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Bispectrum for non-Gaussian homogeneous
and isotropic field on the plane

By GYORGY TERDIK (Debrecen)

Dedicated to Lajos Tamdssy on the occasion of his 90th birthday

Abstract. The object of this paper is to characterize the third order moments
(cumulants) and bispectra of a homogeneous isotropic field defined on a plane. We est-
ablish a one to one correspondence between the third order cumulants and the bispectra
of such a process in terms of Bessel functions.

1. Introduction

In many real applications associated with random fields, the assumption
of Gaussianity may be sometimes unrealistic. For example, consider the data
of cosmic microwave background (CMB) anisotropies provided by NASA which
some scientists believe to be non-Gaussian, [MP11]. Although CMB data given
are on a surface of the sphere there are problems concerning on the primordial
field on the whole space including the investigation of the bispectrum as well, see
[VWHKO00], [YKWO07], [AC12]. In time series analysis the non-Gaussianity has
been well studied [SRG80], [SRG84], [Hin&2], [TM98], [Ter99]. It is known that
for a Gaussian time series the bispectrum and all higher order spectra greater
then two are zero, and equally well known is the fact that for a non Gaussian
process defined on a real line the higher order cumulant spectra and higher order
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cumulants uniquely determine each other [Bri01]. No such results are available
and well known for a homogeneous isotropic field defined on a plane.

In this paper we consider homogeneous and isotropic fields which are not
necessarily Gaussian. The second order properties of such a field are well known,
both the covariance and the spectrum depend on the distance between the lo-
cations and the wave numbers respectively, [Whi54], [Yad83]. The third order
covariances (third order cumulants) depends on three locations and because of
the invariance under shifting (homogeneity) and invariance under the rotation
(isotropy), it depends only on the distances between locations. In other words
the rigid body movement keeps the triangle defined by the three locations fixed.
We show that the third order covariances define the bispectrum which depends on
three wave numbers forming a triangle. The main result of this paper describes
the unique relation between the third order covariances and the bispectrum of a
homogeneous and isotropic field on the plane.

1.1. Homogeneous and isotropic field on the plane. We consider a homo-
geneous real valued stochastic field X (z) on R? with EX (z) = 0. Let us suppose
that X (z) is continuous (in mean square sense), its spectral representation is

X (z) = /RQ €97 (dw), w,z €R?, (1)

with a finite spectral measure
E|Z (dw)|* = Fy (dw) .

By homogeneity we mean (in strict sense ) the distribution of X (z) is translation
invariant, see [Yag87] for details. Rewrite X () in terms of polar coordinates

o) 2
X (r,p) = /0 /0 elprcos(e—n) 7 (pdpdn) ,

where z = (r,¢), w = (p,n) are polar coordinates, r = |z| = /2% + 23, and
p=|w, z-w=rpcos(p —n). Now we use the Jacobi-Anger expansion, see
[AWO01] Section 11,

eiprcos(tpfn) _ Z ’iZJ[ (PT) 6%(90*77)’ (2)

f=—o0

and substitute it into the above spectral representation of X (r, ¢)

X = Y [ ton) 22 oo Q

{=—0c0



Bispectrum for non-Gaussian homogeneous and isotropic field on the plane 305

where J; denotes the Bessel function of the first kind [AS92], and the series of
stochastic spectral measures Zy(pdp) is connected to the Z(dw) by the integral

27
Zi (pdp) = / i‘e™"" Z (pdpdn) .
0

The representation (3) will be an orthogonal (uncorrelated) representation if we
assume that F(dw) is isotropic (invariant under rotations) Fy(dw) = E|Z(dw)|* =
E|Z(pdpdn)|?> = F(pdp)dn. Note here that the general theorem of YADRENKO
([Yad83] Theorem 1. pp. 5) on the spectral representation of a homogeneous
and isotropic field X (7, ¢) gives the representation (3) with real valued stochastic
spectral measures Z;(-) constructed directly form the field X (r, ) itself. The
stochastic spectral measures Zy(pdp) defined above is complex valued and has
the following property

Z_¢ (pdp) = (=1)" Z; (pdp). (4)

Indeed, since the field X (z) is real valued we have

_ S ei&p o - — = e—i@tp > T 7.
_e:z_:oo /O Jo(pr) Ze(pdp) z_: /0 Je (pr) Ze (pdp)

