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Quasi Ahlfors—David regularity of Moran sets

By YU SUN (Wuhan), MANLI LOU (Guangzhou), FAN LU (Wuhan)
and LIFENG XI (Ningbo)

Abstract. For Moran fractals in Euclidean spaces, under suitable assumption, we
obtain their quasi Ahlfors—David regularity and quasi-Lipschitz equivalence.

1. Introduction

1.1. Moran set. Recall some notions in fractals. A map S : R® — R" is called
a similitude with ratio r, if |S(z) — S(y)| = r|z — y| for all z,y € R™. For two
subsets A and B of R", we say that A is geometrically similar to B with ratio r,
if there is a similitude S of ratio r such that S(A) = B. For subset A4, let |A| be
the diameter of the set, and A the closure of A.

The notion of Moran set is introduced by WEN in [16].

Given integers {nj}r>1 with ny > 2 and ratios {ck;}r>1, 1<i<n, C (0,1),
let % = Ure, Hle{L ...,n;} be the collection of finite words with k-th let-

ter in {1,...,n.} for each k, suppose {V;,..i, }; ., cs. are non-empty open sets
satisfying
Virevin—vie C Vireip_r and Vi iy i NVieie_1j, = @ if iy # Ji, (1.1)
Viivin_1ip 15 geometrically similar to V;,...;,_, with ratio
Vi ooin—vin| /| Vig iy | = Chi, - (1.2)
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A Moran set F' is defined by

F:ﬁ U Vi (1.3)
k=1

iipES*

For convenience, we write d = mini<j<n, ki, Dir = MaxXi<i<p, ki and
n;

suppose sj satisfies H?Zl (>71(cj)™) = 1. Let s, = limy_, s and s* =
mk—>o<>5k-

Remark 1. The self-similar set satisfying the open set condition is a Moran
set. In fact, suppose E = U™, S;(FE) is a self-similar set (see [7]), where {S;}"
are contracting similitudes with ratios {r;}7; such that the open set condition
holds, i.e., there is a non-empty open set U such that

U;S;(U) C U and S;(U)NS;(U) =@ for any i # j. (1.4)

Let ng = m and cp4, = 7y, X° = U {1,...,m}* and @ the empty word.
We write Uy = U and Uj,...;, = Si; 0---0.5;, (U) for word 47 ---ip € ¥*, then
(1.4) implies Uil"'ik—lik C Uil"'ik—l and Uil"‘ik—lik n Uil“'ik—ljk = & for any
i1 -+ -1 € X* and iy # jrand Ui, .., _ 4, is geometrically similar to Uj,...;,_, with
ratio |Us,inyin|/|Uiy iro | = 7i,- It follows from (1.4) that U;S;(U) C U, hence

the self-similar set -
E=() U Ui (1.5)
k=1 i1 i €D*

1.2. Ahlfors—David regularity. A compact set E is said to be Ahlfors—David
s-regular [11], [12], if there is a Borel measure v supported on F such that

C™r* <v(B(x,r)) < Cr® (1.6)

for any x € E and r < |E|. For self-similar set E satisfying the open set condition
as above, as shown in [7], the self-similar measure v satisfies (1.6) where s =
dimy F = dimp E is the solution of the equation (r1)® + -+ (r;,)* = 1.

For Ahlfors—David s-regular set E, by Theorem 5.7 of [11], we have

dimpFE = dimgpF =dimy E = s.
It was shown in [16] that, if ¢, = inf dy, > 0 for Moran set F' as above, then
dimyg F =s, and dimgF = s*.

Therefore, if s, < s*, then F' can not be Ahlfors—David regular.
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Ezample 1. Let ni = 2 and ¢ € {1/3,1/5}. Then ¢, > 0. Take a sequence

. - i <kicp=
{ck }r such that a = lim,_, qr < limg_,00qr = b, where ¢ = M Then
: 1 klog 2 T log 2 _ log 2
himkaoosk - himk—M)O —(logey-er) h—mk—ﬂw qrlog3+(1—q)logh — alog3+(l—a)logb

blog?)—:?%’ which means dlmH F < dlmBF

and limg_, oSk =

In the following example, dimg F' = dimg F' but F' is not Ahlfors—David
regular.

