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Some remarks on the geometry of Kropina spaces

By RYOZO YOSHIKAWA (Hachiman) and SORIN V. SABAU (Sapporo)

Abstract. Using the navigation data (h, W) of a Kropina space (M, a?/8), we
characterize weakly Berwald Kropina spaces and Berwald Kropina spaces by means of
the Killing vector field W and the parallel vector field W, respectively.

Moreover, we show that the local 1-parameter group of local Finslerian isometries

on (M, a? /B) coincides with the local 1-parameter group of local Riemannian isometries
on (M,h).

1. Introduction

Finsler metrics generalize Riemannian metrics. The most natural Finsler
structures are those obtained by deformations of Riemannian metrics. Randers
metrics are the most famous metrics of this type because of their relation with
the Zermelo’s navigation problem. On the other hand, recently it was shown that
Kropina metrics also give solutions to the Zermelo’s navigation problem ([YS] and
references therein). This suggests that Kropina spaces are Finsler spaces with rich
geometrical properties and that their geometry is worth more investigations.

In the present paper we contribute with three remarks to the geometry of
Kropina spaces.

The first remark concerns the relation between weakly Berwald, Berwald and
Kropina spaces. We prove that the set of weakly Berwald Kropina metrics coin-
cides with the set of strong Kropina metrics defined in the paper (Theorem 4.2).
Moreover, a Kropina space is a Berwald space if and only if the wind vector field
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W is parallel with respect to the Riemannian metric h (Theorem 4.3). Neverthe-
less, in the Kropina case, Landsberg and Berwald spaces coincide.

The second remark is about the characterization of Kropina metrics of p-
scalar curvature, i.e., Kropina metrics whose scalar flag curvature is a function of
position alone. We give a characterization of these spaces in terms of navigation
data (Theorem 5.1). Moreover, we show that a Kropina space of p-scalar curvature
is a Berwald space if and only if its flag curvature vanishes (Corollary 5.2).

The third remark is on the isometry group of a Kropina metric. In general,
it is difficult to determine the isometry group of a Finsler structure. However, in
the case of strong Kropina metrics we prove that the 1-parameter group of local
Finslerian isometries on (M, a?/f3) coincides with the 1-parameter group of local
Riemannian isometries on (M, h).

2. Preliminaries

Throughout the paper, M will be an n-dimensional (smooth) manifold, where
n > 2. The tangent bundle of M is 7 : TM — M, and 7 : TM — M is the bundle
of nonzero tangent vectors to M. The C°°(M)-module of (smooth) vector fields
on M is denoted by X(M). The dual X*(M) of X(M) is the module of 1-forms
on M. Any one-form b on M induces a smooth function 8 on T'M given by

B(v) = bray(v), veTM. (2.1)

If f is a smooth function on M and f¢(v) := v(f) for all v € TM, then f€ is a
smooth function on T'M, called the complete lift of f. The derivative of a smooth
map ¢ : M — N is denoted by ¢, is a vector bundle homomorphism from 7'M
to TN.

Suppose (for simplicity) that X is a complete vector field on M, and let
(¢t)ter (or (¢¢) for short) be the one-parameter group generated by X. Then the
derivatives (o). form a one-parameter group on 7'M, whose generator is called
the complete lift of X and denoted by X°¢.

For coordinate descriptions, we choose a chart (U, (u?)?_;) on M, and cons-
ider the induced chart (7= (U), (%)™, (y")"_,) on TM, where

gii=utor, y(v):=v() (ver'U)).

If X € X(M), b e X*(M) and X = Xid b o bydu?, then

. 0 L [O0X1 0
X @ (X*or) py +y (Guj OT> oy (2.2)
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B8 (Z) (b; o T)y". (2.3)

The coordinate expression of the complete lift of a smooth function f on M is

c __ af o 7
f m (8ui 7'> Y. (2.4)

(Here, and throughout the paper, Einstein’s summation convention is applied.)

