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Conformal vector fields on a locally projectively
flat Randers manifold

By ZHONGMIN SHEN (Indianapolis) and QIAOLING XIA (Hangzhou)

Abstract. We study and characterize conformal vector fields on a Randers mani-
fold of projectively isotropic flag curvature. In particular, we prove that any conformal
vector field on a non-Riemannian locally projectively flat Randers manifold of dimension
n > 3 must be homothetic and completely determine conformal vector fields on a locally
projectively flat Randers manifold.

1. Introduction

It is well known that there are a vast amount of literatures on the conformal
(resp. homothetic or killing) vector fields on a Riemannian manifold M. They are
closely related with the conformal (resp. homothetic or isometric) transformation
group on M, which plays a very important role in geometry and physics.

Conformal (resp. homothetic or killing) vector fields on a Riemannian mani-
fold have been successfully applied to the study of non-Riemannian Finsler ma-
nifolds. For example, a Randers metric of weakly isotropic (resp. constant) flag
curvature can be generated by a Riemannian metric h of isotropic (resp. cons-
tant) sectional curvature K and its conformal (resp. homothetic) vector fields.
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This leads to the classification of Randers metrics of weakly isotropic (resp. cons-
tant) flag curvature ([BRS], [SY]). The key idea is to express a Randers metric

F = a+ f in terms of a Riemannian metric h = /h;;(x)y’y’ and a vector field
W =Ww'2: by

o VA2 + W2 _%, Wo = Wiy, (1.1)
A A

where W; := h;;W7 and A := 1 — [|[W,|2. (h,W) is called the navigation data

of F. However, this idea can not be used to classify Randers metric of scalar flag

curvature. In fact, it is an open problem to classify Randers metric of scalar flag

curvature up to now.

In [Sh], the first author in the present paper discussed the navigation problem
in a more general setting. It is shown that the shortest time paths on a Finsler
manifold (M, F) under the influence of a force field V' with F(z,—V;) < 1 are
just the geodesics of the new Finsler metric F=F (z,y) defined by the following
equation:

F (x - Vw> =1, yeT,M. (1.2)
(z,y)

Note that if F' = h is a Riemannian metric h and V = W is a vector field W on M,
then the new metric £ defined by (1.2) is a Randers metric expressed in (1.1). If
F is a Randers metric expressed by (h, W) in (1.1) and V is a vector field on M,
then the new metric F defined by (1.2) is still a Randers metric expressed by (1.1)
with W replaced by W +V (cf. [ShX1]). X. Mo and L. HUANG have established
the relation between the flag curvature of a given Finsler metric F' and that of the
new Finsler metric F' generated by (F,V) if V is a conformal (resp. homothetic)
vector field on a Finsler manifold (M, F') (cf. [MH1], [MH2]). To have a better
understanding on Finsler metrics with some flag curvature properties, it is very
important to study the conformal (resp. homothetic or killing) vector fields on a
Finsler manifold.

Recently, some progress has been made in the study of the conformal (resp.
homothetic or killing) vector fields on a Finsler manifold (cf. [JB], [Kang] etc.).
In particular, we have completely determined all conformal vector fields on a
Randers manifold of weakly isotropic flag curvature and constructed a new class
of Randers metrics of scalar flag curvature (cf. [ShX1], [ShX2]). For a Randers
metric F' = a + 3, if there is a closed 1-form 1 such that F := a+ (8 := 8 —n)
is of weakly isotropic flag curvature, then F' = «a+ 3 is projectively equivalent to
F = a+f and hence it is of scalar flag curvature. Randers metrics F' = o+ 3 with
such property are said to be of projectively isotropic flag curvature. Obviously,
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every locally projectively flat Randers metric or every Randers metric of weakly
isotropic flag curvature is of projectively isotropic flag curvature and consequently
of scalar flag curvature.

In this paper, we shall study and characterize conformal vector fields on
a Randers manifold of projectively isotropic flag curvature. In particular, we
completely determine all conformal fields on a locally projectively flat Randers
manifold.

