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An algorithm determining cycles of polynomial mappings
in integral domains

By TADEUSZ PEZDA (Wroctaw)

Abstract. In the first part of this paper we show how all normalized cycles could
be found in a domain R, provided all nontrivial solutions in units of v + v = 1 and
u+ v+ w =1 are given. Then we give an effective method to find all normalized
cycles in the ring of integers Zx in any algebraic number field K. Finally, we deal with
polynomial orbits.

For a commutative ring S with unity a tuple (zg,x1,...,2,—1) of distinct
elements from S is called a (polynomial) cycle if for some f € S[X] we have
f(zo) = 21, f(x1) = z2,..., f(®¥n—2) = Zn—1, f(Xn_1) = zg. The number n is
called the length of this cycle. A cycle xg,x1,... is called normalized provided
9 =0, z1 =1.

In the first section we show how all normalized cycles could be found in a
domain R, provided all nontrivial solutions in units of u+v =1and u+v+w =1
are given. In the second section we give an effective method to find all normalized
cycles in the ring of integers Zx in any algebraic number field K. In the last
section we deal with polynomial orbits.

1. A usefulnessof u+v =1 and v+ v + w = 1 in units

In [H-KNa2| the following theorem was established:
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Theorem 0. Let R be an integral domain and assume that for every nonzero
b € R each of the equations: x1 + bxy = 1, b(x1 + x2) + 23 = 1, x1 + 29 + 23 +
24 + x5 = 1 has only finitely many nontrivial solutions x; € R*. Then there are
only finitely many normalized cycles in R of a given length.

Let R be a commutative domain in which the equations u +v = 1 and
u+ v 4+ w = 1 have only finitely many solutions in units # 1 (this assumption is
satisfied for finitely generated domains of 0 characteristics). Let us define A as
the set of all solutions («;, 8;,7:), @ = 1,...,m of a+ f+ v = 1 with invertible
a, 3,7 distinct from 1, and |A| = m. We also define B as the set of all solutions
(0j,€;), 7 =1,...,my of § + € = 1 with invertible d,¢, and |B| = my. In the
following theorem we improve Theorem 0.

Theorem 1. Let R, A, B be as above.
(i) The lengths of cycles in R are bounded by 6(m + 2)2.

(ii) Fixn < 6(m+2)? and n # 4. We define a family of sets X; as follows.
Put Xy = {1}. For odd n we put Xo = {1 —6; : j = 1,...,mi}. For
even n # 6,12 we put Xo = {1 —«; : i = 1,...,m}. For n = 12 we put
Xo={l—-a;,14+a;:i=1,...,m}. Forn =6 we put Xo={1 —q; :i=1,
coo,mPU{l —€,1— €2}, where € € R is a primitive third root of unity (if it
exists in R, otherwise we skip the second component).
Having defined Xy, X, we define inductively X; for i > 3 by
Xi={alz—y)+y:a€ Xy, x € X1, y € X,_o,x —y is invertible}.
Then for n # 4,6 any normalized cycle (x9 = 0,21 = 1,22,...,2p,_1) Of
length n satisfies x; € Xj;.
Any normalized cycle (xg = 0,21 = 1, x4, ..., x5) of length 6 satisfies z; € Aj,
except for char R = 3, where, in addition, (0,1,1 —u,2 —u,u — 1,u) Iis a
cycle for any invertible u # 1, 2.

(iii) Any normalized cycle in R of length 4 is of one of the following forms:

(a) (0,1,1 — oy, B;), where 1 < i < m and the ratio (1 — «;)/(1 = ;) is
invertible;

(b) (0,1,1 + «;,;), where 1 < i < m and the ratio (1 + «;)/(1 — o) is
invertible;

(c) (0,1,1+ €, ¢€), where € satisfies €2 + 1 = 0;

(d) (only for char R =2) (0,1,1 4 v,v), where v is any unit # 1.

PRrOOF. (i) Let (0,1,23,...,2,—1) be acycle. Lemma 1 from [Nal] gives that
for any 1 < k < n—1 satisfying (k(k—2),n) = 1 the elements xy, x1 —x2 = 1 — 9
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and xo — x are invertible. Thus for such k the triples («, 8,7) = (1 — 22,29 —
Zk, x)) are distinct solutions of the 3-unit equation o + 4+ v = 1. Among them
there are at most two trivial solutions, i.e. when kK = 1 or 29 — x = 1. Thus
the number [ of integers k € [1,n — 1] satisfying (k(k — 2),n) = 1 cannot exceed

m + 2. Since
2

n L (1—p) if 24 n,

n 2 .

51_[2#17‘” (1p) lf2|n,
and p*(1 — 2/p) > /p® for prime p > 5 and o > 1, we get m +2 > 1 > /n/\/6.
Thus n < 6(m + 2)%.

(ii) Let n > 3 and let (0,1,22,...,2,_1) be a cycle in R. Our first aim is to
prove that xo € As.

I = (1)

If n is odd, then 1 — 9 = z1 — x2 and x, are invertible. Thus 29 =1 —§;
for some 1 < j < my. Hence x5 € X.

