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Strong convergence theorem for Vilenkin—Fejér means

By ISTVAN BLAHOTA (Nyiregyhdza) and GIORGI TEPHNADZE (Lulea)

Abstract. As main result we prove strong convergence theorems of Vilenkin—Fejér
means when 0 < p < 1/2.

1. Introduction

It is well-known that Vilenkin system does not form basis in the space
L,(G,,). Moreover, there is a function in the Hardy space H; (G, ), such that the
partial sums of f are not bounded in Li-norm. However, in GAT [7] the following
strong convergence result was obtained for all f € Hjy:
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where S f denotes the k-th partial sum of the Vilenkin—Fourier series of f. (For
the trigonometric analogue see in SMITH [17], for the Walsh-Paley system in
SIMON [15]). SIMON [16] (see also [23]) proved that there exists an absolute
constant c,, depending only on p, such that
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for all f € H, and n € Py, where [p] denotes integer part of p. In [21] it was
proved that sequence {1/k?7P}2° | (0 < p < 1) in (1) are given exactly.

WEISZ [27] considered the norm convergence of Fejér means of Walsh—Fourier
series and proved the following:

Theorem W1 (Weisz). Let p > 1/2 and f € Hp. Then there exists an
absolute constant c,, depending only on p, such that for all f € H, and k =
1,2,...

lowflly < cpll flla, -

Theorem W1 implies that

1 - llowfIIp
n2p—1 k2—2p

<ollflf,, (1/2<p<oo, n=1,2,...).

If Theorem W1 holds for 0 < p < 1/2, then we would have

1 = llowfIIp
log[1/2+p] n = k2-2p

<olflf,, O0<p<1/2,m=23,...). (2

However, in [18] it was proved that the assumption p > 1/2 in Theorem W1
is essential. In particular, the following is true:

Theorem T1. There exists a martingale f € H, 5 such that
sup ||on fll1/2 = +oo.

For the Walsh system in [22] it was proved that (2) holds, though Theorem T1
is not true for 0 < p < 1/2.

As main result we generalize inequality (2) for bounded Vilenkin systems.

The results for summability of Fejér means of Walsh—Fourier series can be
found in [3], [4], [5], [8], [9], [10], [11], [12], [13], [14].

2. Definitions and notations

Let P, denote the set of the positive integers, P := P, U {0}.
Let m := (mg m1,...) denote a sequence of the positive integers not less
than 2.
Denote by
Zm,, =40,1,...,my — 1}
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the additive group of integers modulo my.

Define the group G, as the complete direct product of the group Z,,;, with
the product of the discrete topologies of Z,,,’s.
The direct product p of the measures

w({3}) = 1/mi (G € Zm,)

is the Haar measure on Gy, with u(G,,) = 1.

In this paper we discuss bounded Vilenkin groups only, that is

sup my < 00.
n

The elements of G,,, are represented by sequences
= (20,1, Thy-..) (Th € Zp,).
It is easy to give a base for the neighbourhood of G,,
Iy(z) := G,
I(z) ={y € Gm | Yo =20y, Yn-1 =2Zpn-1} (¢ € Gy, n€P)

Denote I, := I,,(0) for n € P and I, := Gy, \ 1.

Let
en:=(0,...,0,z,=1,0,...) € G, (n€P).
Denote
[N(O,...,O,J)k 750,0,...,0,3,‘[ 750,$l+17-~-,$N—17$N7$N+17~--),
[ k<l<N,
N IN(O,...,0,2; #0,0,...,0, 2N, TN41,...),
l=N.

and
N-2 N-1 N-1
— k.l k,N
1N=<U UIN>U<UIN>. (3)
K=0 l=k+1 K=0
If we define the so-called generalized number system based on m in the fol-
lowing way:

My :=1, Mk—i—l = mp My, (k S ]P))
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then every n € P can be uniquely expressed as

o
n = E anj,
=0

where nj € Z,,, (j € P) and only a finite number of n;’s differ from zero. Let
In| ;= max{j € P; n; # 0}.