Ezample 2. Let s =log3/logh and ¢, = %(1+i) for all k, then limg_. oo cx =
1/5 and limg_, o 3%(c1 -+ - c)® = limp 00 [Hle (1 + %)]s = 00. Set ni = 3. Fix
I; = [0,1] for empty word ¢. Given an interval I;,..;, , = [c,d] with i1 ---ix_1 €
{1, 2, S}k_l, we put Iil“'ik—ll = [C, C+Ck(d—0)], Ii1~~~ik,12 = [# - @, %d—F
@29 and I, iy 3 = [d— (d - ¢)ex, d]. Let

PN
F =021 Uiy ie1,2,31% Ligeige

Using result in [16], we have dimy F' = dimp F' = s. We will show that F is not
Ahlfors—David s-regular. On the contrary, there is a constant a > 0 such that
for the corresponding Ahlfors—David s-regular measure v, we have (¢ ---¢;)® <
av(l;,..i,) for all iy - - - i), € {1,2,3}*. Therefore,

351 ep)’ < Z v(Iy...i) = av([0,1]) < co.
il--'ik€{1,2,3}k

Letting £k — oo, we obtain a contradiction.

However, the Moran set in Example 2 is quasi Ahlfors—David s-regular.

1.3. Quasi Ahlfors—David regularity. We say that F'is quasi Ahlfors—David
s-regular [15], if there is a Borel measure p supported on F such that

log j(B(z, 1))

— s uniformly for z € F as r — 0. (1.7)
logr

Notice that Ahlfors-David regularity implies quasi Ahlfors—David regularity.
Can we find the conditions for a Moran set to be quasi Ahlfors—David regular?
Now, we shall pose some assumptions upon the Moran sets:
T log dj _ 0
(AD): ik 00 10575, B, Dy = O3

l -
(A2): sup, I < oo;

(A3): limg o0 sk = s € (0,00).
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log\Vi cevdg 9 |
Remark 2. (Al) means ————2=t%
1Og|V£1A,.ik71‘

natural assumption. We pose (A2) as a technical need.

— 1 uniformly as k& — oo, this is a

Remark 3. If ¢, = infy d, > 0, then (A1)—(A2) hold since sup;, ng < 1/(c.)™
and 0 < ¢, <dp < Di < /1 —(c,)” by (1.1)—(1.2).

Remark 4. (A3) means dimy F' = dimp F' = s in some sense as in [16]. If
¢ = infy dy > 0, it follows from [16] that dimy F = s, and s* = dimpF. Using
(A3), we have dimy F = dimp F = s.

Remark 5. For self-similar set F satisfying the open set condition as above,
we have Dy, = max; 1y, di = min; 3, ny = m, cx; = 7; and s = s with

(r)° 44 (rm)’ =1.

It is obvious that assumptions (A1)—(A3) hold. The Ahlfors-David regularity
of E supports the rationality of these assumptions.

Under these assumption, we get the quasi Ahlfors—David regularity.

Theorem 1. Suppose F is a Moran set satisfying (A1)—(A3). Then F is
quasi Ahlfors—David s-regular.

Besides Example 2, we give the following planar Moran set satisfying
(A1)—(A3).

Ezample 3 ([3]). Consider a plane fractal defined as follows. Given two sequ-
ences {lj}x>1 and {ng }x>1 with ny <12 and

log(ny - - - ng)

oo log(ly - ) o

Take a unit square [0, 1] as the initial set. In the first step, we divide [0, 1]? into

(11)? equal squares with side length 1/I1, then we select n; ones. By induction, as-

sume that we get a square Q... _, (i1 ik—1 € f]*) of side length (11 ---1_1)7 !,

we divide it into (I3)? equal squares with side length (I1---lx_1l)~!, and then
=t
get a limit set which is a Moran set, where ¢, ; = (lk)*1 and Vj,...;,, is the interior

of Q;,...i,- It is easy to check that assumptions (A1l)—(A3) hold.

we select ng ones from them, denoted by {Qi;...i,_, i } Again and again, we
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1.4. Quasi Lipschitz equivalence of Moran sets. We say that two subsets
A and B of Euclidean spaces are Lipschitz equivalent, if there is a bijection from
A to B such that for all x,y € A,

C Mo —y| <|f(z) — f(y)| < Cla—y|

for some constant C' > 0.