Moreover, from the well known formula Jy(-) = (—1)*J_,(-) we have

Z —ite / Je (pr) Zy (pdp) = Z e / J_¢ (pr) (=1)" Z¢ (pdp)

f=—00 f=—o00
Z ‘““’/ J_¢(pr) Z—_; (pdp) ,
l=—o00

hence (4) follows. The identity (4) implies that the ¢ term and the —¢" terms
of the expansion (3) are conjugates of each other. Moreover Zy(-) is orthogonal

27
Cov (Ze, (p1dp1) , Ze, (p2dp2)) =/ il =) =il =0 By (dnpdp)
0

=0p,—0,27F (pdp) (5)

where dg, g, is the Kronecker delta. Note that the spectral measure F(pdp) of
Zi(pdp) does not depend on £. We shall assume in particular cases that F(pdp)

is absolutely continuous, i.e. F(pdp) = o2|A(p)|*pdp, here 02| A(p)|? is usually
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known as the second order spectrum. In view of this observation, we can rewrite
X (r,¢) in terms of white noise measures Wy(pdp) with constant spectrum

Cov (Wy, (prdp1) , We, (p2dp2)) = b6, —e,0° pdp,

hence (3) becomes

X ()= 30 ¢ [ i (or) Alp) Welodp),

{=—o00

2. Isotropy on the plane

We consider rotations about the origin of the coordinate system. Under a
rotation (passive) g € SO(2), we mean a rotation when vectors remain fixed,
but the point it defines is given by a new set of coordinates. A rotation g is
characterized by an angle v and by the rotation matrix

__|cosy —sinvy
~ |siny  cosvy |’

If z € R? is given in polar coordinates z = (r,¢), then gz = (r,¢0 — 7v), and
as usual the operator A(g) acts on functions f(r, ), such that A(g)f(r,¢) =
Flg=Hr,9)) = flr,p+7).

The isotropy usually is defined through the invariance of the covariance struc-
ture. This is satisfactory for Gaussian cases but for non-Gaussian fields we need
invariance of higher order cumulants as well. We use a stronger definition to
achieve a similar invariance to be able to define third order spectrum, which we
will propose below.

Definition 1. A homogeneous stochastic field X (z) is strictly isotropic if all
finite dimensional distributions of X (z) are invariant under rotation.

If the homogeneous field X (z) is Gaussian, then the isotropy of the spectral
measure Fy(dw), i.e. in polar coordinates Fy(dw) = F(pdp)dn/(27), implies

Cov (A (g) X (z1),A(9) X (23)) = Cov (X (z1), X (25)),

for each z;, z, and for every g € SO(2). That is the distribution of a Gaussian
isotropic field is invariant under rotation. The definition of isotropy given above
is a generalization of this property for non-Gaussian case. In general, the isotropy
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follows and followed by that all higher order moments are also invariant under
rotation. Let us consider homogeneous and isotropic stochastic field X (z) =
X(r,9), (r >0, ¢ €]0,27)) on the plane defined by (3)

oo 0o
X(rg)= 3 € [ g (or) Ze(pio),
e 0
where Z; is an array of measures, orthogonal to each other satisfying (5). In this
way an isotropic random field X (z) can be decomposed into a countable number
of mutually uncorrelated spectral measures defined on the real line instead of on
the whole plane, [Ad110].
The rotation g takes effect on the ‘spherical harmonics’ e*™? (m = +1),

as A(g)e!tmy = eitmlety) = gilmyeilme gince the ¢*™% can be considered as a
function of ¢. The isotropy of X (r,¢) implies that the distribution of X (r,¢)
does not change under rotations g € SO(2). Consider

o0

A(g) X (rp) = Y etlety) /0 Ny (pr) Zy (pdp)

f=—o0
= Y e [Tt zupdn) = Y- ¢ [ autor) Zupa),
f=—o00 0 l=—00 0

and because of the above the distribution of Z;(pdp) and e Z;(pdp) should be the
same. Now it is evident that for a Gaussian random field X (r, ), the necessary
and sufficient condition of isotropy is that Z,(pdp) are independent. Indeed under
isotropy assumption we have