Observe that 3 gzﬁ = [, therefore the function g is positive-homogeneous of

degree 1.
We note finally that

XA(for)=(Xf)or, X°f*=(X[f) (2.5)

for all X € X(M), f € C®(M).

3. The navigation data of a Kropina space

Let a be a Riemannian metric on M, written locally as a = a;jdu’ ® du’.
We denote the musical isomorphisms X(M) — X*(M) and X*(M) — X(M) by b
and ff, respectively. Then

0

X0 =h(X) Z X' i X = X' (3.1)
9 g ,

i = aYb. — Y . — (q.) L if — b.dut. 9

b £(b) @ a'’b; B’ (@) == (asj) if b m bidu (3.2)

With the help of the metric tensor a, we define a smooth function o? on

TM by o*(v) := a;@)(v,v), v € TM. In terms of the induced coordinates,

a? (Z) (a;jo1)y'y’. Obviously, y* %32 = 20?2, therefore o2 is positive-homogeneous

of degree 2.
Now let b € X*(M), and suppose that

by #0 €Ty M forallpe M. (3.3)

(Clearly, this condition imposes topological restrictions on the manifold M.)
Let A:={veTM | B(v) >0} Then A is a conic domain in TM (see [JS],

Definition 3.1) and
2

F::%:ACTM—HR
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is a conic Finsler metric, called a Kropina metric for M. A Kropina space is a
manifold M together with a Kropina metric for M.
Define the function
b2 = a(b*, ). (3.4)
Using (3.2) we find that

b = a'bb; if b = bidu’.
) )

By condition (3.3), b? never vanishes, so we can introduce a smooth function %
on M by

4
e :=expok = 2 (3.5)
Then
h:= (expok)a (3.6)

is a new Riemannian metric on M, obtained by a conformal change of a. Let,
finally,

1
W= 5bﬁ. (3.7)

042

Then the pair (h, W) is called the navigation data of the Kropina metric &
We note that W is a unit vector field with respect to the Riemannian metric h.

Indeed,

@71
T4

36) 1 341

h(W, W) h(bﬁ’bu) Z(GXPOK)a(bu,bu) z(expoli)b2 (3.5) 1.

Concerning the flag curvature of a Kropina space, we have the following
important result.

Theorem 3.1 ([YO2], [YO3]). A Kropina space (M, %2) with navigation
data (h, W) is of constant flag curvature K if and only if the following two con-
ditions hold:

(a) W is a Killing vector field on (M, h),

(b) the Riemannian space (M, h) is of constant sectional curvature K. A
This motivates the following definition.

Definition 3.1. A Kropina space (M,QT;) with navigation data (h, W) is
called a strong Kropina space if W is a Killing vector field on (M, k).
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4. Berwald and weakly Berwald Kropina spaces

In this section, we will consider Kropina spaces which are Berwald spaces or
weakly Berwald spaces.

Following the general practice, we denote by G* (i € {1,...,n}) the coef-
ficients of the canonical spray of any Finsler space (M, F) (with respect to the
chosen chart). We put

Bk jok = e j okl = oy

Gij — i 8Gij i anik.

We recall that the functions Gji r are the Christoffel symbols of the Berwald de-
rivative, while the functions G;"y; are the components of the Berwald curvature B

of (M, F). A Finsler space is a Berwald space if B = 0, and it is a weakly Berwald
space, if trB = 0, i.e.,

Gij = Gi’,‘jr =0 forall 4,j€ {1, R ,n}.

