all
fundamental properties of the underlying variational functional, such as extremals
and symmetries (see e.g. KRUPKA [5], KRUPKA, KRUPKOVA and SAUNDERS [6],
KRUPKA and SAUNDERS [7]). The aim of this paper is to find an analogue of the
Hilbert form for Kawaguchi structures.

A basic general concept of the geometric variational theory is the Lepage
form. In higher order fibred mechanics, to each Lagrangian A one can assign
in a unique way its Lepage equivalent ©,. Our main idea in this paper is to
determine ©, for Lagrangians, satisfying the Zermelo condition, describing in-
dependence of variational functionals on parametrizations (see ZERMELO [15]).
For more discussion of homogeneity problems and Zermelo conditions we refer to
MATSYUK [8], SAUNDERS [9], and URBAN and KRUPKA [12], [13]). We call the
Lagrangians satisfying the Zermelo condition, the Kawaguchi Lagrangians.

Our result consists in explicit expression for the Lepage form ©, in terms of
the Kawaguchi Lagrangian A. We know that the Lepage form ©) describes all
basic general properties of variational functional, defined by A (see Section 2); in
this way we get an immediate descriptions of extremals and symmetries of the
Kawaguchi variational functionals. It should also be pointed out that the Zermelo
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condition, leading to singularity of A, has a specific influence on local Hamiltoni-
ans, related with ©y; namely, these local Hamiltonians vanish identically.

Note that for the 1st order Lagrangians A, the form ©) reduces to the well-
known Hilbert form.

2. Lepage forms in higher-order fibred mechanics

In this section we summarize basic concepts and theorems of the global va-
riational theory in fibred manifolds over 1-dimensional bases (fibred mechanics);
complete references can be found in KRUPKA and SAUNDERS [7].

Throughout, standard symbols of the differential calculus on smooth mani-
folds are used: d (exterior derivative), T' (tangent functor), 0 (Lie derivative by
a vector field £), i¢ (contraction by ), and * stands for the pull-back operation.
Y is a fibred manifold with 1-dimensional base X and projection m, and we de-
note dimY = m + 1. J"Y, where r > 0, is the r-jet prolongation of Y, and
a8 JY — J°Y, " J'Y — X are the canonical jet projections. The points
of J'Y are r-jets JIv of sections v of Y at z € X; the r-jet prolongation of ~
is the mapping @ — J"y(z) = Jiv. Any fibred chart (V,v), ¥ = (¢t,y°), on Y
induces the associated charts (V" 9", " = (t,y?o),ygl),yz’z), ... ,y‘(’r))7 on J'Y,
and (U, p), ¢ = (t), on X; here V" = (7"0)=}(V), U = n(V), and 1 < 0 < m.
For lower dimensions we usually use a modified notation; if e.g. r = 3 we write
3 = (t,y7,9°,i%,5°). A vector Z at a point y € Y is said to be m-vertical, if
Tym - 2 = 0; a differential form p on Y is m-horizontal, if it vanishes whenever
one of its arguments is a w-vertical vector. Clearly, these concepts apply to the
canonical jet projections.

For any open set W C Y, we denote by QgW (resp. W) the ring of smooth
functions (resp. the QfW-module of smooth k-forms) on W" = (7™%)=1(W). We
also use some submodules of these modules; Q W C QW (resp. Qp W C
QrW) are submodules of 7"-horizontal (resp. 7™%-horizontal) forms. We have a
morphism of exterior algebras h : QW — QZ"}%W defined by

hf = fx"07, hdt =dt,  hdygy = yGdt,
where f : V" — R is a function; obviously, J"y*p = J"1~*hp for every section
of Y. We call h the m-horizontalization. We say that a form p € Qp W is contact,

if hp = 0. For any fibered chart (V,4), ¥ = (t,y°), the 1-forms

wiy =dyly — Yaendt, 0<1<r-—1,
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are examples of contact forms. The system of forms dt,wzfl),dya) is a basis of
linear forms on V". A form p € Q; W has a unique decomposition

(Trr+1,r)*p =hp+pip+pp+ ...+ DKp,

in which pgp contains, in any fibred chart, exactly k exterior factors wzfl); transfor-
mation properties of these forms ensure invariance of the decomposition. If £ = 1,
this formula reads (7" 1")*p = hp+p1p; if k > 2, then (7" T17")*p = pr_1p+ prp.
prp is the k-contact component of p. We say p is of order of contactness k, if
(7" = prp.