Cum (Zy, (prdpr) , Ze, (padps)) = €20 Cum (Zy, (prdpr) , Ze, (p2dps))

for each v, hence either ;4¢3 = 0, or otherwise Cum(Zy, (p1dp1), Ze, (p2dp2)) = 0,
and therefore
Cov (Ze, (p1dp1) s Ze, (p2dp2)) = 0,
unless /1 = /5.
In general, we have that under assumption of isotropy the p** order cumulants
satisfy the following equation

Cum (le (Pldpl) PR pr (ppdpp))
= elllitle )Y Cum (Ze, (prdpr) s - -, Zao, (ppdpp))
that is either £14-fo - - -4-£,= 0, or Cum(Zy, (p1dp1), Ze, (p2dp2), - - -, Ze, (ppdpp))=0.

In turn, if this assumption is satisfied then the cumulants Cum(Zy, (p1dp1),. ..,
Zy,(ppdpp)) re invariant under rotation and the field is isotropic.
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2.1. Spectrum. In this section we briefly review results already known for se-
cond order spectra of the field X (r, ¢) before we determine similar results for bi-
spectra. For notational convenience let us denote the integral fooo Je(pr) Ze(pdp)
by z(r), and consider the covariance

£1=00 lo=00
Cov (X (§)7X( COV( Z 615150122 rl Z ez82¢2zg 7"2>

Zlffoo Z2—7OO

_p / S =) g, (pry) Ji (pra) F (pdp)
0

l=—o0
=27 / Jo (pr) F' (pdp) ,
0

where ry = |z|, ro = |y| and r = |z — y[. In arriving at the above we used the
addition formula

Jo(pr)= Y 2y (pr1) Iy (pra),

f=—o00

of Bessel functions, see [EMOT54] Tom2, Ch7, 7.6.2.(6), [Yad83]. Now one may
derive the same result using the properties of homogeneity and isotropy.
We are going to apply some special cases of the series expansion given by (3),

namely if the location (7, ) is on the y-axis i.e., it points on the direction of the
‘North pole’ (N = (0,1)),

X (rN) = / Je (o7) Ze (pdp) (6)
{=—00
and at the origin

X = [ 262 = [ zGodn). (7)

Let r = |z—yl, C2(r) = Cov(X(z), X (y)), and use the invariance under translation
and rotation to obtain

Cov(X(z),X(y)) = Cov(X(z —y), X(0)) = Cov(X(rN), X(0))
=2 /0 Jo(pr)F (pdp).

The above shows one to one correspondence between the second order covari-
ance and its spectral density function, see [Yad83]. In particular for absolutely
continuos spectral measure F(pdp) = 02| A(p)|?

Ca(r) = 27 / " Jo(pr)o®|A() odp,

pdp we have
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in turn

1 oo
A = 5= [ DprCatrrar,
T Jo

when both integrals exist, see [Bri74], [Yag87]. The above property of Hankel
transform used above is based on the following property of Bessel functions
6(p—r)

/OO Jo (pr) Jo (kr) rdr = —=, (8)
0 P

where 0(p — k) denotes the Dirac ‘function’, more precisely d(-) is a distribution
(measure), see [AWO01] Section 11.

3. Bispectrum

If the field is not Gaussian then the second order properties do not charac-
terize the distribution. The next characteristics are, in a row, the third order
moments. The third order structure of a homogeneous and isotropic stochastic
field X (z) is described by either the third order covariances (third order cu-
mulants) in spatial domain or the bispectrum in frequency domain. Using the
spectral representation (1) of X (), we obtain the third order cumulants (central
moments) and it is given by

Cum(X (z,), X(2,), X (z5)) = / / / 20 Cum(Z(dwy ), Z(diy), Z(dusy))

R2 xR2 xR2

' 3
= /// € HZ ) 83wy wo, w3)d(Swy) [ duy
R2 xR2 xR2 k=1

where S5(wy, Wy, ws) = S3(wy, wy, —w; —ws) denotes the bispectral density. Under
isotropy for each g € SO(2)

3
Cum(X (g2,), X (922), X (g25))= / / / ) 54 (guoy, gy, g0y [ | dec
R2 XR2 xR2 k=1

= Cum(X(£1)7 X(QQ)a X(£3))a

hence S3(gw;, gws, gwsz) = S3(w,wy,ws) = S3(p1, p2, p3). Now we apply the in-
variance of the third order covariance

Cum (X (z1), X (25), X (23)) = Cum (X (0), X (25 — 21), X (23 — 21))
= Cum (X (0), X (|Jzy —2,|N), X (9(&3 —y))),
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where g denotes the rotation carrying z, —x; into the |z, —z;| times ‘North pole’
(N = (0,1)).