Forn ="', s;M,,, where ny >ny > -+ >n, > 0and 1 <s; < m,, for
all 1 <4 <r we denote

r—2
Aoyg = {TL eP:n=My+ My +Z‘81Mn1}
i=1

The norm (or quasi-norm) of the space L,(Gyy,) is defined by

i91,= (| If(:v)lpdu(w)>1/p (0<p<oo).

m

The space Ly o (Gy,) consists of all measurable functions f for which
117, 00 = sup WP u{f > A} < +oo.
A>0

Next, we introduce on G,,, an orthonormal system which is called the Vilenkin
system.

At first, define the complex valued function r(z) : G, — C, the generalized
Rademacher functions as

re(x) i= exp(2mxy/my) (12 = —1, © € G, k €P).

It is known that

et k My, Tp =0,
> () = (4)
k=0 0, Ty # 0,

Now, define the Vilenkin system ¢ := (¢, : n € P) on G,, as:

o0

Py = H i (xz) (neP).

k=0

Specially, we call this system the Walsh—Paley one if m = 2.
The Vilenkin system is orthonormal and complete in Ly(Gyy,), [1], [24].
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Now we introduce analogues of the usual definitions in Fourier-analysis. If
f € L1(G,,) we can establish the the Fourier coefficients, the partial sums of the
Fourier series, the Fejér means, the Dirichlet and Fejér kernels with respect to the
Vilenkin system in the usual manner:

Fn) = /G [Bodpt, (n€Py)
n—1

Suf =Y fk)r, (nePy),
k=0

onf == S S, (meRy),

k=1

n—1

D,, = 21/11«7 (nePy),
k=0

1 n
K, =— Dy, ePy).
n; k (n +)

Recall that
M,, if z€lI,,
0, if x¢l,,

and
mj—1

Dn=1v%nY Dy, Y. 1% (6)
Jj=0 p=mj—n;

It is well-known that

sup /G Ko ()] du(z) < ¢ < oo, (7)

m

The o-algebra generated by the intervals {I,,(z) : x € G,,} will be denoted
by £, (n € P). Denote by f = (f, n € P) a martingale with respect to f ,
(n € P) (for details see e.g. [25]). The maximal function of a martingale f is
defined by

77 = sup | ).
neP

In case f € L1(G,,), then it is easy to show that the sequence (Sys, (f) :n €P)
is a martingale. Moreover, the maximal functions are also be given by

* =su ! w) p(u
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For 0 < p < oo the Hardy martingale spaces H, (G,,) consist of all mart-
ingales for which

1 e, == N7, < oo
p

If f = (f™, n € P)is martingale then the Vilenkin-Fourier coefficients must
be defined in a slightly different manner:

o~

f(i) == lim FO (@) (@) dux).

k—o0 Gm

The Vilenkin-Fourier coefficients of f € L1 (G,,) are the same as those of the
martingale (Saz, (f) : » € P) obtained from f.

A bounded measurable function a is p-atom, if there exist a dyadic interval I,
such that

adu =0, Jjall <p/ ()77, supp(a) < 1.

3. Formulation of main result

Theorem 1. Let 0 < p < 1/2. Then there exists an absolute constant
¢p > 0, depending only on p, such that for all f € H, andn =2,3,...

1 = | kap 1717,
log[1/2+p] Pt k2-2p — ‘p

where [z] denotes integer part of x.

Corollary 1. Let f € Hyj. Then

1/2
1 llows = flI
Z — 0, asn — oo.
lognk:1 k

Theorem 2. Let 0 < p < 1/2 and ® : P, — [1, co) be any non-decreasing

function, satisfying the conditions ®(n) 1 co and
n2—2p

nh_}rrgo ) = 0. (8)

Then there exists a martingale f € H,, such that

Z |O-k:fHLpoo
= 0
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4. Auxiliary propositions

Lemma 1 ([26] (see also [25])). A martingale f = (f™),n € P) is in H,(0 <
p < 1) if and only if there exist a sequence (ag, k € P) of p-atoms and a sequence
(1, k € P) of a real numbers such that for every n € P

> mSu,ar = f7, > ll” < o0 9)
k=0 k=0

Moreover, ||f|la, « inf (37 |mkl?) l/p, where the infimum is taken over all
decomposition of f of the form (9).