By a Lagrangian (of order 7) for Y we mean a 1-form A € Q] (W. In a fibred
chart,

A= .,?UJO,
where
wWo = dt.

The component . : V" — R of the form X is the Lagrange function. For any
piece  of X with boundary 99, A\ gives rise to the variational functional

I'qY > v — )\Q(’y) = / JT’)/*)\ S R, (1)
Q

where I'qY is the set of sections of Y, defined on .
Let V C Y be an open set, a : V — Y a diffeomorphism, commuting with m,
U=n(V), and let g : U — X be the m-projection of a. Setting

J () = J’”O(w)owozgl

(e

for every J.vy € V", we obtain the r-jet prolongation J"a : V" — J"Y. Applying
this concept to the flow of a m-projectable vector field = on Y, and differentiating,
we obtain the r-jet prolongation of =, denoted by J"=.

Let U C X be an open set, let v : U — Y be a section. Let = be a 7-
projectable vector field on an open set W C Y such that v(U) C W. If ay is the
flow of =, and «(q); is its m-projection, then since ma; = a7 for all ¢, = defines
a l-parameter family of sections of Y, v = awa&ﬁ ;» depending smoothly on the
parameter t; 7, is the variation of v, induced by =.

Choose an element v € I'gY and a m-projectable vector field = on Y, and
consider the variation ~; of v, induced by =. Since the domain of +; contains )
for all sufficiently small ¢, we get a function on a neighbourhood (—¢,¢) of the
origin 0 € R,

(—e,) 2t — )\a(o)t(g)(awa(_o;t) = / Jr(at'ya(_oﬁt)*)\ = /JT’y*Jrozf)\ € R,
Oé(o)QQ) Q
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where we used the identity Jr(at’yoz(o%t)*/\ = (a(_(ﬁt)*‘]“y* J"a; . Differentiating
this real-valued function at ¢ = 0 we obtain

(@yr=N)a(y) = /Q Ty 0z, 2)

The number (2) is the variation of the variational functional Aq at vy, induced by
the vector field Z. The function v — (95r-=X\)q(7) is the variational derivative, or
the first variation of Aq by Z.

Extremals of Aq are defined in a standard way. To describe them formally
by means of invariant differential-geometric operations, we proceed as follows.

We say that a form © € Q§W is a Lepage equivalent of A, if (a) h® = X (up
to a canonical jet projection), and (b) hicd® = 0 for every m*%-vertical vector
field ¢ on W#; condition (b) is equivalent to saying that p;d© is w5+1:%-horizontal.

We now state existence and describe basic properties of Lepage equivalents,
namely their meaning for extremals and invariance properties of the variational
functional (1).

Let © € QW be a Lepage equivalent of A € Q] vW. Condition (a) implies
that for every section ~ defined on €2

/Jsfy*@:/JS+1’y*h@:/JT7*/\,
Q Q Q

which means that the variational functional on the left-hand side, associated
with O, coincides with Aq. For any m-projectable vector field = on W, we have

Iy 01520 = Jv i 5s=dO + dJ*~" i 5s=0. (3)

Since by (b) the term J°y*i;:=d® in (3) depends linearly on J*Z via the vector
field = only, and is independent of derivatives of the components of =. Moreover,
since J*y*07:20 = J*T1y*h0;:20 = JT14*050012hO = J"y* =), (3) can
also be written as dyr=A = hijs=dO + hdijs=0. Therefore, it is a priori clear
that for a Lepage form ©, the decomposition (3) has the properties which are
required in the integrand expressions of the classical first variation formula: If
Q C 7(W) is a piece, then integrating (3) one gets

/ J" Y 0= = / Y i ge=dO + J*y* i ys=0.
Q Q o0

The expression on the right-hand side of (3) can be further simplified using
the 1-contact component of dO. Since J*y*ij.=zd® = J*T1y*i j.112p1dO, we have
the following result (the infinitesimal first variation formula). For the proofs of
Theorems 1-3 we refer to [5], [7].
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Theorem 1. For any Lepage equivalent © € Q{W of a Lagrangian A €
Q{,XW’
J’"v*apg)\ = JS’Y*Z'JSECZ@ + dJs’}/*iJsE@.