Assume now that n # 4,6,12 is even. Then the number [ from (1) satisfies
[ > 3. So there exists k € [2,n — 1] such that (k(k —2),n) =1 and zo — z # 1.
Hence (1 — zo, xo — x, xk) = (a4, Bi,7:) for some 1 < ¢ < m, and zo € Xy follows.

For n = 12 the triples (1 — x9,29 — x7,27) and (1 — xg,x6 — z7,27) are
solutions of the 3-unit equation « + 5 + v = 1. If the first solution is not trivial,
then 1 — x5 = a;, o = 1 — o; for some 1 < i < m. Otherwise o — z7 = 1, but
then the second solution is not trivial, and x7 = «;, £2 = 14 «; for some i. Hence
T € Xs.

Assume that n = 6. Put 26 = 0, x7 = 1 and y; = x; — a;—; for i € [2,7].
Hence yo,...,y7 are invertible. Put yo = —u. Assume that zo # 1 — a; (i.e.
u# ay) for 1 <i < m.

Take any ¢ € [3,7]. Then o ~ x; — ;-2 = yi—1 + ¥, and 1 —u = x9 =
0(yi—1 +y;) for some invertible 6. Thus (u, dy;—1,0y;) is the trivial solution of the
equation o + 8+ v = 1 in units. Since u # 1, we get dy;—1 = 1 or dy; = 1, and
vi/yi—1 € {—u,—u"1} follows. Since y; = 1, we get yg € {—u, —u~1}.

Ifu=—1,then 2o =2, x3 =3 and 0 = z¢ = 2-3. This gives 2 =0 or 3 =0,
i.e. zog =0 or z3 = 0, a contradiction. Thus we get u # +1.

For i = 2,...,6 put y; = (—uw)*, with ax = 1 and |a; — a;—1] = 1 for
i=3,....6.

In this way we obtain 16 possibilities for the quadruple (a3, a4, as, ag).

There are 9 possibilities for (a3, a4, a5, ag) such that (as, aq, as, ag)#(0, 1,0, 1)
and ag € {£1}. In each of these possibilities the condition that 0,1, zo, ..., z5 are
distinct is not satisfied. A typical such possibility is (a3, a4, as,ag) = (0,1,0,—1).
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Inthiscase 0 =2 = 1 —u+1—-u+1—u?t=1-u(l+1-ul), and
1+1—u~! =0 follows. This gives 24 —21 = —u+1—u=—u(l+1—u"t) =0,
a contradiction.

There are 5 possibilities for (as, a4, as, ag) such that ag € {£3}. In any such
possibility ys € {—u, —u"'} gives (—u)? = 1 or (—u)* = 1. Since we have already
excluded u = +1, we must have u?4+1 = 0, and this gives a contradiction. Take for
example (a3, a4, as,ag) = (0,—1,—-2,-3). Since0 =z =1—u+1—u"t+u?—
u P =1-u)(l-ut-u?), weobtain 0 =1—ut—u3=1-u31+u?) =1,
a contradiction. In other four cases we proceed in a similar manner.

Let us consider (a3, a4,as,as) = (2,3,4,5). Since 0 = 26 = 1 —u+u? —ud +
ut —ud = (1 —uw)(1 —u+u?)(1+u+u?) and 23 = 1 —u + u? # 0, we obtain
14 u +u? = 0. Hence u is a primitive third root of unity and zo = 1 — u € Xj.

Finally, let (as, a4, as5,a6) =(0,1,0,1). Then 0=12¢ = 3(1—u) and char R = 3
follows. If an invertible u # 1,2 and char R = 3, then (0,1,1—u,2—u,2—2u, —2u)
isacyclefor f(X)=1—-uX—(u+1)/uX(X-1)+1/uX(X - 1)(X - (1 —u)).

Lemma 1. Forn > 3, n # 4 let (0,1,z9,...,2,-1) be a cycle in R for
f(X) € R[X]. We extend the indices putting x, = xg = 0, Zp11 = 21 = 1,
Tpy2 = X2, Tnig = 3 and so on. Assume that for some 2 < r < n+ 1 we have
1l—y:= (2, —xr_2)/(xp_1 — Tr_2) & Xo. Then x4 ¢ Xs.

ProOOF. We have that (0,1,1 —y, (zr41 — Tr—2)/(Tp_1 — Tp—2),. ..,

(Tpgn—3 — Tr—2)/(xr—1 — T,_2)) is a cycle for

9(X) = (-1 — r—2) N (f((xr—1 — Tr—2)X + @p_2) — ¥,—2) € R[X]. By what
we have already proved, we have n = 6, char R = 3 and (2,41 — zr—2)/(p-1 —
Tp—2) = 2 —Y,oo, (Xp_3 — Tp—2)/(Xr—1 — Xr—2) = y. In particular the triple
((iﬂo *$r—2)/(xr—1 *Ir—z), (501 *ﬂfr—z)/(wr—l *%—2)7 (12 *%—2)/(%—1 *wr—z))
is of one of the following forms (0,1,1—y), (1,1—-y,2—y),...,(y—1,y,0), (y,0,1).
This easily gives 23 € {1—y,1—1/y}. Since 1 —y € Xy if and only if 1—1/y € X,
we are done. O

Summing up, for n > 3, n # 4 we showed that x5 € X5, except for one
family of exceptions in char R = 3. Using Lemma 1, by simple induction we
obtain z; € X; for j > 2 provided xzo € X. If xp ¢ X, then char R = 3 and
(0,1, z5,...,25) is of the form (0,1,1 — w,2 — u,2 — 2u, —2u), with invertible
u#£1,2.