Thus every Berwald space is a weakly Berwald space as well. S. BAcsO and
the first author investigated the relation between the concept of weakly Berwald
spaces and some other concepts in [BY]. Furthermore, K. Okubo, M. Matsumoto
and the first author again have obtained a necessary and sufficient condition for
a Kropina space to be a weakly Berwald space, resp. a Berwald space:

Theorem 4.1 ([YOM]). With the same notation as above, let (M, O‘T;) be

a Kropina space. Let
1 1 ik
rig = 5 (bi +bjii), sig = 5 (0iy = bja), s =@ s,

where the semicolon ; denotes covariant derivative with respect to the Levi-Clivita
connection of (M,a). Then

—) is a weakly Berwald space if and only if
(wB) ri; = vaij, vy € C®(M);
(2) (M, %2) is a Berwald space if and only if
(B) Tij = Y Q45 (’)/ € COO(M)) and Sjbi — Sibj = bzsij, A
Remark 4.1. Let V denote the Levi-Civita connection of (M, a). The func-
tions r;; are just the components of the symmetric part Sym %b of the covariant

differential %b given by

Sym Vb(X,Y) = %((%Xb) () + (V3) (X))
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a
Similarly, the functions s;; are the components of the skew-symmetric part Alt Vb

of Vb, defined analogously. Thus condition (wB) can be reformulated as follows:

a
SymVb=~a, ~e€C®(M).
Next, we characterize the weakly Berwald and Berwald Kropina spaces by
means of their navigation data.

Theorem 4.2. Let (M, %2) be a Kropina space with navigation data (h, W).
Then (M, %2) is a weakly Berwald space if and only if it is a strong Kropina space.

. ) - h
PROOF. Let h m hijdu' @ du? and (h') := (h;;)~'. Denote by V the

ho

Levi-Civita connection of (M, h), and let (T';) be the family of the Christoffel
h .

symbols of V with respect to the chart (U, (u*)?_;). In coordinate calculations

below, we shall write || for the covariant derivatives with respect to %
Suppose first that (M , O‘T;) is a weakly Berwald space. Then from (wB) and
(3.6) we obtain that
Tij = 'ye*"””hl-j. (41)

On the other hand, from Section 2 in [YO2] we have

1
Tij =2e " (Rij — QWTHThij> 5 (42)

where W, := W'h;,, R;j = %(Wi”j + Wjji), B = h"*§%. Comparing (4.1) and

(4.2), we get

oK
ous

1
Rij = 5 (v + Wik )hij. (4.3)

Since W @ W2 is a unit vector field on (M, h), we have

L= Wik = h(W, W) = WWhy; = W'W,
whence i
WipW* =0 (4.4)
for all k € {1,...,n}. So, transvecting (4.3) with W'WJ we get

7 i 1 —r 1 —r
0 =Ry W'W? = (3 + Wm) W = 5 (3 + W),
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and hence (4.3) reduces to
R;; = 0. (4.5)

Observe that the functions R;; are just the components of the symmetric part of

h
\VA L7 (where the flat operator b is taken with respect to the Riemannian metric
h). Thus (4.5) implies (e.g., by Proposition 27 in Chapter 7 of [Pet]) that W is a
Killing vector field on (M, h).

Conversely, suppose that W is a Killing field. Then we have (4.5), and so
from (4.2) we get

—K —r (3'6) —r
Tij = —€ WTKZ hij = —WTK aij.

Thus, by Theorem 4.1(1), (M , ‘%2) is a weakly Berwald space. O

Remark 4.2. Suppose that (M, %2) is a strong Kropina space. Then, by
Theorem 5 in [YO2], the spray coefficients G* of the canonical spray of (M , %2)
can be expressed as

h 2

2G" = (I‘jik o T)yjyk - 2%(Sij o)y, (4.6)
where Sij = h“'STj, and the functions S;; are the components of the skew-

h h
symmetric part Alt (VWb) of VIV, i.e.,
1
Sij = 5 (Wi; = Wiyja)- (4.7)

From (4.6), the Christoffel symbols of the Berwald derivative of (M, O‘Tj) are
hoj

i U 1 i i i
Gi'k=Tj')or— Wo(hjlcOT)S 0+W(W1€07’)S o+ (Wo)g(Wj oT)S%
hoo i hoj hok ;i
L_foo (W;s') o1 + L _hog (WiS'j)oT (4.8)
2 (Wo)2 2 (Wy)2 7

where we used the following abbreviations:

hoi := (h;j o T)yj, hoo := (hqj o T)yiyj, Sty = (Sij o T)yj, Wo = (W; OT)yi.

h
Putting here ¢ = k := r, after some calculations we find that G;", =TI, o7,
whence

T a h’l‘
Gij :GZ jr:@(rj TOT):O.