The following theorem ensures existence of (global) Lepage equivalents.

Theorem 2. Every Lagrangian A € Q) xW has a unique Lepage equivalent
O,. Ifin a fibred chart (V,v), ¥ = (t,y7), X\ is expressed as A\ = ZLwy, then O,
has an expression

r—1 /r—1—k
d 8y i

Theorem 3. Let W C Y be an open set, let A € 2] yW be a Lagrangian.
Then the form d©) has an expression

(7TS+1’S)*CZ@,\ = F\ + F),
where E\ is a 2-form
Ey = Eg(f)wo N wo,
with components
4 d 0%
E (L) =) (-1)'—
() =30 e

=0

and F)y, is of order of contactness 2.

The form FE) is called the Euler—Lagrange form associated with A\. The com-
ponents E, (%) (5) are the Euler—Lagrange expressions. Obviously, E) belongs
to 3"y W. The mapping Qf W > A = E) € Q3"} W, assigning to a Lagrangian
its Euler-Lagrange form, is called the Euler—Lagrange mapping.

A section v € T'qY is an extremal of X if and only if Ey o J?"y = 0, or, which
is the same, it is a solution of the Euler-Lagrange equations E,(¥) = 0. The
following standard theorem is mentioned for the record.

Theorem 4. Let A € Q] yW be a Lagrangian, ©\ € QiW the Lepage
equivalent of \, and ~ a section of Y. The following conditions are equivalent:

(a) v is an extremal of \.

(b) For every w-vertical vector field =,

J? Y% j2r=dOy = 0.



Lepage forms in Kawaguchi spaces and the Hilbert form 153

(¢) For any fibred chart (V,4), ¥ = (t,y°), 7 satisfies the system of partial
differential equations
E,(N)oJtly =0, 1<o<m. (6)
Equations (6) are the Fuler—Lagrange equations.
Theorem 4 explains the meaning of the Lepage equivalent ©) for a chart-
independent description of extremals. ©) is also a basic quantity for the study

of invariance properties of the Lagrangian (Noether’s theory). We say that X is
invariant with respect to a m-projectable vector field =, if

aJ1E)\ = 0-

The following theorem, establishing a relation between extremals and con-
servation law equations, follows from the first variation formula.

Theorem 5. Let A\ € Q] yW be a Lagrangian, ©x € QiW its Lepage
equivalent. The following two conditions are equivalent:

(a) A is invariant with respect to =.

(b) For every section v of Y,
Jsv*i,]sgdé),\ + dJS’Y*iJsE@)\ =0.

Clearly, also other kinds of invariance can be considered (e.g. invariance of
the Euler-Lagrange form).

3. Higher-order positive homogeneous functions

In this section we recall basic definitions and notations on the theory of
higher-order velocity spaces and present a theorem on homogeneous functions.

Let @ be a smooth manifold of dimension m. We denote by T"Q the set of
r-jets JJ¢ with source 0 € R and target ((0), an arbitrary point in Q. Elements
of the set T"(Q are called r-velocities. We consider the set T"Q with its canonical
smooth structure: if (W, x), x = (y?), is a chart on @ then the associated chart
on T7Q is denoted by (W™, x"), x" = (y(ao),yz’l),y&), e ,yz’r)). For lower orders
r we also use a more convenient notation; if for instance r = 3, then we write
X3 = (¥, 9°,4°, ¥°). T"Q is referred to as the manifold of r-velocities.
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We denote by Imm7™@Q the open subset of the manifold of r-velocities, con-
sisting of r-jets whose representatives are immersions at the origin 0 € R. Ele-
ments of the set Imm7"@Q are called regular r-velocities. Note that for r = 1,
Imm7T7"@Q coincides with the slit tangent bundle of Q.