Theorem 1.1. Let F = o + 3 be a Randers metric on an n-dimensional
manifold M (n > 3) such that F := a+ f3 is a Randers metric of weakly isotropic
flag curvature and n := 3 — B is closed. Let (h, W) be the navigation data of F
and V be a conformal vector field on (M, F') with conformal factor c¢(z). Assume
n=mny’ # 0 and V satisfies

ani;j + 77]‘/7,1 = 26771" (13)

@,
)

where is the covariant derivative with respect to the Levi—Civita connection
of h. Then V must be homothetic with respect to F.

Under the restriction (1.3), V' is a conformal vector field on (M, F') with the
conformal factor c(z) if and only if V is a conformal vector field on (M, F') with
the same conformal factor ¢(x), which is regarded as the geometric meaning of the
equation (1.3) (see Lemma 3.1). Theorem 1.1 shows that V' must be homothetic
with respect to F' and F respectively in this case. Thus, one can determine
the homothetic vector fields on (M, F) from those on (M, F). Furthermore, in
Theorem 1.1, since F is of weakly isotropic flag curvature and dim M > 3, at
any point, there is a local coordinate system (U, (x*)), in which h is of constant
sectional curvature p and W is a conformal vector field with conformal factor
o(x) with respect to h according to [SY]. Explicitly, h and W are respectively
expressed by:

VI plzP)y2 — plz, y)?
1+ plaf?

W=-2 (5 1+ plz2+ (v x))x—¢
’ 1+ /T4 pfaf?

+2Q +d+ pld, 7)z, (1.5)

>
Il

, yeT,R" (1.4)

where 0 is a constant, @) is a skew symmetric matrix independent of x € R™ and
v,d € R™ are constant vectors (cf. [SX]). In this case,

o= S+ {va) (1.6)

I+l
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Thus we have

Theorem 1.2. Let F and F be as in Theorem 1.1. Assume (h, W) is the
navigation data of F' given by (1.4)—(1.5). Let V be a vector field on R" given
by one of the following

(i) V =2Q, where @ and v are those in (1.5) with v@Q =0 (v # 0);
(i) V = 2ey/1+ plz2  + 2Q + p(z,d)z + d, where € is a constant with ey =

€0 =0, and Q and d are those in (1.5) with éd = eQ = 0.

If there is a function f = f(x) on M such that n = df # 0, which satisfies

Vif. —2ef =k, (1.7)

where k is a constant, then V is a homothetic vector field of F' with dilation €.
Conversely, if V' is a homothetic vector field of F' with dilation € and n = df # 0
satisfying (1.7), then V' must be given by (i) or (ii) above.

In particular, if 3 = 0 in Theorem 1.1, then n = /3 is closed and F = « is of
isotropic sectional curvature (=constant if dim M > 3) from Theorem 1.2 in [SY].
Thus F = a+ 7 is projectively flat. Since F' = h = « is a Riemannian metric and
V is conformal with respect to F, (1.3) holds by (2.4) in §2 and V is conformal
with respect to a by Lemma 3.1. Consequently, V' can be expressed in the form
(1.5). On the other hand, by Theorem 1.1 and Lemma 3.1, V' is homothetic with
respect to @. Thus, v =0 and dp = 0 by (1.6). Notice that the conformal factor
¢(x) in this paper is minus one times the conformal factor in [SX] and [SY]. One
obtains the following

Corollary 1.1. Let F = a+ B(8 # 0) be a locally projectively flat Randers
metric on an n-dimensional manifold M. Suppose V' is a conformal vector field
on (M, F) and dim M > 3. Then V must be homothetic. In this case,

V =201+ p|z]? 2+ 2Q + p(d, z)x + d,
where §, p are constants with du = 0, () is a constant skew symmetric matrix

and d is a constant vector in R™.

Consider a special Randers metric F' = a + § on R"

1+ plz?)|yl* — plz,y)?
oo VI +u|1j|z:x|2 w,y) >7 (1.8)

B=df #0, (1.9)
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where f = f(x) is a scalar function. F is projectively flat. Let
= fiy'y’, = funy'y'y (1.10)

where f;; and f;;x are the coefficients of the covariant derivatives of f with
respect to a. Then the flag curvature of F is given by

2 2
o v 3P
Krle.w) =Tz ~ 5 T qp (L11)

(cf. see (6.10) in [CS]). Let V be a conformal vector field on (M, F') with con-
formal factor ¢. Then, V is homothetic and is given by (1.1). By [MH1], F
generated from (F, V') by solving (1.2) is of scalar flag curvature Kz (z,y) =
Kp(z,y — F V) — ¢2. Thus one obtains a series of Randers metric of scalar flag
curvature. In general, such F is not locally projectively flat, not of weakly isot-
ropic flag curvature and not the metric constructed by CHEN-ZHAO ([CZ]). To

see this, we consider a more special case.