Lemma 2 ([6]). Let n > t, t,n € P, x € I;\I;11. Then

0, if ©—xieq ¢ 1,
K T) = M,
M. () — i o —age € I,
1—ri(x)
Lemma 3 ([19], [20]). Let z € I}, k=0,...,N -2, l=k+1,...,N -1
Then
CMle
K, (z—t)|du(t) < ., whenn > My.
[ VKo = 0l <SP when n > My
Let € INY, k=0,...,N —1. Then
M,
/|Kn(x—t)|du(t)gc—k7 when n > My.
In My
Lemma 4. Let n = Y.._, s;M,,, where ny > ny > --- > n, > 0 and

1<s; <my, foralll <i<r as well as nk) = n—Zle siM,,, where 0 < k <.
Then

r

k—1 r—1 k—1
. . k
nKn = E ( T:L]j)sankKs;cMnk + E ( | I T“TSLJJ>7’L( )DSank'
j=1 E=1 N j=1

k=1
PROOF. It is easy to see that if k,s,n € P, 0 < k < M, then
sMy+k—1

k-1
Diysm, = Dou,, + E Y; = Do, + E Yiysm, = Dsm,, + 15, Dy;.
i=sM,, i=0
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With help of this fact we get

51 Mn, n
ZDk = Z Dy, + Z Dy, = s1 My, Ky, 01, + ZD,HSIMM
k=s1Mp, +1 k=1
e
:SanlelMM +Z( 1My, +T7L1Dk)
k=1

= 51M7L1 Ksanl —+ Tl(l)Dsanl =+ T’fllln(l)Knu) .

If we unfold nY K, 1) in similar way, we have

n(l)Kn(1> = 52Mn2 KS2Mn2 =+ TL(Z)D&]\/jnz + T’fén@)Kn(Q),
SO
nKy, = s1Mp, Ks,m,, + T soMy, Ko, M, + rilrsin (Q)Kn(fz)
+ n(l)Dsanl + ’I"fllln( )DS21W”2 .
Using this method with n(z)Kn@) e 7n(r_1)Kn(r—1), we obtain
r k—1 r
nk, = Z < H ’I”f{]) Sank,Ksk]\/[nk + ( H beé)n(r)Kn(r)
_ j=1 j=1
o3 (),
Jj=1
According to n{") = 0 it yields the statement of the Lemma 4. O

Lemma 5 ([2]). Let s,n € P. Then

s—1 s—1

k

Dsm, = D, E Yem, = Du, E T
k=0 k=0

Lemma 6. Let s,t,n € N, n > t, s < myp, © € \I111. If x — xve; & I,
then
KsMn (:L’) = 0
PROOF. In [6] G. GAT proved similar statement to Ky, (z) = 0. We will
use his method. Let z € I;\I;4;. Using (5) and (6) we have

SM,L SMn

t—1 me—1
SM Ksj\/[ Z Dk Z¢k(x)<ZkJMj +Mt Z ri(x))
k=1 j=0 ki

T=m¢—



Strong convergence theorem for Vilenkin—Fejér means 189

sM,, sM,, me—1
—ZW Z’fMJrZ% L > i) =Ji+ e
i=m¢—ky

Let k=37 k;M;. Applying (4) we get ZZ”__J it (z) =0, for z € I\Ipyq. Tt
follows that

mo—1  mi—1—1 mip1—1 mu_1—-1 s—1 me—1

D ST Sl S > Z(Hr )DL SEITR

ko=0 ki—1=0 kt+1—0 kn—-1=0 k,=0 k=0

On the other hand

mo—1 my—1—1 meqp1—1 mp—1—1 s—1 ke—1
Lo E 8 2 E ([T e
1At

ko=0 ki—1=0 kiy1=0 kn—1=0 kn=0

— 1:[ < i i (m)) ( > r’;p(x)) M, Z_: ri(z).

k= kp=0 i=0

Since x — wer ¢ I, at least one of Y 01 rf’ (x) will be zero, if ] = p # ¢ and
0<p<n-—1,thatis J, =0. (]

5. Proof of the theorems

PrROOF OF THEOREM 1. By Lemma 1, the proof of Theorem 1 will be comp-
lete, if we show that with a constant ¢,

1 " |loxall;
logl /2 7#] p 2 220

<¢gp<oo (n=23,...).

for every p-atom a, where [1/2 + p| denotes the integers part of 1/2 4+ p. We may
assume that a be an arbitrary p-atom with support I, u(I) = MJQ and I = Iy.
It is easy to see that o, (a) = 0, when n < My. Therefore we can suppose that
n> Mpy.