Suppose we have a function F' : Imm7"Q — R. Let S C R be a compact
interval, and v : S — @ an immersion. These data define the integral

Fs(y) = /S (F o T7)(t)dt, (7)

where T"~(t) = JJ(y o tr_;) is the canonical lift of the curve v to Imm7" (@, and
tr_; is the translation s — s+t of R sending the origin 0 into the point t. We
shall say that the integral (7) is parameter-invariant, if for any curve v : S — Q,
any open interval I C S and any diffeomorphism p : J — I, such that u(J) =1
and Dy > 0,

Fi(y) =Fs(yon).
The following is a criterion of parameter-invariance.

Theorem 6. Suppose that the function F' : ImmT" Q) — R is differentiable.
Then the following two conditions are equivalent:
(a) Integral (7) is parameter-invariant.
(b) For any chart (W, x), x = (y?), on Q

OF o pOF o G OF ,  OF L
o J(1) o J(2) o J(3) T o Y =45
0yl 0Yly 0yly) 0yl
oF +(r—k+2> OF ., +(r—k+3) OF _ .,
a5 Ya oo Y@ o Y3
ay(r—k—i—l) W 1 ay(r—k+2) @ 2 8y(r—k+3) ©
r oF
++< >0y?k)0, k:1,2,,7'*1 (8)
k-1 8y(r)

Condition (8) is called the Zermelo condition.

Remark 1. The Zermelo condition is equivalent with positive homogeneity
condition, which can be formulated as equivariance of F with respect to the
canonical right action of the differential group L( 4y on ImmT"@Q, and the canonical
multiplicative action of L% 4) on R. The group Lf + consists of r-jets Jja of
diffeomorphisms of R with source and target at the origin 0 € R, such that

Da > 0, and the group action is the mapping

Imm7"@Q x Liyy > (J§¢, Jya) = J5(C o) € ImmT" Q.
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This action represents parameter changes in the manifold Imm7” @) induced by
parameter changes on R.

One can consider variational problems on the manifolds of regular velocities
ImmT"(@Q as a special case of variational problems on fibred manifolds. We set

Y=RxQ.

Then Y becomes a fibration over R with type fibre (). The Cartesian product Y
has an atlas, consisting of fibred charts (V,v), ¢ = (¢,y7), where V = R x
W, t is the canonical coordinate on R, and (W, x), x = (y?), is a chart on Q.
Sections t — (t) of Y are canonically identified with curves ¢ — ((¢) in @, where
~v(t) = (t,¢(t)). Then the r-jets J;+ are canonically identified with the pairs
(t, J7¢) = (t,J5(Cotr_t)) € R x T"Q. Thus, using this identification, we can
write

JY =RxT"Q.

Then the variational theory as expressed in Section 2 can also be applied to
Lagrangians, defined on the open set R x Imm77@Q C J"Y.

4. Lepage forms and homogeneous Lagrangians

Our objective in this section is to find O, for Lagrangians A, satisfying the
Zermelo homogeneity conditions. Once O, is found we can say, in view of Sec-
tion 2, that the basic (global) variational theory for higher-order homogeneous
Lagrangians on smooth manifolds (the Kawaguchi Lagrangians) is established.

To this purpose we set

k

r—

1- l
R S
P At Oyl 14
and write the Lepage form ©) as
r—1 r—1
_ (k+1), o0 _ (k+1) 3,0
Oy =Zdt+ Y PF G = —odt+ Y PFdys,

k=0 k=0

where
_ _ _p,c _ p2),0 _ _ pr),o
H =2 — P, Y1 P’ Yy = - P Yiry-



156 Demeter Krupka

The functions Pg(kH) and S can be called, on analogy with the first order me-
chanics, the momenta and the Hamiltonian, associated with .Z.

To study homogeneous Lagrangians, we need an explicit expression for the
Hamiltonian #. Our idea is to collect together all terms containing total deri-
vatives of a given order. The following theorem on the structure of 57 is new.