(iii) Let (0, 1, x9, x3) be a normalized cycle. We see that 1 —xs, x3 and x3 — o
are invertible and (1 — xo, 3,z — x3) is a solution of the 3-unit equation. If this
solution is not trivial, then (1 — xo, 23,22 — x3) = (o, B;, i) for some 1 < i < m,
and (0,1, z9,23) = (0,1,1 — oy, B;) follows.
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Otherwise xo — x3 = 1, and (0,1, z9,23) = (0,1,1 + v,v) for some unit v.
Since x3 — 1 ~ x2, we obtain that 1 —v = 6(1 + v) for some invertible §. We see
that (v, d,dv) is a solution of the 3-unit equation. If this solution is not trivial,
then (0,1,29,23) = (0,1,1+ o, ;) for some 1 < ¢ < m. If this solution is trivial,
then 6 = 1, char R=2or § = 1/v, > +1 = 0. One easily sees that (0,1,1+ v, v)
is a cycle if char R = 2 and v # 1 is invertible. O

Remark 1. Theorem 1 gives (except for two families of cycles if char R
equals 2 or 3) a finite list of tuples which may be cycles. To check whether a
given (0,1,za,...,2,—1) is a cycle we should calculate the Lagrange interpola-
tion polynomial realizing this cycle, and check whether its coefficients lie in R.

Remark 2. Generally speaking, the numbers of elements of X5, X3,... grow
quite rapidly. In some cases one can shrink quite a lot the sets of possible values
for x;’s. For example if n is odd, (0,1, 22,...,2p—1) isacycleand 1 <j<n-—1
satisfies (j(j—1),n) = 1, then (z;,1—x;) € B. One may also restrict the possible
values for z;’s taking into account for example that xo ~ x3 — 21 ~ x4 — 22 and
some other similar relations.

Remark 3. If (zo,%1,...,Tn—1) is a cycle, then (0,1, (x2 — x0)/(z1 — o),
(x3—x0)/(x1 —20)y .-, (Tn-1 — x0)/(x1 — o)) is a normalized cycle of the same
length. Thus having found all normalized cycles we find the set CYCL(R) of all
cycle lengths in R.

Remark 4. From the proof of Theorem 1 we infer that for odd n all normalized
cycles of length n can be found using solely the solutions of the 2-unit equation u+
v = 1. Using the ideas from the proof of Theorem 1(i), we may show that the odd
lengths of cycles are bounded by C(m1 +1)(loglog(m; +3))? for some constant C.
Thus finding all normalized cycles of even lengths is much complicated than those
of odd lengths.

Remark 5. Theorem 1 does not lead directly to the determination of CYCL(R)
in the case when R = Z is the ring of integers of an algebraic number field K,
as there is no known procedure to find all solutions of the equation u4+v+w =1
in units # 1. An exception is formed by fields with unit rank < 1, where all cycle
lengths were determined ([Bo] and [Ba]) for quadratic fields, [Na2] for complex
cubic fields, and [Pe2] for totally complex quartic fields.
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2. An algorithm determining all normalized cycles

Nevertheless, we have found a finitary procedure working in all number
fields K, which finds all normalized cycles in Zg, and therefore also CYCL(Zk).
It is based on some known algorithms from algebraic number theory. In the proof
of Theorem 2 below we propose such a procedure.

Theorem 2. There is an effective procedure, which for a given number
field K finds all normalized cycles in Zg. This procedure also finds CYCL(Z).

PRrROOF. For any number field K the following things can be effectively cal-
culated:

(A) the degree [K : Q)], the discriminant disc (K), the regulator reg (K), the
class number hg, an integral basis, a fundamental system of units, all roots of
unity lying in K. One may effectively check whether a given element from K lies
in ZK.

(B) For any nonzero «, 3,7 € Zk let us define Tx(a, 8;7) = {(u,v) : au+
Bv =, and u, v are invertible}. Then Tk («, 5;7) is finite and may be effectively
found (see [9], [Gy], [EGST]).

(C) For any nonzero a € Zi one can effectively find the set of all (up to
associates) divisors of a. Since for any b | a one has Ng,o(b) | Nk/g(a), this
may be completed by solving a suitable norm form equation. For the solvability
of norm form equations in an effective way see [BSh], [Ga].

