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On the restricted summability of two-dimensional
Walsh—Fejér means

By KAROLY NAGY (Nyiregyhdza)

Abstract. The main aim of this paper is to discuss the properties of the maximal
operator of two-dimensional Walsh—Fejér means, where the set of indices is inside a
cone-like set L. We show that the maximal operator o} is not bounded from the Hardy
space Hy), to the space Ly /5. For p > 1/2 WEIsz [14] showed that the maximal operator
o1 is bounded from the Hardy space H,’ to the space L,. That is, we show that the
assumption p > 1/2 is essential in the theorem of Weisz.

1. Definitions and notation

Now, we give a brief introduction to the theory of dyadic analysis [1], [10].
Denote G the Walsh group, and p the normalized Haar measure on G. Dyadic
intervalls are defined by

I()(.I’) = G’ In(l‘) = {y €G: Y= (1:0,1:17 sy Tp—1yYns Yn+1,s - - - )}

for v € G,n € P. Let 0 := (9 = 0,27 = 0,...) be the nullelement of G and
I, :=1I,(0) for n € N.
The Rademacher functions are defined by

re(z) == (1) (z € G, k € N).

Each natural number n can be uniquely expressed as n = Zfio n;2¢, where
n; € {0,1} (i € N). Define the order |n| of n by |n| := max{j € N :n; # 0}, that
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is 2"l < < 2lnl+L,
Define the Walsh—Paley functions by

oo

wp(x) = H (ri(x))™ .

k=0

Let us consider the Dirichlet and Fejér kernel functions

n—1 n
1
D, = , K, :=— Dy, Dy=K;y:=0.

The Fourier coefficients, the nth partial sum of Fourier series and the Fejér means
are defined in the usual way for f € LY(G).
The norm (or quasinorm) of the space L, is defined by

1/p
I, = (L2|f(x17$2)|pdu(xl7x2)> (0 < p < +00).

For z = (z%,2%) € G? and n = (n1,n2) € N? the 2-dimensional rectangles
I, (z) := I,,(z") x I,,(z?) have got measure 2~ ("+72) For n = (ny,ns) the
o-algebra generated by the rectangles {I,(z),r € G?} is denoted by F,. The
conditional expectation operators relative to &, are denoted by E,,.

Suppose that « : [1,400) — [1,+00) be a strictly monotone increasing conti-
nuous function with property lim . a = 400, (1) = 1. Moreover, suppose that
there exist ¢,71,72 > 1 such that the inequality

na(z) < a(lr) < ya(r) (1)

holds for each & > 1. In this case the function « is called CRF (cone-like restriction
function). Let 8 > 1 be fixed. We will investigate the maximal operator of the
two-dimensional Fejér means and the convergence over a cone-like set L (with
respect to the first dimension), where

L:={necN?: 8 a(n) <ny < Ba(ng)}.

The cone-like sets was introduced by GAT in [4]. The condition (1) on the function
a is natural, because GAT [4] proved that to each cone-like set with respect to
the first dimension there exists a larger cone-like set with respect to the second
dimension and reversely, if and only if the inequality (1) holds.

WEIsz defined a new type martingale Hardy space depending on the func-
tion « (see [14]). For a given n; € N set ng := |a(2™ )], that is the order of a(2"1)
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(this means that 272 < o(2"t) < 272+, Let 71y := (n1,n2). Since, the function
« is increasing, the sequence (71, n; € N) is increasing, too. We investigate
the class of one-parameter martingales f = (fz,, n1 € N) with respect to the
o-algebras (Fz7, n1 € N). The maximal function of a martingale f is defined by
J* =sup, x| fm | For 0 < p < oo the martingale Hardy space Hg (G?) consists
of all martingales for which

1l ezg = 11F7]l,, < oo

It is known (see [13]) that HY ~ L, for 1 < p < oo, where ~ denotes the
equivalence of the norms and spaces.

The Kronecker product (wy, ,m, : n, m € N) of two Walsh system is said to
be the two-dimensional Walsh system. That is, w, m(zh 2?) = wy (2H)w, (22).