Thus we proved again that a strong Kropina space is a weakly Berwald space.
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Theorem 4.3. Let (M, %2) be a Kropina space with navigation data (h, W).
Then (M , QT;) is a Berwald space if and only if the vector field W is parallel
with respect to the Levi-Civita connection of (M, h). In this case the Christoffel

symbols of the Berwald derivative of (M , %2) are the vertical lifts of the Christoffel

symbols of %, ie., sz‘k = f‘jik o, for any indices i, j, k. In other words, the
geodesics of (M, O‘T;) coincide with the geodesics of (M, h).

PROOF. Suppose first that (M, %2) is a Berwald space. Then, by the se-
cond relation of condition (B) in Theorem 4.1, s;b; — s;b; = b%s;;. This can be
manipulated to obtain

Sij = WiS; — W;Si, (4.9)

where S; := W'S,; (&N %WT(WTW — Wjjr). Since, in particular, (M, %2) is a

weakly Berwald space, W is a Killing vector field by Theorem 4.2. Thus
1
Rij 1= 5 (Waj + Wipi) =0,

whence 1
Sij = 5 (Wi = Wiii) = Wa;.
So it follows that §; = W"W,; (4) 0, and from (4.9) we obtain that S;; = 0.
Relations R;; = 0 and S;; = 0 imply that W;); = 0, as we claimed.
Conversely, suppose that W is a parallel vector field on the Riemannian space
(M, h). Then R;; = 0, so W is a Killing vector field, and from Theorem 4.2 we
conclude that (M, %2) is a weakly Berwald space. Since (4.9) holds automatically,

the second relation in condition (B) is also valid, therefore (M, %2) is actually a

Berwald space. We have, in fact, S;; = 0, whence Sij = 0. Thus (4.8) reduces to
Gjik = f‘jik o 7, which concludes the proof. O

Remark 4.3. Let (M, %2) be a Kropina space with navigation data (h, W).
If (M, O‘T;) is a Berwald space, then by the preceding theorem, Wy ; = 0. This

implies that (M, %2) is a strong Kropina space. Thus the set of Berwaldian
Kropina spaces is contained in the set of strong Kropina spaces.

5. Kropina spaces of p-scalar flag curvature

In this section we consider Kropina spaces whose scalar flag curvature de-
pends only on the position.



Some remarks on the geometry of Kropina spaces 491

Definition 5.1. Let A C TM be a conic domain and (M, F') a conic Finsler
space, with fundamental function F' : A — R, of scalar flag curvature K : A — R.
If K ‘depends only on the position’, i.e., it is of the form K = ko7 [ A, k €
C*° (M), then (M, F), with fundamental function F' : A — R, is called to be of
p-scalar flag curvature.

It turns out from the proof of Theorem 4 in [YO2] that its conclusion remains

true if the assumption that ‘(M , %2) is of constant flag curvature K’ is replaced

by ‘(M, %2) is of p-scalar flag curvature K = ko7 [ A’. Thus we obtain

Theorem 5.1. A Kropina space (M, O‘T;) with navigation data (h, W) is of
p-scalar flag curvature K = ko1 [ A if and only if the following two conditions
hold:

(a) The vector field W is a Killing field.
(b) The Riemannian space (M, h) is of sectional curvature k.
In this case, k(p) > 0 for all p € M.