Lemma 2. Let K be a number field. Let ay,as3,b1,b2,c1,c0 € Zi be given
and satisfy aj,as,c1,c2,b1a2 — boay # 0. Then one can effectively determine a
finite set Ay, depending on K and ay,as, ..., co, consisting of all integers u € Zy
satisfying a;u + b; | ¢; fori =1,2.

PROOF. For i = 1,2 one effectively finds a finite set D; of all (up to asso-
ciates) divisors of ¢;. Hence aju + by = d161, asu + by = dady for some d; € D;
and invertible d1,d2. This gives (d1,02) € Ti(dias, —dsay;bias — beay), so for
fixed dy,ds we effectively find possible u. Since d; lies in the finite set D;, we are
done. a

Let K be a fixed number field. Put N = [K : @Q]. Let (r, s) be the signature
of K. Let {5y = exp(2mi/M) be the generator of the group of roots of unity lying
in K and let 1, ...,m.4+s—1 be any fundamental system of units in K.

Let us define S(n) as the set of all normalized cycles in Zk of length n. In
order to prove the assertion it suffices to bound effectively the n’s such that S(n)
is non-empty, and for n less than this bound to find effectively S(n). According
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to Remark 1, in order to check whether (0,1, xs,...,2,-1) is a cycle it suffices
to check whether the (unique) polynomial h(X) of degree < n — 1 realizing this
cycle, with coefficients in K, has all its coefficients in Zx. The polynomial h(X)
is calculated by the Lagrange interpolation formula, and one may effectively check
whether all its coefficients lie in Zg.

Remark 6. Let B(R) be the biggest element of CYCL(R). It is known that
B(Zk) is bounded from above by some explicit expression depending on N =
[K : Q]. The first such estimation was given in [Nal], where B(Zk) is bounded

from above by some double exponential function in N. It was improved in [Pel],
where B(Z) < 2N+1(2N — 1) was established.

For any odd n < 2N¥*1(2¥ — 1) we can find effectively all elements from
S(n), as explained in Remark 4, since by (B) all solutions of the 2-unit equation
u+ v =11in Zk can be effectively computed.

The procedure of finding all S(k) will be completed provided for all n <
2V (2N — 1) we can effectively find S(2n) having at our disposal the finite set
S(n).

Remark 7. Assume that (0,1,25,...,2,_1) is a cycle in a domain R for a
polynomial f(X) =co+ 1 X + -+ + ¢,_1 X"}, Take any nonzero a € R. The
Lagrange interpolation polynomial for the sequence £, = (0,a,axa,...,ax,_1)
equals af((1/a)X). Thus &, is a cycle in R if and only if a | ¢z, a® | c3,...,

a" 2| ey

Remark 8. If (0,1, y2,v3,...,Y2n—1) € S(2n) is a cycle for F(X), then

(0,1,94/y2,Y6/Y2, - - -, Y2n—2/y2) is a cycle of length n for (1/y2)(F o F)(y2X) €
R[X].

Owing to the last remark in order to find S(2n) it suffices to find effectively
for a fixed (0,1,22,...,2,—1) € S(n) all (0,1,y2,...,y2n—1) € S(2n) such that
Yok /y2 = i for all 2 < k <n — 1 (informally speaking (0,1, x9,...,2,_1) is pro-
portional to (0, y2, Y4, . -, Y2n—2)). Let us call such (0,1,ys2,...,y2n—1) connected
to (0, 1, Loy ... ,Jﬁn_l).

Lemma 3. Let n be given and assume that the set S(n) is explicitly known.
If for each sequence & = (0,1, 2, ...,2,-1) € S(n) one can effectively construct
a finite set ) = Y (&, K) such that every cyclen = (0,1,ya,...,yan—1), connected
to £ satisfies yo € Y, then there exists an effective procedure to determine S(2n).
Such a construction exists, provided one can either effectively find a nonzero
b € Zk such that each cycle 1 connected to £ satisfies yo | b, or one can find
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effectively nonzero b,c € Zy with b # 1 such that each cycle n connected to &
satisfies yob — 1| c.

PROOF. Suppose that we found such Y. Fix any a € Y. If n is a cy-

n — 1.

Thus ya2, Y4, Ys, - - -, Yan—2 are uniquely determined by a and £. Let Tx(1,1;a) =
{(u1,v1),y ..., (ug,v) }

Take any 1 < k < n — 1, and consider yory1. Then yort+o — Yok+1, Yok+1 —

Y2k Th1 — @k are units, and ((yer42 — Yor+1)/ (Trt1 — k), (Yors1 — Yor)/ (Th1 —

xk)) € Tr(1,1;a). This gives yar+1 = azp+(Tgp41—xk)v; for some 1 < ¢ < ¢. Thus

cle with y» = a, connected to &, then yop, = axy for all 2 < k <

we have only finitely many and effectively computable possibilities for the values
Y3, Ys, - -, Yon_1. Having a finite number of possibilities for cycles connected to
(0,1,29,...,2,-1) we pick those which are in fact cycles.

Let b # 0 be effectively computable and suppose that for all cycles n con-
nected to (0,1,...,2,_1) we have y5 | b. Such a set ) exists by Lemma 2 in view
of yo — 1] 1.