Exvample 1.1. Let a = |y|, f = |2|?/2, and V = 2Q with |2Q| < 1, where Q
is a skew symmetric matrix. Then (1.7) holds for ¢ = 0 and K = 0 and V is a
Killing vector field with respect to F' = a+df. By solving (1.2), we obtain a new
Randers metric F' = & + B, where & and B are given by

_ VO=RQPWP = @y + Qi =@yl

1—|zQ

jol!

1—[zQf?

B
F is of scalar flag curvature with

~ 4
K,— > _ly=FV] . (1.14)
A\ly = FV|+ (z,y - FV)

From (1.13), one can see that $ is not closed. Thus F' is not locally projectively
flat. From (1.14), one can see that F is not of weakly isotropic flag curvature.
Note that the metrics constructed by CHEN—-ZHAO have the following special
properties: « is of constant Ricci curvature (Einstein). Since & is not Einstein,
F is not the metric constructed by CHEN-ZHAO.
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2. Preliminaries

In this section, we shall review the navigation problem and some results on
conformal vector fields on a Randers manifold (M, F = a + 3).

Consider a Riemannian metric h = \/h;;y'y’ and a vector field W = wi 821‘
on a manifold M. The Zermelo navigation problem is to determine the shortest-

time paths on (M, h) for an object driven by a constant interval force and under
the influence of the external force field W (cf. [Zer]). It is shown that the shortest-
time paths are the geodesics of the Randers metric F' = F(z,y) defined by the
following equation:

Yy —
h(z,w—vx> =1, yeT,(M) (2.1)

Solving (2.1), one obtains a Randers metric F = o + 3 as (1.1). In fact, every
Randers metric F' = a + 8 on a manifold M can be expressed in terms of a
Riemannian metric b = /h;;(2)y’y? and a vector field W = Wi(z)42 with
IWelln < 1 by (1.1) (cf. [BRS]). We call (h, W) a navigation data of F. More
generally, given a Finsler metric F' and a vector field V' with F(x,—V) < 1 on a

manifold M, one obtains a new Finsler metric F', which is defined by (1.2). See
[Sh] in detail.

A vector field V on a Finsler manifold (M, F') is called a conformal vector field
with a conformal factor ¢ = ¢(x) if the 1-parameter transformation ¢; generated
by V is a conformal transformation on (M, F). In local coordinates, conformal
vector fields V' are characterized by

Vij + Vii +2C7Vp qy? = 4egij, (2:2)
where Cjj, are the coefficient of Cartan torsion C of F, ij = gP1Cjq, Vi = gi; V7
and “” is the horizontal covariant derivative with respect to the Chern connec-

tion of F. See [ShX1]. When F' = a + 8 be a Randers metric, conformal vector
fields V are characterized by

Vi|j + Vj|i = 4ca;j;; (2.3)

Vb + bV, = 2cb; (2.4)
where we use the Riemannian metric tensor a;; to raise and lower the indices of V'
or b and “|” is the covariant derivative with respect to « ([Kang]). We can also
express F' = a + f in terms of the navigation data (h, W) by (2.1). It has been
shown that V is conformal with respect to F' if and only if

Viij + Vi = 4chij (2.5)
VIWij + WV = 2cW; (2.6)
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where we use the Riemannian metric tensor h;; to raise and lower the indices of V'
or W and “;” is the covariant derivative with respect to h ([ShX1]).

Consider a Randers metric F' = o+ 8 with the navigation data (h, W). If F
is of weakly isotropic flag curvature Kp = 3—}2 + ¢, where 0 is a 1-form on M and
¢ = ((z) is a scalar function on M, then at any point, there is a local coordinate
system (U, (x%)), in which h is of isotropic sectional curvature pu(z)(u = constant
when n > 3) and W is conformal with conformal factor o(x) with respect to h
according to [SY]. If dim M > 3, we can express h in the following projective
form:

b VO plaP)lyP — ple,y)?
L+ plzf?