Theorem 7. For any Lagrangian A\ on J"Y, the function 5 reads

i\ oz |,

1<i<lr
L d i+l\ 0%
F S e S () i )
1<I<r—1 1<i<r—1 Yt

PrROOF. 1. Consider the sum

N POy = PMyl + POyl + .+ POyT

1<i<r
Substituting for 1 < k <r

0. dpity

pe - 2= o
7 G dt
and Pérﬂ) = 0, we have
; 0¥ d ) .
(i), 0 _ o _ Y rp(it+l),o (i+1),,0
B3yl = i Yoy ~ (P37 y0) + Py
Note that .9
P(r)ya — ya )
o J(r) o J(r)
)

Consequently, after some calculation,

. 0L 0¥ 0L
Po(—Z)yUz‘ — ya + ya N ya'r 4 P;2)y0 + P‘£3)ya
> 0 = Byr Y0 T gyp Y a7 Y0 @ )

1<i<lr

d
+. 4+ POyl — — (PPyq) + PPyZy + ...+ Pyg )
i\ 0% d i :
S =y - = Pltye
Z <Z B 1> 276 O ar 1<;71 (Z N 1> 7

2. Now consider the sum

i : o o o *),,0
Z ( >P§1+1)y(i) = Pf)yu) + 2P§3)y(2) +.oH(r- 1)Po('7)y('r71)' (10)

4 1—1
1<i<r—1
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We have for 1 <i<r—1

69641) dt
0L d 0 dpit3)
. c (i+2),,0 o
Y P h) T Yy YG
ay(iJrl) (2) dt ( (z)) ay(l (i+1) dt (i4+1)
A7 W+ 0% ot 0L e
=...= > - i1 e a0 1
ay(i+1) dy Y(it+2) () 8y(r) (b
d 1+2), o r), o
- ﬁ(Rg * )Z/(l') + Pt )y(z+ nt...t+ P )y(r—Q))' (11)
The term in (10) (after the substitution from (11)) not containing formal deriva-
tives is
A e 0L y N . 0% e
o J(1) o J(2 o J(r—1) o J(2)
0yly) e Oyf Oyls)
P AR L2 SR ) W
o J(3) o J(r—1) - o (r—2)
Oyl 0yl Oyl 1)
0L 0L i1+1\ 0%
O R L VD DR A
0yl 0yl r<imr NP L Oy

The remaining summands in the formal derivative term are, analogously,

PPy + POyZy + .+ PUyG o+ 2(PPy %) + PPyl + . 4+ Py )
+o (= 3)(PI Yy Yir—3) + P Ylr—2y) + (1 — Q)Pér)y?rq)

_ i+ 1\ Sa42) o
- Z (i_1>PU Yy

1<i<r—2
Summarizing,
i i+1\ 0%
(i4+1),,0 o
S ()= S () ap
1<i<r—1 1<i<r—1 (i+1)

3. For induction, note that the sums we already obtained

i (i+1), 0 i1\ Siv2), o
Z (il)PZ Yay Z i—1 Py Yaiy

1<i<r—1 1<i<r—2
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can be expressed as

1+j5—1 pli+i)
Z ( i—1 > ]y()’

1<i<r—j

where j = 1,2. Now consider for some integer j the expression

t+7 =1\ 5t o _ (I pGi+1), o
2 < i1 >P” iy = o)W
1<i<r—j
J+1\ 5i+2), 0 r—1 ", o
—|—< 1 )PUJ Yooy oot re o1 Pyl . (12)

In this formula

(i+j+1)
pl+ige _ 92 . db 7
Vo) = Bye Y0 a0
(i+7)
0 Yo+ 0L L 0L e
— T g0 I s Y z+1 a0  J(i+2)
(ivy) @ ay(mﬂ) Wlira1s) 3
d K3 K3 1 g
- (p( +J+1)y( )_|_p( +i+2 ) +p( +J +3)y( ))+P( )y(i+3)'
We can proceed this way further on. After [ steps
o 0L 0% 0L
Pty = yly + Ylirn) * oot m Y
O 0y Wy, Y Oy

d

ot
+ P(’L+j+l+1)

g (PTG 4 PTG P )

YGri41):

However, if [ is such that i +j+14+1 =741, then P§i+j+l+1) = 0. Thus, setting
l=r—1i—j we get

