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On the m-ary expansion of a multiple of (m* — 1)/(m — 1)

By HAO PAN (Nanjing)

Abstract. We prove an extremal result on the m-ary expansion of
n(mF —1)/(m — 1).

1. Introduction

Recently, Z.-W. SUN [3] proved that for any n, k > 1,
1 (2F — D)n\ [2(2% — 1)n
(2F —2)n+1 n (28 —1)n

2k—1 2n
n )

One key of Sun’s proof is the following curious lemma:

is divisible by

For positive integers n and k, the number of 1’s in the binary expansion of
n(2F — 1) is at least k.

In fact, he got a stronger result [3, Lemma 3.2]:

Theorem 1. For a prime p and positive integers n and k, the sum of all
digits in the expansion of n(p* — 1) in base p is at least k(p — 1).

Motivated by Theorem 1, Sun made the following conjecture.

Conjecture 1. Suppose that n, m, k are positive integers and m > 2.
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(i) There are at least k non-zero digits in the m-ary expansion of
n(m* —1)/(m —1).
(i) The sum of all digits in the m-ary expansion of n(mF —1) is at least k(m —1).
In fact, Conjecture 1 is not new. A solution of Part (i) of Conjecture 1 for the
base m = 10 has been given in [1]. Furthermore, the second part of Conjecture 1
for m = 10 is also proved in [2]. Of course, those two proofs can be extended to

any base m > 2 without any difficulty.
However, in this short note, we shall prove the following stronger result.

Theorem 2. Suppose thatm > 2,k > 1 and ay,as,...,a, € N={0,1,2,...}
are not all zero.

(i) If apm* 1 + ap_1m*=2 + .- + agm + ay is a multiple of (m* —1)/(m — 1),
then

where [x] =min{z € Z: z > z}.

(ii) Suppose that

arm™ 't ap_mP 2 daomda; =0 (mod m* — 1).

Then
g { % JZ]%
m—1

=1

<.

where |x] = max{z € Z: z < z}.

Let us give an explanation why Theorem 2 implies Conjecture 1. Write
n(mF —1)/(m —1) = bpym" ™ +bp_m" 2+ f bym + by,

where 0 < b; < m. Let

Since all b; are less than m, we have

[mail—‘ <H1<i<h:i=j (modk), b; >0}



On the m-ary expansion of a multiple of (m” —1)/(m — 1) 353

On the other hand,

h k k
Zbimifl = z:mj*1 Z b; = Zajmjfl =0 (mod (mF-1)/(m—1)).
i=1 j=1 j=1

1<i<h
i=j (mod k)

It follows from Part (i) of Theorem 2 that

k k
.
1<i<h:b > i |
(ishinsonz Y 202

[‘ﬂ > k.
1 m

Similarly, if n(mk —-1)= bym'~1 4+ ... +b; with 0 <b; < m and let

We shall prove Theorem 2 in the next section.

2. Proof of Theorem 2

Proposition 1. Suppose that m > 2, k > 1 and ay,as,...,a € N are not
all zero. Let q be a divisor of m* —1. Suppose that 7(z1, ..., ;) is a nonnegative
integer-valued symmetric function satisfying that

T(x1, 29, ..., xp—1,md +b) > 7(x1 +d,22,...,T5_1,b)
for every 0 <b<m andd>1. If

agmF '+ ap_1mF 2+ taym—+a; =0 (mod q),
then

) y*r Z i * t 3
m(on 02, p0k) > min {7 (lg)}

where
7*(h) =7(c1,¢2,. .., k)

provided 0 < h < m* has the m-ary expansion h = c;m* 1 4 c,_1mF =24 +¢;.
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PROOF. Let
k
S = {(ah...,ak) tai,...,ar € N are not all zero, Zajmj_l =0 (mod q)}
j=1
For x = (aq,...,ax), define
o(x)=ay+as+ -+ ag.
Let
to = min  7(a,...,a
0 (a1,...,ar)ES ( ! k)
and
T ={(a1,...,ar) € S:7(ay,...,ar) =to}.
Clearly T is non-empty. Choose an x° = (af,...,a;) € T such that
x°%) = min at,...,a).
o) (a1,-var) €T olar,-.,ax)
Since
k k k—1
m - ZajmJ_I = Zajm] =ag + Zajmj (mod ¢),
Jj=1 Jj=1 Jj=1
(a1,a2,...,a;) € S implies (ak,a1,a9,...,ax—1) € S. Furthermore, note that

both 7 and ¢ are symmetric. So by the definition of T" and the choice of x°,
without loss of generality, we may assume that af, > max{a{,as$,...,ay_,}. We
shall prove that aj, < m. Assume on the contrary that aj, > m. Write aj, = md+b
with 0 < b <m and d > 1. Then

k k—1 k—1
Z agm? = (md+b)mk71+z agm!~'= bmk71+(d+a§)+z a3m’~" (mod g).
j=1 j=1 j=2
Hence x* := (a$ +d,as,...,a}_,,b) € S. Note that now
m(ay,...,ay) = 7(ay,a3,...,a5_y,md+b) > 7(aj +d,a3,...,a5_1,0).

It follows that x* also lies in 7. But clearly
o(x°) —o(x?) =a$ +aj — (a5 +d+b) = (m—1)d > 1,

ie., o(x?) < o(x°). This evidently leads to a contradiction with our choice of x°.
So we must have aj < m, i.e.,

max{aj,ay,...,ap} <m—1.
Thus agm*=! 4 - + a$ = toq for some 1 <ty < (m* —1)/q. And

S as,...,a7) =T1(t > i *(tq)}. [l
T(alva’Qa aak) T ( OQ) = 1§t§?7111’£171)/q{7 ( q)}
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Now let .
— i
T1(£L‘1,...71'k) = ; ’Vm-‘
and

To(T1,. . Tg) = Zk: {mxi 1J.

i=1
We shall verify 7 and 7o satisfy the requirements of Proposition 1. Evidently 7
and 7o are symmetric. Note that

-2

B B R R P

Clearly it follows that

and

T1(z1, 22y Tp—1,md +b) > (21 +d,x9,...,T5_1,b).
md+b Sd+ b ’
m—1 m—1
r1+d T d Z1
< 1< d.
{m—lJ{m—lJ—’_{m—lJ—’_ {m—lJ—F

Tg(l‘l,l‘g, ey Tp_1,md + b) > TQ(JZl +d,xo, ... ,l‘k_l,b).

Moreover, if m > 2, then

and

That is,

Of course, apparently the above inequality also holds when m = 2. Finally, note
that for each 1 <t <m —1,

(22 i (Fem) -

Jj=1

and
; b m—1
-1 = ) = — | =k.
(" (z ) ;{m_lj

Thus applying Proposition 1, we immediately get Theorem 2.
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