The third order covariance Cum(X (0), X (z,), X (z3)) depends on the length
of vectors z,, 5 and the angle ¢ between them, this way a triangle with vertices 0,
T, 23 is formed with length of the third side 71, such that r% = 7"%—1—7”%—27”27“3 cos .
According to this definition of r1, we introduce the notation

C (r1,72,73) = Cum (X (0), X (22) , X (z3)) -

We show that the bispectrum S3(w;,ws,ws) for a homogeneous and isotropic
stochastic field X (z) depend on wave numbers p1, p2, p3, (pr = |wi|) only, such
that the wave numbers p1, p2, and ps satisfy the triangle relation. The angle
between sides py and ps, will be denoted by 7.

The following theorem shows that the usual connection between the third
order covariances and spectra is valid in a particular form for the third order
covariance and the bispectra as well.

Theorem 2. The third order covariance C(ry1,72,r3) and the corresponding
bispectrum Ss(p1, p2, p3) are given by

3

C(ri,r2,13) = 2”//000 /07r (Jo (w) + Jo (w-)) Ss (p1, p2, p3) dn [ | prdpr.

. k=2
in turn

e8] T 3
S3 (p1, p2, p3) = (271T)3//0 /O (Jo (wy) + Jo (w-)) C (r1,72,73) dpe [ | radry,

k=2

where 1§ =13 + 13 — 2rarz cos @, p? = p3 + p3 — 2pap3 cosn, and

wy = \/(f?27”2)2 + (psr3)” — 2parapars cos (1 + @),

w_ = \/(par2)? + (pars)® — 2parapars cos (1 — ).

In the above, we assume that both integrals exist.

We note that in some cases it is more convenient to use the transformation

T (1, p2,p3 | ©,72,73) = Jo(para)Jo(psrs) + 2 cos(l)Ju(para)Je(psrs) cos(tn),
=1
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between the bispectrum S3(p1, p2, p3) and the third order covariance C3(ry, 72, 73),
namely.

C(T177‘2,7“3)

[e%s) T 3
=4 // / T(nap27p3 | %7"277"3)53(P1ap27l73)d77 H pkdpk? (9)
o Jo k=2
Ss(m,pzms)
=13 // T (1, p2,p3 | ,72,73)C(r1,72,73)dep H rrdrg. (10)
0 palied

PRrROOF. We use the particular representations (7), (6) and obtain

Cum(X(0), X (roN), X (z3))

- Z /// i2e"223 . (para) Ju, (pars) Cum(Zo(prdpy), Ze, (padps), Zu, (p3dps))

Zg,fg —0o0

Z /// &' Jy(para) J—(psrs) Cum(Zo(prdpr), Ze(p2dps), Z—i(p3dps))
{=—00

where ¢ = m/2 — 3, is the angle between N and z5. The third order cumulant of

the stochastic spectral measure Z(dw) of the homogeneous field X (z) is given by

Cum (Z (dw,) , Z (dwy) , Z (dwg)) = 0 (2 ( 1wk) Sz (W, Wa, ws) dw; dwydws
3

=0 (D3 pr@y) S3 (o1, p2, p3) [ 2 (d@y) prdpr,
k=1

where &), = w,/|w|. The stochastic spectral measures Zy(pdp) are related to
Z(dw) by

2
Zy (pdp) = / i‘e™™ Z (dnpdp) ,
0

therefore

Cum (Zo (prdp1) , Ze (p2dp2) , Z—¢ (p3dps))

27 3
(p1,p2, p3 /// e~ t(ms—n2) § (23 pridy, H prdprdn,.  (11)

In order to understand the usefulness of the Dirac ‘function’ in polar coordinates
we express it by an integral through the Jacobi-Anger expansion (2). Since the
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Dirac ’function’ is a measure we apply here the theory of generalized functions to