Let b #£ 0,1; ¢ # 0 be effectively computable and suppose that for all cycles
1 connected to & we have yab — 1 | ¢. Such a set Y exists by Lemma 2 in view of
ya — 1| 1. O

Let £ = (0,1,29,...,2,—1) € S(n) be fixed. Let n = (0,1, y2,¥3, .-, Yon—1)

be connected to £. Put yo = a. We will show two ways of finding a set ) fulfilling
the condition of Lemma 3. The sets ) obtained in the two ways below may differ.

First way. Let f(X) = co+c1 X +c2 X2+ -+c,—1 X" be the unique poly-

nomial of degree < n — 1 realizing £. Since (0, y2, Y4, .-, Yan—2) = (0,a,axs, ...,
aw,_1) is a cycle for (fo f)(X), by Remark 7 we get a | ca,a? | ¢3,...,a" 2 | cpo1.
If at least one number from co,c3, ..., c,—1 is nonzero we are done by Lemma 3.

Second way. We have ys —y1 = y4 — 1 | y6 — Yo = ys, and equivalently
ary — 1 | axs. Hence axes — 1 | axsze and axe — 1 | 23 follows. If n > 3, then
x9 #0,1; x3 # 0, and we are done by Lemma 3.

For n > 4 the set Y may be established by the second way.

Let n = 3. If the Lagrange interpolation polynomial f(X) realizing £ =
(0,1,22) is of degree 2, then we establish ) using the first way. Assume that
f(X) = co + c1X realizes the cycle & Then ¢g = 1 and (since f°3(0) = 0)
1+c; +¢2 =0. Thus ¢; is a primitive third root of unity.

It remains therefore to consider £ of the form £ = (0,1,1+ ¢), where in what
follows ¢ is a primitive third root of unity. Let n = (0,1, ya2,...,y5) be a cycle
connected to (0,1,14¢). We may write 1 in the form (0,1, a,1+b,a(1+¢),1+bz2)
for some a,b, z € Zg. Let g(X) be a polynomial realizing the cycle 7.
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We see that (0,1,2) is a cycle for 1/b (¢°?(bX + 1) — 1) € Zg[X]. Thus
(0,1, 2) € S(3).

Fix z # 1+ ¢, 1+ ¢? such that (0,1,2) € S(3). Owing to the invertibility of
a—1 we obtain that n; = (0,1,b/(a—1), (a(1+¢{)—1)/(a—1),bz/(a—1),—1/(a—1))
is a cycle (for 1/(a — 1) (g((a — 1)X 4+ 1) — 1) € Zk[X]) connected to (0,1, z).
Since z — 1 is not a primitive third root of unity, by the previous part of the
proof we conclude that 7; can be effectively found, and therefore also a,b can be
effectively found.

It remains therefore to consider the cases z =1+ ¢ and z = 1+ ¢2.

First, let 2 = 1+ (2, and consider (0,1,a,1+b,a(1+¢),1+b(1+¢?)) € S(6).
Since ys4 — 1| y3,y5 — y2 we have a(1+¢) — 1| 1+b,1+b(1 +¢?) — a. This easily
gives a(1+¢) — 1|2+ ¢? # 0, which together with a — 1 | 1 shows by Lemma 2
that a belongs to an effectively computable and finite set.

Secondly, let z = 1+(, and consider (0,1,a,14+b,a(14¢),14+b(1+()) € S(6)
with a ~ b. Since yo — y3 and y; — ys are units, we get that « — 1 — b and
a(14+¢)—(14+b(1+4()) are units. This gives that (a—1—b, a(14+¢)—(1+b(14())) lies
in the finite and effectively computable set Tx(1,(;¢?) = {(u1,v1),- .., (us, v¢)}-
Put a — 1 — b = u; for some i < t.

If u; # —1, then a | a — b = u; + 1, which together with a — 1 | 1 shows by
Lemma 2 that a belongs to an effectively computable and finite set.

Let u; = —1, or equivalently a = b, and consider (0,1,a,1+ a,a(l+¢),1+
a(14¢)) € 8(6). Then a —1 and 1+ a(1 + ¢) are units, and (a — 1,1+ a(1+())
belongs to the finite and effectively computable set Tk (1,(;¢ — 1).

In this way we showed for any n > 3 that having at our disposal S(n) we can
effectively find S(2n). It remains to find effectively S(4), and this case requires a
slightly different approach.

Let us arbitrary order the units of the form ¢i9nit - ... - nigf;:i, with 0 <
10,91, -, irtrs—1 < 1 and denote them as o1,09,...,09-+s. Any unit § may be

uniquely written in the form ;€2 for a unit € and some i € [1,277*].