. YyETLR" (2.7)

and W is given by the following

IV=—2(51+u@P+@m»w———iﬁi——
’ 1+ /1 + plzf?

+2Q + d + p(d, )z, (2.8)

where § and p are constants, Q = (¢ ;) is a skew symmetric matrix independent
of z and v,d € R™ are constant vectors (cf. [SX]). In this case,

o= O+ wa) (2.9)

Nl
We call the above expressions of h and W the local standard expression of F. With
this, we can determine all conformal vector fields V' with conformal factor ¢(x) on
a Randers manifold (M, F') of weakly isotropic flag curvature when dim M > 3
([ShX1]). In fact, in the same local coordinates for the local standard expression
of F', V is given by one of the following
(a) V =zQ, where @ and v are those in (2.8) with vQ =0 (v # 0). In this case,
c=0.

2
(b) V:Z(e 1—|—,u|x|2—|—<a7x>)x— 27

L+ /T4 plaf?’

where € is a constant and a is a nonzero constant vector in R™. In this case,

(2.10)

_ e+{a,z)
N ErEs
(c) V =2ey/ 1+ plz|?2x + 2Q + d + plz, d)x, (2.11)

where € is a constant with de = 0, @) and d are those in (2.8) with dd = ped =
€@ = 0. In this case, c = T
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3. Proofs of Theorem 1.1 and 1.2

In this section, we will study conformal vector fields on a Randers manifold
of projectively isotropic flag curvature and prove Theorem 1.1 and 1.2. First, we
need the following Lemmas.

Lemma 3.1 ([ShX2]). Let F = a+ 8 and F = a+ (3 be Randers metrics on
a manifold M. Let 1 := B — (8 and (h, W) be the navigation data for F. Assume
V' is a vector field on M. Then each two of the following imply the third one.

(1) V is a conformal vector field on (M, F') with conformal factor c(z);
(2) V is a conformal vector field on (M, F) with conformal factor c(z);
(3) n = (n;) satisfies
Vi +1'Vig = 2en, (3.1)

where we use Bij to raise and lower the indices of V', and n, and ”;” is the
covariant derivative with respect to the Levi-Civita connection of h.

Lemma 3.2. Let F = o + 3 be a Randers metric on an n-dimensional
manifold M with the navigation data (h, W). Suppose that n = n;y’ is a closed
I-form on M and V = (V%) is a vector field on M satisfying (3.1). Then either
c(x) = constant or n = vey, where v = v(z) is a scalar function on M with
vic; = vic; and co = ¢y’ is a 1-form on M, here ¢; := ¢, and v; := V.

PROOF. By assumption and (3.1), we have n;,; = n;,; and V = (V) satisfies
VI + 107 Vi = 2en;. (3.2)
Taking the covariant derivative on the both sides of (3.2), we get
V3 + Ve + 07 Vi + 07 Vi = 205 + 2ckm;. (3.3)
Exchanging the indices i, k in (3.3) yields
V7 ik + VI + 77j;ivj:,k 17 Vi = 26051 + 2¢01k.- (3-4)
Observe that
ijleik + Vi’ljleik =VIn'Rji + V' Rjur, = 0, (3.5)

where Rj; is a Riemannian curvature tensor of h. Subtracting (3.3) from (3.4)

yields
ki = Cilk- (3.6)

Here we have used the Ricci identity and (3.5).
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Assume that dc # 0. It follows from (3.6) that there is a scalar function
v = v(x) such that

1 = Ve;.

Further, dn = 0 implies that
I/jCi = I/iCj. O

PROOF OF THEOREM 1.1. We prove the theorem by contradiction. Assume
that V' is a conformal vector field on (M, F') with a non-constant conformal factor
¢ = c(x). By Lemma 3.1, V is also a conformal vector field (M, F') with the same
conformal factor ¢ = ¢(z).

Since F' = o + B is of weakly isotropic flag curvature and n > 3, at any
point, there is a local coordinate system (U, (z%)), in which h = /h;;yiyi and

W = W' are given by (1.4)-(1.5). We have

P 0ij pxted
Y Tl (1 plaf?)?