5(lekwk 27r k//]R2 (A lek)d)\

or 3 0o

—7(21)2 / / IT D i Je (pxA)et =S Ndrdg
7T 0o Jo

k=1 Zszoo

obtain

/ i tn =) +2012-19)) 1, (91 ) Ty, (p2N) T,y (P3AAAA. (12)
0

21 22 — 00

Now substitute (12) into (11). Because

2m 3
/// e~ (3 —n2) H eiek(nk—é)dnk = 04, 00,+0005—¢ (27r)3,
0

k=1
we get

27 e}
J[[ e ms(tm@edmdndnm = @02 [ Tl o) Jipad) A
0 0

This integral can be evaluated, if |p2 — p3| < p1 < p2 + p3, and let us denote
R = (p3 + p3 — p1)/(2p2p3), T = p3 + p3 — 2p2p3 cos(n), then
cos (£arccos (R))

mp2p3V/1— R? ’

/Ooo Jo (1 A) Je (p2X) Je (p3\) Add\ =

see [PBMS86] Tom. II, 2.12.41.16, hence

o Carccos (R))
—illm=m2) § (53,3, ) dnydnadns = 4w (—1)° cos (
e W ™ .
///o ( 1pk7k) A (=1 p2p3vV 1 — R2

Since J; = (—1)J_; we have

Cum (Zo (p1dp1) ; Ze (p2dp2) s Z—¢ (p3dps))
cos (¢arccos (R)) 3
Sz (p1, p2: p3) [Tx=1 Prdpr,
p2p3V1 — R? k=t

where 6(pA) = 6(p3 + p3 — 2pap3cosn — p?) and therefore the wave numbers
p1, p2, and ps should satisfy the triangle relation. Now can obtain the following

=4m (—1)" 6 (pD)

expression for the third order covariance

Cum(X(0), X (r2N), X(23)) = 47 Z ///

l=—00
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3
i cos(f arccos(R
x e_MQDJZ(pQTQ)J((p3T3>(—1)£6(pA>p(pl\/%;)‘sfs plap27p3 H kdpk:
2p3V1 — Pt
i cos(¢ arccos(R)) 3
=dn // / “ Jy(para) Je(pars) ——————="2S5(p1, p2, p3) | [ prdpn
LZOO p2p3V/1—R? kI;[l
0 |P2 psl
—ilp COS(en)
—4r Z Jo( pZTQ)JZ(pBTS)isg(pl,pQ,,03 Slnndnnpkdpk
T—cos?(1)
e k=2

—ar | / / S ¢y para) ) cos(bn) S5 (pn. o )| | e, (1)
0 0 f=—0o0 k=2

where p? = p3 4 p3 — 2p2p3 cos(n) and

p1dp1 .
= p2p3SML7).
dn

The function in the last row of the expression (13) is

T(nap27p3 | 907742’7“3) = Z e_i&pt]é(p?r?)J@(p?)T?)) 005(677)

l=—o00
oo

= Z cos(Lp)Je(para)Je(pars) cos(fn)

l=—00

= Jo(par2)Jo(psrs) + 2 Z cos(lp)Je(para)Je(psrs) cos(dn). (14)
=1

The above gives the transformation of the bispectrum Ss3(p1, p2, p3) from the third
order covariance Cs(ri,r2,73). Note that both angles ¢ and 7 together with two
sides define the third side p; and r; of the triangles, given by wave numbers
(p1, p2, p3) and distances (r1,79,73). The transformation 7 can be simplified by
using

1 o0
T (0, p2, p3] ¢s72, 7“3)=§ (JO(P27“2)J0(/)37“3)+2 Z Jo(para)Je(psrs) cos(€(n + @)))
=1

3 (Foloara) a(pura) +2 3 Ji(para) lpara) costetn — o)

l\JM—A

= %(Jo(w.|_) + JO(w—))a
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where wy = \/(p2r2)? + (psr3)? — 2parapsrs cos((n + ¢)),
w_ = /(o) + (p373)2 — 2parapsrs cos(n — @), see [EMOTS54] Tom.2,
Ch7.7.15, for the formula