Let (0,1,z2,23) be a cycle. Since x5 — 1 and z3 are units, we may write
29 = 140, 3 = € for some invertible §,e. Thus (0,1, z2,23) = (0,1,1 + §,¢).
Since xo ~ 1 — 3, we may write 1 — e = (1 + 4) for some unit . Since
xo — xg is invertible, (zo2 — z3)/1» =1+ § + 0/¢ is invertible as well. In view of
8+ 6% — §/1 = —b€/v, we then obtain that

0 0
51 ::1—}-5—1—%; Tg:=5+52—¥
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are units. Write 7 = 0;p?, for some 1 < i < 27% and a unit p.
We see that 7o = (64+1)2 =71 = (0+1)2—0;p? = (§+1+/T:p)(6+1—/Tip)
is invertible. Thus 6 + 1+ /o;p and 6 + 1 — \/o;p are units in Zx( ;). Hence
o+1 0+1
<¢;p +1, % - 1) € Tie(yom (1, ~1:2).
Fori=1,...,2""* the sets Tk (ya7) (1, —1;2) are finite and effectively computable.
Moreover, having K we may effectively find all K(,/7;).
Let Tx (/o) (1, =1;2) = {(ui,, vi, ), - -+, (Wi, i,y ) }- Hence (6+1)/(\/aip)+
1 = u;, for some j < j(i). Thus (u;; — 1)/o; € K, and therefore (4,p) €
T (1, \/oi(1 —uy;); —1).
For any 7 < 2""* and wu,, satisfying (u;, — 1),/0; € K we effectively find
T (1,/0i(1 — u;;); —1), and this gives that all possible x; — 1 = ¢ belong to a
finite and effectively computable set.
Having found possibilities for § and observing that (71, —6/¥)€ T (1, 1;1+6),
we finally obtain that 3 = ¢ = 1 — (1 4 ) also belongs to some finite and

effectively computable set. The proof of Theorem 2 is thus completed. O

3. Finite orbits

In a domain R a tuple (yg,Yk—1,---,%0 = Zo,T1,-..,Tn—1) of distinct ele-

ments from R is called a (finite) orbit provided there exists a polynomial f(X) €
R[X] realizing this orbit, i.e. f(yr) = yr—1, f(Yr—1) = Yr—2,---, [(y1) = yo = To,
f(xo) = 1, f(x1) = x2,..., f(¥n—1) = zo. We underlined the unique cycle
contained in the orbit.

The counterpart of the second part of Remark 1 holds also for orbits.

The number n+k is called the length of this orbit, the cycle (xg, 1, ..., Tpn_1)
will be called the head of this orbit (of length n), (yk, yx—1,--.,Yyo) will be called
the tail of this orbit (of length k (not k + 1)), and finally (n, k) will be called the
type of this orbit.

A cycle (zg, z1,...,2n—1) in R is called linear, provided it is realized by some
polynomial f(X) € R[X] of degree < 1. We call an orbit linear provided its head
is linear.

If (yg, ..., Y0 = Zo,...,Tp—1) is an orbit in R, then clearly for any invertible
a € R and any b € R the tuple (ayx +0b,...,ayo +b=axg+b,...,ax,_1+0b) is
also an orbit in R. Two such orbits will be called equivalent.

In [H-KNa2] it was established that in any finitely generated domain of char-
acteristic zero there is only finitely many inequivalent nonlinear orbits.
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Theorem 3. Let K be an algebraic number field of degree N. Then for
polynomial orbits in Zy the following holds.

(i) The lengths of orbits are bounded by some quantity depending solely on N.

(ii) There are only finitely many inequivalent nonlinear orbits and all of them

can be effectively found.

(iii) Any linear orbit with tail of length 0 is equivalent to
(0,a,a(1 4+ ¢y va(l +C+ 2+ -+ (" 2)) for some nonzero a € Zg
and some primitive n-th root of unity ¢, € Zk.

(iv) There are only finitely many inequivalent linear orbits with head of length
> 4 and tail of length > 1 and all of them can be effectively found.

(v) Any linear orbit of type (3,1) is equivalent to (1,0,1 + €, (1 + €)(1 4 (3)) (this
is the orbit for f(X) = (X —1)(X —(1+€)(1 +(3))(—Cs + (¢3/€)X), and (3
is a primitive third root of unity) for any unit ¢ # —1.

(vi) There are only finitely many inequivalent linear orbits of type (3,k) with
k > 2, and all of them can be effectively found.

(vii) Any orbit of type (2,1) is equivalent to (1,0,d) for some d € Zg,d # 0,1
(this is the orbit for f(X) = (d — X)(1 — X)).

(viii) Any orbit of type (2,2) is equivalent to (1+¢,1,0,1 + € + §) for some invert-
ible€,6 € Zi, e # —1, § # —e,—1 —€; (1 +¢€) |6 — 1 (this is the orbit for
f(X)=(Q4e+0—-X)1-X)—(14€d)/(ed(1 + €)) X (X —1)(X —(1+€+9))).

(ix) (a,b) is the orbit of type (1,1) for any a # b (for f(X) =1b).

(x) Any orbit of type (1,2) is equivalent to (d,d(1 — €),0) for some nonzero
d € Zk and invertible € satisfying d | 1 — € (this is the orbit for f(X) =
(I—¢)/(ed)(X —d(1—€)X).