PROOF. We have only to show the last assertion. From (4.4) we get
WeiW" 5 + Wi, W" = 0. (5.1)
Since W is a Killing vector field, we have

h
Wipsie = WeRi"ij, (5.2)

h
where the functions Ry";; are the components of the curvature tensor of (M, h)
(see, e.g., [Ha], (10.2) or [YO2], Lemma 4). They can be written in the form

h
Ri"ji = k(hij0"; — hiid"5), (5.3)
because (M, h) is of scalar sectional curvature k. From (5.1)—(5.3) we obtain
h
WeiW?yy = =WeayW" = =W R;®iW" = —kWi(hjr 8% — hjid® )W"
= k(hji = W;Wi),

whence

hesW* W15 = E(hs; — WiW;). (5.4)

Composing both sides of (5.4) with 7 and transvecting by 337, we find that

(hrs 0 T)WT oW |0 = (k 0 T)(hoo — (Wo)?), (5.5)
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where W" o := (W7 ; 0 7)y"
Let p e U and v € T,M \ {0}. Then

((hrs o)W 10W?0) (v) = hrs (D)W 10 (0)W? 10 (v)

h h h 2
= hp(VoW, Vo, W) = [V, W[ >0

h
if V,W # 0. Similarly, if v and W (p) are linearly independent,

hoo(v) = ((hij © T)Y'y?) (v) = hij (P)y" (V)Y (v) = hyp(v,v) = |Jv]7,
(Wo)*(v) = (Wi o7)(y"))*(v) = (Wilp)y' (v)) = (hir(p)y (V)W (p))*
= (hp(v, W(p)))* < [WlZIW (D)% = lIlv]l7 = hoo(v),

h
therefore the function hoo — (Wy)? is positive outside span(W). If (VW)p # 0,
its kernel is a proper subspace of 1}, M, hence we can choose a vector v € T, M so

h
that |[|[V,W|| and (hgo — (Wp)?)(v) are both positive. Thus it follows from (5.5)
that

h h
k=0 if VIW=0; k>0 if VW #O.
This concludes the proof. Il
Corollary 5.2. Let (M , %;) be a Kropina space of p-scalar flag curvature

h
K with navigation data (h,W). Then (M7 O‘T;) is a Berwald space, i.e., VW =0,
if and only if K = 0. ]

Remark 5.1. (a) If in Theorem 5.1 M is connected and dim M > 2, then it
follows from Schur’s lemma that the function k is constant.

(b) By a theorem of M. Berger, every Killing vector field on a compact even-
dimensional Riemannian space of positive sectional curvature has a zero (see,
e.g., [Pet], p. 169). From this and from Theorem 5.1 we conclude that there exists
no Kropina metric of p-scalar flag curvature for an even-dimensional compact
manifold of positive sectional curvature.

6. Isometries of a Kropina space

We continue to assume that (M e ) is a Kropina space with navigation data
(h, W). In this section we consider the local one-parameter group (¢;) of W and
discuss the relations between the following properties:
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(1) The transformations ¢, are local Riemannian isometries on (M, h).
(2) The transformations ¢, are local Finslerian isometries on (M , %2)

First we recall what we mean by a Finslerian isometry.

Definition 6.1. Let (M, F') be a Finsler space. A smooth transformation ¢
of M is called a local Finslerian isometry if its derivative preserves the Finslerian
norms of the tangent vectors, i.e., F(v) = F((p4)p(v)) forall p € M, v € T,M.
A local Finslerian isometry is a Finslerian isometry (or an isometry for short) if
it is a diffeomorphism.

Remark 6.1. Tt is easy to see that if ¢ is a local Finslerian isometry of (M, F'),
then for each point p in M there is a neighborhood U of p and a neighborhood V
of ¢(p) such that ¢ [U : U — V is a Finslerian isometry. This justifies the term
‘local’.

Lemma 6.1. Given a Finsler space (M, F), consider the vector field X on M,
and let () be the local one-parameter group of X. Then the following assertions
are equivalent:

(i) The transformations @, are Finslerian isometries on their domains.
(ii) X°F =0.

(i) 25 (X7 or)+ 55

(855 o)y 0.