If f € L(G?), then the number f n,m) := [ fwnm (n,m € N) is said to
be the (n,m)-th Walsh-Fourier coefficient of f. We can extend this definition to
martingales in the usual way (see WEISz [12], [13]). Denote by S, ., the (n, m)th
rectangular partial sum of the Walsh—Fourier series of a martingale f. Namely,

Snm(f,x x? Zz_: kzw;“a:l z?).

=0 =0

The n = (n1, n2)-th Fejér mean is defined by

onf(zt,z?) = ZZ&clf»x ,a?).

ning
k=0 1=0

It is known that
K’Vlhnz ($1,$2) = Knl (xl)KHQ (.T2)

Define the maximal operator o} by

oi f(xt,2?) == sup o, f(2, 2?)|.
neL
For double Walsh-Fourier series, MORI1CZ, ScHIPP and WADE [7] proved
that o, f converge to f a.e. in the Pringsheim sense (that is, no restriction on
the indices other than min(ny,ny) — oc) for all functions f € Llog™ L. In the
paper [3] GAT proved that the theorem of Mdricz, Schipp and Wade can not be
sharpened. Namely, the following was proved. Let § : [0,+00) — [0,+00) be
a measurable function with property lim,., d = 0, then there exists a function
f € Llog™ Lé(L) such that o, f does not converge to f a.e. as min(n, ny) — oco.
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The a.e. convergence of Fejér means o, f of integrable functions, where the
set of indices is inside a positive cone around the identical function, that is =1 <
ni/ny < B is provided with some fixed parameter 3 > 1, was proved by GAT
[5] and WEISz [15]. Moreover, in the paper of WEISZ [14] the properties of the
maximal operator was treated. That is, he proved that the maximal operator of
Walsh-Fejér means is of type (H,,L,) for all p > 1/2 and of weak type (1,1),
provided that the supremum in the maximal operator is taken over a positive
cone.

A common generalization of results of MORICZ, SCHIPP, WADE [7] and GAT
[5], WEIsz [15] for cone-like set was given by the author and GAT in [6]. That
is, a necessary and sufficient condition for cone-like sets in order to preserve the
convergence property, was given. Recently, the properties of the maximal operator
of the Walsh—Fejér means provided that the supremum in the maximal operator
is taken over a cone-like set, was discussed by WEISz [14]. Namely, it was proved
that the maximal operator is bounded from H' to L, for 1/2 < p < oo and is of
weak type (1,1). Moreover, the theorem of GAT and the author was reached as
a corollary, that is, the a.e. convergence of the Walsh—Fejér means of integrable
functions provided that the set of the indices is inside a cone-like set, was proved.
The endpoint case p = 1/2 was not treated. The main aim of this paper is to
discuss what does happen at the endpoint p = 1/2. We show that the maximal
operator oj is not bounded from the Hardy space Hf‘/Q to the space Ly 5.

It is important to note that, the a.e. convergence two-dimensional Fejér
means of integrable functions, provided that the set of the indices is inside a
cone-like set, was generalized by the author for representative product systems
[9] and for Vilenkin-like systems [8].

2. Auxiliary propositions and main result

To prove our Theorem we need the following definition of WEISz [14] and
Lemma of GAT [2]:

A bounded measurable function a is a p-atom, if there exists a dyadic two-
dimensional rectangle I € J,, such that

a) [;adp =0,
b) lallee < pu(1)~1/7,
¢) suppa C 1.
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Lemma 1 (GAT [2]). Let A,t € N, A > t. Suppose that © € I}\I;+1. Then

0, if ©—e; ¢ g,
2t—1

Kya(z) = {

, if v —e €14
If v € I4 then Koa(z) =241 +1/2.
Now, we formulate our main theorem.

Theorem 1. Let a be CRF. The maximal operator o} is not bounded from
the Hardy space Hf‘/Q to the space L 3.