(3.7)

k

Its inverse (h¥) and the connection coefficients I'¥; are respectively given by

J

u(xiéf + .’Iﬁj(Sf)

e (3.8)

h = (1+ plz|*) (8 + pa'a?), T =—
Assume that ¢(z) # constant on U. By (2.10)-(2.11), V is given by one of

; — 2 _ _ 2z%a :
the following (A1) V = 2(ey/1+ plz]?> + (a, 7)) T (a # 0). In this

_ _et{am)
case, ¢ = VTR
(A2) V = 2e/1+pl|z]Pz (u # 0,e # 0). In this case, ¢ = \/ﬁ
Moreover, by Lemma 3.2, there is a function v on M such that n; = ve; # 0 with
vjc; = vicj. Consequently, there is a function o(x) on M such that v; = oc;.
Noting that c.;.; = —pch;; from Lemma 2.2 in [SX] when n > 3. We have

n' = hve; = v\/1 + plz2(a* — pext),
Nij = vjci — pevhy; = ocic; — pevhy;. (3.9)
Case I: If V is given by (Al), then

2cxi 2|x|%a; (3.10)

T Tl (14 pla) (1 V1 plal?)
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where the indices of a and x are raised and lowered by d;;. From (3.10) and (3.8),

we have 2 )
- a;T; — QT
Vi = 2ch;; — S et e S e 3.11
N &1
Plugging (3.9)—(3.11) into (3.1) yields
Az +(1+71)"'Ba=0, (3.12)
where
A= —pcr(oD + 2cv) — 2v|al?* + 2pev(x, a), (3.13)
B:=o07*(1+7)D + 2pcvr|z|* + 2v(1 + 7) ((z,a) — pelz|?) (3.14)
. 2 2 2 2 2 9
D = Vie, = 2e(az) + 202 _ Aallal®_ Zenletc) o (3.15)

T T(1+7) 1+7
where 7 := /14 p|z|?. From (3.12) and a # 0, we get A = 0 and B = 0. If
u =0, then A = 0 implies v = 0, i.e. n = 0. This is impossible by assumption.
Hence p # 0. Multiplying 7(1+ 7) on the both sides of A = 0 and cp on the both
sides of B = 0, and adding these two identities yield
— 72 (14 7)uc® —7(1 +7)|a]® + 7(1 + 7)pe(z, a)

+ pPr|z)® + (1 + 7)ep ((z, a) — pelz]?) = 0. (3.16)

By the irrationality of 7, (3.16) is decomposed as

T2 (—/w2 —lal? + ,U6<$,a>) +cu ((x,a) - /“|"T|2) =0, (3.17)
—puc*t? = |af? + pe(x, a) + Ap?|z? + ep ((z, a) — pelz]?) = 0. |
(3.17)1—(3.17) gives pela, ) = |al? + 2p. (3.18)

Plugging (3.18) into (3.17); and using u # 0, ¢ # constant yield (x, a)— pue|z|? = 0.
By replacing x by —z and adding these two identities, we get (x,a) = pelz|> = 0,
which means @ = 0. This is a contradiction with a # 0. Consequently, ¢ is a

constant.
Case II: If V is given by (A2), then
2cx; -
Vi= ——, Vi = 2chy;. 3.19
1+ plz]? g = 2CRg (3.19)

In the same way as Case I, we get Az = 0, which means A = 0, where
A= o (e +o)|x* — (1 + 1) pv. (3.20)

Since i # 0 and c is not constant, A = 0 means v = 0 by the irrationality of 7,
which is impossible because of 1 # 0. This completes the proof. O
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Moreover, in [ShX2], we have shown the following Lemma.

Lemma 3.3 ([ShX2]). Assume that the vector field V in Theorem 1.1 is
homothetic, i.e., ¢ = constant and n = df for some scalar function f = f(x).
Then (3.1) is equivalent to the following equation

Vif —2¢cf =k, (3.21)

where k = constant.

PROOF OF THEOREM 1.2. By the assumption and (2.10)-(2.11), V is ho-
mothetic with respect to F with dilation e. Thus V is homothetic with respect to
F with dilation € from Lemma 3.3 and Lemma 3.1. Conversely, if V' is homothetic
with respect to F' with dilation e and 7 satisfies (1.7), then by Lemma 3.3 and
Lemma 3.1, V is also homothetic with respect to F with dilation € and (i) or (ii)
in Theorem 1.2 follows from (2.10)—(2.11) directly. O
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