Jo(2)Jo (u) +2 i Jo(2)Je (u) cos (09) = Jy (w),
=1

w = /22 + u% — 2zucos (V).
We have now established a relationship between the third order covariance and

the bispectrum, namely

Cum (X (0), X (r2N), X (23))
[e’s) T 3
=on [0 [ )+ oo s, (v p)in [ o

Next we show that the inversion formula

3

1 o0 s
S (p1, p2, p3) = 2n7 //o /0 (Jo (wy) + Jo (w=)) C (11,72, 73) dp | | rudr,

k=2

is also valid. Consider the integral

I(p1, p2,p3 | K1, K2, K3)

- / / h / ’ <J0(027’2)J0(037”3) +2 i cos(£p) Je(par2) Je(pars) cos(fm)

o) 3
X <J0(1£27’2)J0(1137’3)+2Zcos(ﬂap)Jg(ngrg)Jg(mgrg) cos(w)> dp [ [ redry. (15)
/=1 k=2

We notice first that cos(¢p) is an orthogonal system on [0, 7], i.e.

s e
cos (01p) cos (Lap) dp = dp, =0, )
/0 (frp) cos (L2p) {;Tifél;éO

then we integrate (15) with respect to ¢ and obtain
I(p1,p2,p3 | K1, K2, K3) = 7T/ Jo(p27"2)Jo(/€2T2)7‘2d7‘2/ Jo(p3rs)Jo(kars)radrs
0 0

—|—27ch08(€17) cos(fﬁ)/ Je(pQTQ)J[(FLQ’FQ)TQdTQ/ Je(p3rs)Je(ksrs)radrs.
— 0 0
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Using the integral of Bessel functions (8), we can show

1 2
L(p1,p2, pal k1, ko, k3) = 728 (po — K2) 8 (p3 — K3) ( + =) " cos (¢n) cos (&9))
m m —1
=728 (pa — K2) 8 (p3 — K3) 0 (n — D),

since 1/m and /7 /2 cos(¢n) forms an orthonormal system, see [AWO01] Section 11.
(I

We now consider models to define above random precesses.

Ezample 3. The spatial white noise W (r, ), on the plane is given as a
generalized field by the series representation

oW (rp) = 3 ¢ [ (or) W (o).

l=—00

where W (pdp) with E|W,(pdp)|? = o2pdp, see [Yag87], [Yad83]. We define the
Laplacian field on the plane by the equation

(V2= %) X (r,p) = 0W (r,9), (16)
where
RY Y
Coror o Or2 o r29p?’

is the Laplacian operator in terms of spherical coordinates. Now we have

V2

2 ilyp > by > d2 1d 62
VZe ; Jo(pr) Ze (pdp) = e ; a2 T g~ 2| Jeler) Ze(pdp)

= —¢'¢ / p*Je (pr) Ze (pdp) ,
hence 0

(V= ) [ aeor) Zeodp) =~ [ (24 ) o) 22 o).

Let us compare the terms in the integrands of the integrals of the equation (16),
and obtain

2
—(p* + ) Zi (pdp) = Wy (pdp) ,  (p* + )" 20F (pdp) = o®pdp,
a*pdp

F (pdp) = W
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Hence the covariance is obtained by inversion,

Cov (X (2), X (y)) =2 /OOO Jo (pr) F (pdp) = /Ooo Jo (pr) (pgfci'jf

_ 2 rK_q (cr).
2c
This covariance belongs to Matérn Class, see [Whib4] (K_; = K;), in terms of
modified Bessel (Hankel) function. The bispectrum of the process defined by the
Laplacian model is given by

3
S3 (p1, p2, p3) H

L P —&—027

where p = p3 + p3 — 2pap3 cos(n). We express the third order covariances ac-
cording to the Theorem 2, applying the transformation (14) to the bispectrum.
If (a/b)? < 1, we have

/” cos (£n) dn — ™ (\/bz—az—b>
0

b+ acos(n) n b2 — g2 a
see [GROO] 3.613.1. Put
a=—2pp3, b=ps+p;+c

b* —a® = ((p2 = p3)? + ) ((p2 + p3)° + *),

hence

/” cos (¢n) dn — T (\/b2—a2—b>é
0

P340 —2mpscos() -2 VI a

In this way we arrive at the Fourier expansion of the third order covariances
(oo}
¢ (Tl,TQ,Tg) = fo + QZfl COS (690) )

with coefficients

© o N/ B 3
fi =47r//0 N < b aa b) Jo (para) Jo (psr3) Hﬂkdpk.

k=2
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