ProOOF. Let
far(at,a?) := (Dyms1 (2!) = Dami (¢1))(Danz 41 (2) — Dana (22)).
It is a one-parameter martingale, where no is defined to ni, earlier by Weisz.
supp fay = Iny, X I, € 5, flnlxan frardp = 0 and || farlloo < p(In, X In,) 72,
That is, frr is an 1/2-atom in H{), and
| frzllzrg,, = [|Dans ll1j2l| Dana |12 = 27247, (2)
It is simple to calculate the Fourier coefficients and partial sums. That is,
1, if ¢=2m,.. . ,2m+l 1 fk=2m2 onetl _ 1

0, otherwise,

7

fﬁ(i’ k) = {

and
Sij(fami ', ?)
(Di(z) = Dani (21))(Dj(2?) — Dana (22)), ifi=2m+1,...,2mtt 1
and j=2"241,... 2"t 1,
(Di(x')— Dan1 (21))(Dgnyt1(22)— Dans (22)), if i=2"141,...,2m+L — 1
B and j > 2n2tl,
) (Dymisr (1) = Dgny (21))(D;(22)— Danz (22)), if j=2m2+41,... 2n2+l — 1,
and i > 2m+t
frr(zt, 2?), if i > 2™+ and j > 272+l
0, otherwise.

We can write the nth Dirichlet kernel with respect to the Walsh system in the
following form:
Dy (x) = Daini (%) + 1n| (2) Dy _gini (2). (3)

First, we calculate oy, n, far for special indices. Set N7 := 2™ +2% (0 < s < nq)



118 Karoly Nagy

and Ny := [a(2™ + 2°)] + 1, (where [z] denotes the integer part of x). Taking
account that 8 > 1 we could see easily that (N7, N3) € L. We have two cases,
Ny < 2m2tL and Ny > 2netl,

First, we set Ny < 2"2T1. By the equality (3) we immediately have that

Z ZSkl farswt, 2?)

k=0 [=0

|O.N17N2f7l1 (x x N1N2

Nl 2
= LSS (D) = Do (#)(Du(a?) — Daes (52))

N1 N,
k=27141 (=272 +1

= ! Z Z Tny (xl)Dkﬂ"l (xl)rnz(CUQ)qunz (962)‘

NN
k=271 41 1=272 +1
2° Np—272

1
:NlNQZZD’“ ()

k=1 I=1

1 S n:
> gty 127K () (Vg — 2") Ky, oo (7).

Now, we set Ny > 272+l By equality (3) we have again that

Ni N»
on N, frr (2, 22)| = NlNQ kzo lzgskz fami b, 2?)
2”2+1 1 No
= 2 Ee @@ 3 Dira@)+ Y (Daren(@) = Dra(a)
=22 +1 [=2n2+1
1 S
> TIN, 12° Kys (1)
X "I“n2 X )(2712 - )K2n2_1(33‘2> + (N2 - 2n2+1 + 1)(D2n2+1 (332) — D2"2 (1‘2))’
1 S n n
= i, 125 Kps (z1)] (27" — 1) Kana—1(2®) + (No — 221 4+ 1) Dons (22)] .

By inequality (2) we write that

o} far(z',2%) = sup oy far(z', 2°)| > max |o(am yos jaem 4204 far (@, 27)]

nel 1<20<2m
and
o7 fazlli/e
ol ag,,
1 2
> 2_(”1+"2)</G2 1;21}%”1 |U(2"1+25,[a(2"1+25)]+1)f711('rlvx2)|1/2d/’6(x17$2)> .
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Now, we investigate the integral
I := [, maxi<oscom [O(am 420 (a(2m 420y far(@h, #2) [/ 2dpu(zt, 2%), we decom-
pose the set G as the following disjoint union

A-1
G=1aU | T\L).

t=0

Since, « is strictly monotone increasing function we have that
Kia2mi 42t)41-2n2 # Ko =0 for all ¢ (0 <t < ny).

We set k € P and we fix it. We choose a big number n¥, such that
(NF* NJ®) € L for all s with the condition n¥ —1 > s > n¥ — k > 0, where
NF# .= om0 4 95 and N&* := [a(2" + 2%)] + 1. We note that if 8 > 1 is small,
then n% have to be large enough.