(xi) There are only finitely many inequivalent orbits with head of length 1 or 2

and tail of length > 3. One can effectively (up to equivalence) find all of them
if and only if one finds an effective procedure for determining all solutions of
u+v+w=1,1—wu|1l—wv, with invertible u,v,w € Zr, u,v,w # 1.

PROOF. Any orbit is equivalent to (yg,...,y1,90 =0,a,azs,...,ax,_1),
where (0,1,29,...,2,-1) is a normalized cycle, and we may restrict consider-

ations to orbits of this form.

(i) In [NaPe] it was emphasized that the lengths of orbits in Zx are bounded
by some quantity depending solely on B(Zk) and the number of nontrivial solu-
tions of u + v+ w = 1 in units (the latter number is bounded by some expression
depending solely on [K : Q] (see [EG])).
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Lemma 4. Fixa,b€ Zx,a#0,b#0, a #b.

() There are only finitely many orbits with head of length > 3 of the form
(Yky---yy0o =0,a,...), and all of them can be effectively found.

(8) There are only finitely many orbits of the form (yg,...,y1 = b,yo =0,a),
and all of them can be effectively found.

(v) There are only finitely many orbits of the form (y,...,y1 = a,yo = 0), and
all of them can be effectively found.

PRrROOF. (a) Put (zo,21,...,2n-1)=(0,q,...). Then (0,1, x2/x1,23/x1,...)
is a normalized cycle. By Theorem 2 there is only finitely many possibilities for
n > 3, then for zs,...,x,-1 and they can be effectively computed. It suffices
then to deal with tails, which have bounded lengths by (i) of Theorem 3.

Since for x5 there is only finitely many possibilities, we may fix xo = ¢. The
assertion follows then from Theorem 4 of [H-KNa2|, as all solutions of the unit
equations aju + bjv = ¢; (with nonzero aj, b1, c1) can be found in an effective
way. One may also use Lemma 2.

(8) and (v) follow immediately from Theorem 3(i) and Theorem 4 of
[H-KNa2]. O

(ii) Since we are considering orbits up to equivalence, by Theorem 2, Re-
mark 7 and (C) we may assume that the element a from a nonlinear orbit
(Yky---y1,90 = 0,0a,axs, ...,ax,_1) belongs to some effectively computable and
finite set . By Lemma 4(«) we are done.

(iii) Tt is clear.

(iv), (v) Let (b,0,a,a(1+¢n)y--oya(l+ ¢+ -+ (" 2)) be a linear orbit
(for a polynomial f(X) € Zx[X]) with head of length n > 3, and (,, is a primitive
n-th root of unity. Thus f(X) is of the form f(X) = (, X +a+ h(X)X(X — a)-
v (X —a(14Cp+---+¢172)) for some h(X) € Zx[X]. Since b—0 | f(b)—f(0) =
0 — a we may write a = bd, for some d € Zi.In view of h(b) € Zx we get
b (1= d) (1= d(1+ o) (L= d(L+ Gt 4 C02) | G+ £ 0 (otherwise
= xn71)~

For n > 4 we then get 1 —d | d+ ¢, and (1 —d(1+ (,)) | d + ¢, which
gives 1 —d | ¢+ 1and (1 —d(1+ () | ¢a(1+¢n) +1 # 0. Lemma 2 gives
d € Y for some finite and effectively computable ). Fix any d € ), and we
obtain b | "1 | ¢, +d. By (C), b is associated to an element of some finite and
effectively computable ). Thus our orbit is equivalent to some orbit of the form
(b1,0,b1d,...) with by € Y1,d € ). Since there is only finitely many possibilities
for byd, (iv) follows from Lemma 4(«).
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Let n = 3. Then b*(1 — d)(1 — d(1 + ¢3)) | d + (3, which gives that b%(1 — d)
is invertible. So our orbit is equivalent to (1,0, d, d(1 + (3)) with invertible d — 1.
This settles (v).

(vi) Consider a linear orbit (yg,...,y1,0,21,22) of type (3,k) with some
k > 2. By (v) we may assume that y; = 1, 21 = d, z2 = d(1 + (3), with
d = 1+ € for some invertible € # —1. So (y2,1,0,d,d(1 4 (3)) is an orbit. This
givesyo —1|1—-0=1;yp=9y2—0]1—(1+¢€) | 1. By Lemma 2, we obtain

yo € Y, for some finite and effectively computable ).

Fix yp € Y\ {—(3}. Then yo —d | d(1 +¢3) — 1, and ya — d | {3 + y2 follows.
This together with d —1 | 1, by Lemma 2, gives that d belongs to some finite and
effectively computable set. Lemma 4(«) gives the assertion for such ys.

Assume now that yo = —(35. Then d(1+4(35)—(—¢3) | 1—0 = 1. This together
with d — 1 | 1, by Lemma 2, gives that d belongs to some finite and effectively
computable set. Lemma 4(« ) gives the assertion for yo = —(3. This settles (vi).