L 0% 0%
plitiyo — Y7 Yoot —yl
o (1) o (1) o (i+1) o J(r—j)
(it j) lir114) Oy "
d i+7 o i+7 o r), 0
— @(Po(' +]+1)y(i) + Po(' +J+2)y(i+1) + ...+ P(S. )y(rfjfl))'
Consequently

i+ =1\ St o
< i—1 )Pa J?J(i)
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_<i+j—1)<8.$ P P )
- : o i o i+1 o r—j
i=1 )\ 0y " Oy Y oyl "

i+j—1 d i+ o i+ o "), 0
- ( ) *(Pélﬂﬂ)y(i) + P§Z+J+2)y(i+1) +..F Ptg’,)y(rfjfl))v

i—1 Jdt
and to obtain (12), we sum these expressions through i = 1,2,...,r —j. We have
Z+.] -1 (i+3),,0
Z ( i—1 )Pa Tyl
1<i<r—j
_(j)( 0L o, 0L . L 0L, )
= 7 1) - T T Y
0/ \Oygyin) "V Oy gy
j d 1 o j o r),,0
- (0> ﬁ(PéjH)yu) + P§J+3)y(2) +...+ P )y(rqu))
+<j+1>< 0L o, 0L . L 0L, >
o 2 o 3 tee o r—j
1 Wiz ) Oiym g,y
]+1 d j o j o r),,0
- ( 1 )dt(PU('HB)y@) + PPy 4+ PG )

N +(7’—2) 0L ) +3$y0_
T—j_2 ayg 3 (r—j—1) ayETr) (r—3)

("2 \epme L 7L 9L,
T_]_2 dt o y(7—]—1) r_j_l 6y(gr)y(r—])

We can also write this expression as

07 =1 paa) o
) ( i—1 )Pvl Y

1<i<r—j
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d j j+1 r—2
- = = Py

i () (7)o (155)) s

Finally, the formula
<j+i) B <j+k+1)
: i) k
0<i<k

yields

T i
Z ( i—1 >P<7 0

1<i<r—j
_<j+1> 0. " +<j+2) 0.7 .
- o (1) o2 (2)
0 /0yl L) 0y(49
r 0L J+1\ d
A pUt2ye
’ +<r—j—1)8yf’r)y“‘” (0 )dt Y
J+2\d L4s) o r=1\d o o
< 1 )dtpj Yoy ==\ Lo @t Y-y
i\ 0% d i\
- = (Mage-a, I (e o
1<igr—j N YGi+iy 1<i<r—j—1 N\

4. Using the recurrence relation (13) we get

) 0L d {
P(z) a _ ? o _ P(Z-‘rl) -
Z Z (z _ 1) 3y&_) Yo = Z (z _ 1) s Y0

1<i<r 1<i<r 1<i<r—1
B i 0L d i+1\ 0¥
=2 i—1) oy, YO " @ 2 i—1) a7, 0
1<i<r (4) 1<i<r—1 (i+1)
d? i+2\ 0 &3 i+3\ 0
taE 2 ( > ARSI 2 < ) a7 o
1<i<r—2 1<i<r—3 (i+3)

o d 2 [ (r—1\ 0% r\ 0% .
+...4+ (*1) dr—2 0 8 TG0 Y1) + 1 W?)y(z)

(T 1)
dr—1 0L
e S (0) e
dt 8y( )

and

P \oL it1\ 0.2
—H =2 - Z( ) _)<i>+§ Zl( >8y Yy

1<i<r 1<i<r— (i+1)

2 i+2\ 0. , i+3\ 02
e e s

1<i<r—2 1<i<r—3 8y(l+3)
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(e dr—2 r—1\ 02 . (T 0Z .
dtr—2 0 ayfpl)y(l) 1) oy Y@

(r)

a1 /r\ 0.2

- g (o) g
dt 0 8y(r)

which proves formula (9). O

Consider a smooth manifold @, the Cartesian product Y = R x @), manifolds
of r-velocities T"Q and the r-jet prolongation J"Y = R x T"Q (cf. Section 3).
Recall that a Lagrangian (of order r) for Y is a 1-form A € Q1 gW, where W is
an open set in Y; we shall consider open sets of the form R x W,. Due to the
Cartesian product structure of Y and the existence of the (global) coordinate ¢
and (global) volume element dt on the base R, A can be written as

\ = Zdt,

where .Z : R x T"Q — R is a (globally defined) Lagrange function. Recall that
the variational integral, related with A, satisfies