Let x € Iy. Since o, is bounded from Lo, to Lo (the boundedness follows
from (7)) and ||al|sc < cM/? we obtain

/ loma(@)|” du(z) < cllall’, /My < ¢, <00, 0<p<1/2.

In
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Hence
1 " 1y loma(@)[Pdu(z) ¢ 1
2 : N < E S <¢p <00. (10)

log[1/2+p} n m2—2p - log[1/2+p] n

m=1

It is easy to show that

|loma(z)] S/I |a(t)] [ Kom(z —1)| du(t)

SHaHOO/I |Km(m—t)|du(t)§cM}v/p/ Ky (2 — )] dp(t).

In
Let z € Ijlf,’l, 0<k<l< N. Then from Lemma 3 we get

1/p—1
< CMleMN . (11)

|oma(z)] < -

Let z € IJ%N 0 <k < N. Then from Lemma 3 we have

|lomal(z)| < eMMyP™". (12)
Since
N-2
> 1M < N for 0 < p<1/2
k=0

by combining (3) and (11-12) we obtain

N—-2 N-1 mj—1
[ _lomata)pdutz) = 3= S > omae)rdute)
In k=0 I=k+1 z;=0,j€{l+1,....N—1} "IN
N-1
+ 3 [ lomao)ldu(o)
o JIN"
N—-2 N-1 _ N—1
ce Mgt .. .my—1 (M My)P My ™" n Z Lopanior
- My mp My kN
k=0 l=k+1 k=0
_ My =2 Nz‘:l (Mle = mr
- mp M?
k=0 l=k+1 k=0 N
MEP 1 Ml =
T Zlezp Z Ml p+
k=0 k I=k+1
Mi=PN(1/2+p]
SN 2 e (13)

mpP
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It is easy to show that

n

1 c
Z <——, for0<p<1/2
2—p — 1-p’ —
m:MN+1m b MN

By applying (10) and (13) we get

R o 1 " floma(@)Pdu()
2 < 2 =

1og[1/2+p] n “— m2—2p — log[1/2+p] oA m2—2p
N 1 Z”: iy loma(z)Pdp(z)
log[1/2+p] n m=Mpn+1 m2—2p
1 n Mi-Pn(1/2+p]
= ogll/2+P] Z <CP 5 2—p + czpp) +¢p
log T M tl m m
cp My PNI/24PL 1 1 = 1
< N + —— +c¢p
1Og[1/2+p] n mz%ﬂ m2-Pp 1Og[1/2+p] n WZ;N"Fl 2—p
< ¢p < 0.
which completes the proof of Theorem 1. (|

PROOF OF THEOREM 2. Under condition (8) there exists a sequence of inc-
reasing numbers {n; : k > 0}, such that

C?’l2_2p
lim —* = 0.
k— o0 <I>(nk)

It is evident that for every nj there exists a positive integer Ay such that
M\>\k|+1 <ng < M\)\k|+2 < /\M|nk\+17

where A = sup,, m,. Since ®(n) is a nondecreasing function we have

2-2p 2-2p
‘)\lirl . an

Ty, o — L _
Ht— (I)(MP\ICH-l) - kLH;O <I>(nk)

(14)

Applying (14) there exists a sequence {ay : k > 0} C {\x : £ > 0} such that

lag| > 2, for k eP, (15)