(vii) Let (c,0,b) be an orbit for f(X). So f(X)=b—X+h(X)X (X —0) for
some h(X) € Zg[X]. This gives c(c —b) | b— ¢, and ¢ is invertible. We may thus
assume that ¢ = 1.

(viii) By (vil) any orbit of type (2,2) is equivalent to (m,1,0,d). This gives
m—1]|1;m—d|landm|d—1. o

(ix) It is obvious.

(x) Let (d,¢,0) be an orbit for f(X). So f(X) = X(X — ¢)h(X) for some
h(X) € Zk[X]. This gives d(d — ¢) | ¢, and d ~ d — ¢ follows. Put d — ¢ = de.
The rest is obvious.

(xi) Let us first deal with orbits with head of length 1.

Suppose, for the time being, that we have at our disposal all orbits of the
form (1,a,b,0), and there is only finitely many of them. (x)

Let (m,c,d,0) be an orbit for some f(X). We see that (1,c¢/m,d/m,0) is
the orbit for (1/m)f(mX) € Zk[X]. Thus (1,¢/m,d/m,0) = (1,a,b,0), with
specified possible values for a, b. Since (¢,d,0) is the orbit, by (x), we have
m | ¢ | (d/e) = (b/a). This gives d = m(d/m) | (b/a)b = (b*)/a. Thus in
any orbit of the form (yg,...,y1,0) (with & > 3) the number y; (still under our
assumption (*)) may assume (up to associates) only finitely many known values.
By Lemma 4(v) we then would be able to find effectively (up to equivalence) all
orbits with head of length 1 and tail of length > 3.

So let (1,a,b,0) be an orbit. We easily obtain 1 —a | a; a | b; a—b | b;
1—>b| b This givesa =1-6,b=a(l —¢), b =1— 1 for some invertible
0,6, # 1, and by (x) we get 1 — 40 | 1 —e. This gives ¥ = § + ¢ — de and
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1/6 +1/e — ¢ /(d¢) = 1 follows. Hence (1/6,1/e,—1/(d€)) is the solution of the
3-unit equation u + v +w = 1 satisfying (1 —1/8) | (1 — 1/e).

If this solution is trivial, then § = —e and we obtain 1—0 | 1+4,i.e. 1 -0 | 2.
By Lemma 2, we may effectively find all such §, and there is only finitely many
of them.

Conversely, suppose that (u,v,w) is a nontrivial solution of the 3-unit equa-
tionu+v4+w=1withu—1|v—1. Then (1,1 —1/u, (1 — 1/u)(1 —1/v),0) is
the orbit for

(x-(-3)(-3))
(A (x 1-1) e
Notice that if (uy,vi,wy) # (ug,ve, ws), then (1,1 — 1/uy, (1 — 1/ug)(1 —

1/v1),0) is not equivalent to (1,1 — 1/ug, (1 — 1/uz)(1 — 1/v2),0).
In this way we obtained the one-to-one correspondence between the set of all

nontrivial solutions of the 3-unit equation v + v + w = 1 satisfying u — 1| v — 1
and a certain subset S of orbits of the form (1,a,b,0). Since any orbit of the
form (1, a,b,0) lying out of S is effectively computable we are done in the case of
orbits with head of length 1.

Now we deal with orbits with head of length 2.

By (viii) and Lemma 4(;3) it suffices to find all orbits of the form (¢, m, 1,0, d)
provided we have all nontrivial solutions of the 3-unit equation v +v +w =1
withu —1]v—1.

Assume that we have all such solutions of this 3-unit equation at our disposal.
(5)

Sincet—m|m—-1|1-0=1Lt—d|m-0=m;t—1]|m—0=m;
t=t—0|m-—d|1—0=1, we obtain that ¢, ¢t — m, m — 1, m — d are invertible
and 1 — ¢ | m. Hence (¢,1 — m,m — t) is the solution of the 3-unit equation
u+v+w=1satisfyingt —1|(1—m) —1=—m.

If this solution is nontrivial, then by (x*) the numbers ¢, m belong to some
finite and explicitly given set.

If this solution is trivial, then ¢ = m — 1. This gives m —2 | m, i.e. m —2 | 2
and m —1 | 1. By Lemma 2 we obtain that for such m there is only finitely many
possibilities, and they can be effectively computed.

All in all, there is only finitely many possibilities for ¢, m, and all these
possibilities can be effectively computed assuming (xx). Fix any possible ¢, m.
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Then t —d | m; m —d | 1 and by Lemma 2 we may compute all possible values
for d. This settles (xi). O

Remark 9. In the proof of Theorem 3(xi) we showed that in terms of effective
computability finding (up to equivalence) all orbits of type (1,k) (with k£ > 3) in
an effective way is equivalent to finding in an effective way all nontrivial solutions
of u+v+w =1 satisfying u — 1 | v — 1. One sees that finding in an effective way
all orbits (up to equivalence) of type (2,k) (with k > 3) is equivalent to finding
in an effective way all nontrivial solutions of u+v+w = 1 satisfying u—1|v—1
and some other condition.
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