/JT'v*)\:/Jsv*@)\,
Q Q

where O, is the Lepage equivalent of A (Section 2, (4)).
In the following main theorem we consider Lagrangians A on R x Imm7" @,
satisfying the Zermelo condition

%QU _A'_Q%yf’ +3%Z/U + +T%y0 — g
Oyt Oy oy gy T T
L (I e
OYG—kt1) W 1 i @ 2 e @
r 0%
— 7 = k=1,2,...,r—1. 14
+ + (k _ 1) ay?r) y(k) 07 ) <y y T ( )

We wish to determine the corresponding Lepage equivalent © .

Theorem 8. Let A be a Lagrangian of order r on Y = R X @, expressed as
A = Zdt, with the Lagrange function . : R x Imm7T"Q — R. If £ satisfies the
Zermelo condition, then the fundamental Lepage equivalent © ) is given by

r—1

Ox = Z Pékﬂ)dy(aky (15)
k=0
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where
r—1—=k

l
Pa(k+1) _ Z (_1)lilfi.
=0 dt ay(k+l+1)

ProOOF. 1. To understand our general method, we first prove formula (15)
independently for r < 3. By definition, we have in this case
0L 0L POLN . (0F ALY . 0L,
aye  dtoye  dt? 9Y° oy°  dt0y°

©, can also be written as

@)\Zfdt-i-(

0% doY &2 oL\ .
@)\——%dt—l-(ayg —dtayo_-‘rdﬂa.y.o)dy
0.8 4oL\ ., 0F
= o | Y+ o=
oy’  dt 0y’ ay°

dij’,

where

ea

Y

2
_%ﬂ:g_(a,zﬂ doZ  d ag>

o5~ dto | ar aye
0 doZ\., 0Z..,

- (ay - dtay> Yoy
The Zermelo condition reduces in this case to the equations

o7 | 0L L 0F ..
aiygy +2@y +3ay0y —g,
0L . 0L . 0%
a.y.gy =U, aygy a.:.y.g

To substitute from (4) to (16) we express the function —7 in terms of formal

(16)

i” = 0. (17)

derivatives:

ea

ayo’ Y 8@'0 Y a‘y'o

LA (L 0L N & (02
at \oge? T oY ) T a2 \ay? )

Now we see that (4) implies

L 0L,

- =2 — Y

H =0

and

0% do¥ d* 0% "
Or=|5-—"Z5-1t35=
oy®  dt oy  dt2 9y

<8,$ d 892’) o 0Z
dy’ +

02 d 02 o 1
97 dioge PG dy?, (18)

as required.
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2. Now consider the general case. In view of Theorem 7, it is sufficient to
show that the Zermelo condition (14) implies . = 0. Thus, we want to show
that the function

i\ 0% o d i+l\ 0%
X—Z (zl) Yyt Z(—l) i Z <11> yoy  (19)

{oa (o8
1<i<r ay(i) 1<i<r—1 1<i<r—1 ay(i+l)

vanishes. The first one of equations (14) can be written as
{ 0L
-5 (1)) prvi-
1<i<r N T 1 ay(i)

Substituting I = r — k, where [ = 1,2,...,7 — 2,7 — 1, into the next equations
(14), we get the conditions

0L /e +<rk+2) 0% o+ +< r >8$y”
a0 J(1 a0  J(2 9,0 J(k
Wlpar) L 0 in k1) ayg, "
07 e <l+2> 0L o+ +< T ) 0L e
=5 Ya e Yot o Y(r—i
i) ( L) 9y(49) @ r—1-1/0yg, (=0
_ Z (i+l> 0L Yo =0
1<i<r—I i—1 8y2’i+l) ©
This implies, however, that expression (19) vanishes. O

Remark 2. If £ does not depend on 47 and 77, then ©, (18) reduces to the
well-known Hilbert form
0L .
oy’
Formula (18) also describes the second- and third-order generalisations of the
Hilbert form; (15) can be considered as the higher-order generalisation. All these

S

forms inherit properties of a Lepage form, providing this way a geometric tool
for further analysis of local and global structure of variational theory (see e.g.
KRUPKA and SAUNDERS [7]).
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