If there exists a number s such that nf —1 > s > n¥ — k and Nzk’S > gnstl
holds, then we set s* := min{s : N&** > 2m+1 pk — 1 > ¢ > pk — k}. We set
sx 1= nk if for all s (with n¥ —1 > s > nk — k) the inequality N&* < 2n3+1
holds.

Therefore,

I = 1/2 2
/cz v et % ot e ozt ey Faf (2Pt 2)

> 1/2d 2
= Z /1,\1t+1)xG 1<2$;n |U(2“1+26 [a(2"1+25)]+1)f (gc . >| M<x )
s*—1
= max [0 oo (et a?) VR dp(et 2?)
—1 /(It\lf,+1)><G 1§25<2n (2 1+2 [04(2 1+2 )]+1)
nf—l
+ / max | N S [ (x L 22) M 2dp(xt, x?)
t; (I\Lis1)XG 1<20 <27 @@"¥ y2s [a(2"f 129))41) 0
Sy
1 2
Now, we discuss ) ;.
s*—1
Z Z 2(nk+n§+2)/2
s k
x 2Ky (a D(NE*s —9m2) K (@) V2 dp(at, %)

1<25<2"
(It\1t+1)><G
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s — k
> Z 2 k+né+2)/2 / |2tK2t(wl)(N§’t72n2)KN§,t_2n’2€ (502)'1/2(1#(1’1,1’2)

t=1

(Ie\It41)XG
s*—1
1
> D e
t:n’f—k
. k
<[ RO 2R s @) ()
2
(T \Te 1) X (e \Tgx 1)
B s*—1 1
- Z 2(n +n2+2)/2
t= "1
2@ 1) o 12
x PEED (bt )iy )] dula) o)
(Te\Te1) X (Tpx \Tpx 1)
> SZ_I 2] dute?)
= 2(nk+n’2”+2)/2 1 2 Nt gk T pi

t=nf— ’Wt*\IﬁJrl

1 1 s*—ni+k
<n1+n§+2 Z Ta o(nf+nk+2)/2 16 ’

where t* 1= |[NF' — 2n3| = |[@(2"7 +21)] 4+ 1 — 23| (that is, the order of [/(2"1 +
21)] 41— 2m3),

Now, we discuss ) ,. In this case we have to modify some steps in the est-
imation of the sum ;. Now, we write that

k
ny—1

2> 2 /(1 e ‘0(2"'f+25,N§’5)f (!, %) 2 dp(a’, 2%)

k
2 t=g* \e41)xG 1<25<2™1

k
ny—1

v

0 gt s g0 iy Fap (@t @) 2dula’ )
t=s* /(It\1t+1)><(1n§—1\lnl2c) (2"1+2t,N,° ) n

k
ny—1

1 1 / k 9
> - E 2" — 1K nk x
4 = 2(n’f+1)/2(N£€,t)1/2 Inlg,l\f |( ) 9 271( )

k, k
+ (NJ* —gnatl 4 1D, .4 ()M 2dp(z?).
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D, (#?) = 0 for all #* € I,,x_;\I,,x. Lemma 1 of G4t immediately gives that
nk
/ oo () > [ (27 = DK ()] dp(a?)
Lok o\ Tk \Ik
2 2
> 24K (%) — D,y () ()

That is, we showed that

||0Lfn1||1/2
2n +n2 +
| fazll g, Z Z

1 s*—nh 4+ k 1 nk —s*
9(nk+nk+2)/2 16 9(nk +1)/2( N} Nt )1/2 16

> gnitns

For Nk M1 e write that

k ¢ ¢ o ] O; ¢
Ny™ 7 = [a(@W 42 )41 < [0(2:27)]41 < [y 5 a2 < 4,75 2,
where ’yéog( ® > 1. From this we have that

||UZfE||1/2
HfEHHf,2

> ck?,

where ¢ = W This completes the proof of our main Theorem. O
¥
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