PROOF. Since X€ is generated by ((¢¢)«), we have
't
XF=Lx.F=1lim-—(Fol(p)s—F),
t—0 t
whence the equivalence of (i) and (ii). The equivalence of (ii) and (iii) is clear

from (2.2). O

Definition 6.2. Let (M, F') be a Finsler space. A vector field X on M is called
a Killing vector field of (M, F) if it satisfies one (and hence all) of the conditions
(i)—(iii) in Lemma 6.1.

Corollary 6.2. Let (M, %2) be a Kropina space with navigation data (h, W).
Then W is a Killing vector field of (M, O‘T;) if and only if

28Wea —aWep =0. (6.1)

PROOF. Wee = 22Weq — S W3, so W = 0 if and only if (6.1) is
satisfied. 0
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Lemma 6.3 (cf. formulae (26) and (27) in [LCM]). Let (M, O‘T;) be a Kropina
space. Then for any vector field X on M,

1 . . . ]
Ko @) g K + Xgi)oTy'y!, X8 @) (bi; X7+ Xj3) 0Ty’ (6.2)
where the semicolon means covariant derivative with respect the Levi—Civita con-

nection V of (M,a), and

9
ouk’

PROOF. We verify the second equality in (6.2), the first can be checked
similarly. We have

Xi=apXF if X U=X" b =a'b, if b U =bdul.

2.3 : 2.5 : :
X°B ((5)) X((bi o m)y') E) (Xbi) o Ty + (b o 7)(Xu)

ob; . . . (24) [ 0Ob; _ ). ¢ .
J i . Jyc V2= J O ?
= (3qu>OTy + (bjor)(X7) "= ((9qu +bjaui>07y.

Now let f‘jik be the Christoffel symbols of % Then

%Xj = by X7+ T Xty
bjaaiu: = XI b, — T X1 = (a9* X).b; — T X1,
= @ Xpiby — Ty X1b; = Xpab® — T, Xy = 01X, — T4 X7y,
so we obtain the desired equality. O

Proposition 6.4. Let (M, %2) be a Kropina space with navigation data
(h,W). Then W is a Killing vector field of (M, %2) if and only if

a 1
Sym Vb = 5)\(1, A€ C°(M).

PROOF. Let, as above,

a = ajdu’ @du!, W = W' 3., b = bdu’.
) w) ~ Ou' @)

Since W = $b*, we have

7 i ij 1 j
W' = ib = iajbj, Wl = 5[)1 = iaijb’.
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Thus, by (6.1) and (6.2), it follows that W is a Killing vector field of (M, O‘T;) if

1 onlv if o S .
and only i B(bis; +bjii) o Tyl — a2 (b + bibs) o Tyt = 0. (6.3)

The function a2 comes from the positive definite metric tensor a, so there is no

one form ¢ € X*(M) with induced function v € C°(TM) such that o? = S3~.
Hence (6.3) holds if and only if there exists a smooth function A on M such that

(bi;jbj + bjbj;i) o Tyi =8 and (bi;j + bj;i) o Tyiyj = (/\ o 7')(12,

Equivalently,
bi;jbj + bjbj;i = \b; and bi;j + b]‘;i = )\aij. (64)

Now it can be readily seen that if b (;) b;du’ satisfies the second equation in (6.4)

then it satisfies the first one. Since the functions b;,; + b;.; are the components of

2 Sym %b, this concludes the proof. O

From Theorem 4.1, Theorem 4.2 and Proposition 6.4 we obtain the following
result:

Theorem 6.5. Let (M, %2) be a Kropina space with navigation data (h, W).
Then W is a Killing vector field of (M, %) if and only if (M, %2) is a strong
Kropina space. O

Remark 6.2. Let (M, %") be a strong Kropina space. If M is a 3-dimensional
compact manifold or a compact Lie-group, then the vector field W is complete,
2

[e3
"B
etries. However, as we have already indicated, the existence of a strong Kropina

therefore the local Finslerian isometries of (M ) are actually Finslerian isom-
structure on a compact manifold M implies topological restrictions on M; for
details we refer to [YS].
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