1-p

= 16
k—o0 (D1/2(M|ak\+1) o ( )
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and 1/2 1/2
< $1/2(), > $1/2(),
( 1|_,,|+1) P (1_| ol41) e oo, (17)
M p |an‘ M p
n=0 [ouy | n=0 [oy|+1
Let
fa= Y eax,
{k:lag|<A}
where s
ae= a2 Migyi1)
k A/
[k |
and
1/p—1
_ Takl
ap = 7; (DM‘Q,JH - DM‘,W),
where A := sup,,cp m,. Since
ag, |ag| <n,
SMnak = k l k|
0, J|ag|>mn,

and
supp(ax) = Ijo, |, / axdp =0, axll,, < ML = (suppag)~/*
[org |

if we apply Lemma 1 and (17) we conclude that f € Hp,.
It is easy to show that

f@)
_ {qﬂ/?l’ (Miay31) s if 5€{Mayps-vs Miagii—t, k=0,1,2,..., 18)
0, it 5 ¢ UnZo (Miauts-+» Miays1 =1}
By using (18) we can write that
1 Mia 1 Qk
o, f=—> Sif+— > Sf=I+IL (19)
S Ok 7
J Jj=Mq, | +1

It is simple to show that

S f— L2 (Myyi41) i My <5 < Migg41
! 0, i 0<j< Mg,
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Suppose that M| < j < M|y, |41, for some s = 1,2,..., k. Then by
applying (18) we have that

Mo, _y) j—1
Sif= Y fow+ D fw,
v=0 v=M|q,|+1
s—1 Mjay+1—1 j—1
=2 > Jwuw+ (v)w,
n=0 'U:M\(xn| ’L):M‘Q”—‘rl
s—1 Mjay|+1—1 j—1
=> D> OV )w + @V (Mg ) Y wy
n=0 ’U:M‘(’Wl v=M|q,+1
s—1
= Z q)l/zp(MlanHl)(DM\awl - DM\am)
n=0
+ @Y% (M), 111)(D, — D, ,)- (20)
Let Mo, |41 < Jj < Mjq,,,|, for some s = 1,2,..., k. Analogously to (20) we
get that
Mag+1 N s
S;f = Z f)w, = Z(I)l/Zp(M\an\'f‘l)(DM\unHl - DMM). (21)
v=0 n=0

Let x € I = (wg =1, 21 = 1,,...). Since (see (5) and Lemma 2)
K, (x) = Dy, (2) =0, forn=2 (22)
from (15) and (20)—(21) we obtain that

= Miay|+1
1/2
I= EZ(I) P (Migyi41) Y., Dy
n=0 v=Mq, |+1
1 k—1
= E Z (1)1/217 (M‘O‘T/H‘l) (M|an‘+1KM\an|+1 ({E) - M‘O‘HKM\CW,\ ({E)) =0. (23)
n=0

By applying (20), when s = k in IT we get that

o —Mn k—1
11 = SN 012 (g, 1) (Do, 0 — D)

«
k =0

(I)l/Zp (M\n |+1> Qg
e e 3 (Dj - DMM‘) I +1L.  (24)

J=M,, | +1
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By using (22) we have that
0,1
I =0, forzely . (25)
Let oy € Ao and z € Iy, Since ay — Mj,,| € Ag2 and
Dj+M\akI = DMID%\ =+ wM‘alej, when ] < M|ak\

By combining (5) Lemmas 4 and 6 we obtain that

ap—M
DYV (M, 41)| =
13| = a—klak‘ Z (Djsm,, (z) = Dy, (2))
=1
ar=May

L2 (Mg, 111)
= =7 E D (x
Qg = (@)

_ OV (Mg, 141)

(ak — Mo, ) Kay—m,, | (w)‘

ay
/2P (M /2P (M
_ ( Iak\+1)|MOKMO| > ( ‘Clk|+1). (26)
o L
Let 0 <p <1/2,n € Agp and Mj,,| <n < My, |+1. By combining (19-26)
we have that

C(I)l/z(Mlak\-‘rl)

lonfllz, . = pu{x eIdt |11, >

C(I)l/%(Mlak \+1)
QO

(o7
> C(I)I/Q(]\glak \+1)

TR S CEESY)

5 .
@, o |+1

By using (16) we get that

 Jouflf lowfIE,
P O 2 o)

n=1 {neryg:Mmk‘<n<M‘akH1}

1 1
> -
OL/2( M)y |11) 2 M, 1
{HEA0,23M\ak|<n<M\uk\+1}
M,
> % 050, whenk — oo.
¢1/2(M|04k\+1)

Theorem 2 is proved. ([
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