Even for self-similar sets, their Lipschitz equivalences are very difficult to
study, for example see COOPER and PIGNATARO [1], DAVID and SEMMES [3],
DENG and HE [4], DENG, WEN, XIONG and X1 [5], FALCONER and MARSH [6],
LAuU and Luo [10], LLORENTE and MATTILA [9], RAO, RUAN and WANG [13],
X1 and X1oNG [17], [19], [20], [21]. As we known, two dust-like self-similar sets
with the same dimension may not be Lipschitz equivalent. But they are quasi
Lipschitz equivalent.

The notion of quasi-Lipschitz equivalence is introduced by X1 [18].

We say that two subsets A and B of Euclidean spaces are quasi-Lipschitz
equivalent, if there is a bijection from A to B such that for all z,y € A,

log | f(z) — f(y)]
log [z — |

It is proved in [18] that two self-conformal sets are quasi-Lipschitz equivalent

— 1 uniformly as | — y| — 0.

if and only if they have the same dimension. This result was developed by WANG
and X1 [14], [15], X10NG and X1 [22].

L1 et al. [8] studied the quasi-Lipschitz equivalence for some homogeneous
Moran sets in line, a special class of Moran sets. For any Moran set in this class,

we have ¢, 1 = -+ = ¢k,n,, = ¢k and an additional assumption limy_, 1&22%?: =
s € (0,1). We see that the condition limg_, llofg’;% = s is like (A3). But the

condition s < 1 plays an important role which is like the separation condition for
self-similar sets.

In this paper, we study the general Moran sets under the separation assumpt-
ion:

(A4): For any iy - - -ip_1ip € B,

IOg d(Vll'Lk—l_Zk ) F\Vil"'ik—lik)
IOg “/;1"'%—1 ‘

— 1 uniformly as k£ — oo.
Here d(A, B) is the least distance between compact sets A and B.
For s > 0, a class A, of Moran sets is defined by

_ J{F': F is a Moran set satisfying (A1)-(A4)} if s>1,
° {F : F is a Moran set satisfying (A1)-(A3)} if s<1.
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Theorem 2. For every s > 0, any two Moran sets in A are quasi-Lipschitz
equivalent.

We pose the last assumption:
(A5): There exists a constant ¢ > 0 such that for any 4y - - ig_19x € X*,
ming, i, d( 71'71"'1'1@71% ) ‘zl"'ik—ljk)

|‘/7;1"'ik,—1|

“[il'“ik—lik|

‘Vil'“ik—1|

=cp,, > ¢ and 2 c
Then (A5) implies (A1)-(A2) (see Remark 3) and (A4).
Using Theorem 2, we have

Theorem 3. Fix s > 0. Suppose Fy and Fy are Moran sets satisfying (A3)
(with the same parameter s) and (A5), then they are quasi-Lipschitz equivalent.

Remark 6. In fact, (A3) and (A5) hold for self-similar sets satisfying the
strong separation condition. Then we obtain the result in [18]: two dust-like
self-similar sets are quasi-Lipschitz equivalent if and only if they have the same
dimension.

The paper is organized as follows. Section 2 is the preliminaries, including
the construction of the measure which plays an important role in this paper.
Section 3 is the proof of Theorem 1. In Section 4, we get Theorem 2 based on the
main result in [15]. In fact, [15] proved that if two compact sets are quasi Ahlfors—
David s-regular and quasi uniformly disconnected, then they are quasi-Lipschitz
equivalent.

2. Preliminaries

For 0 = 01 -0}, € %, let |o|(= k) denote its length. Write

(01 0k) % Oky1 =01+ OkOk41-

We say that V,, is of rank k, if |o| = k. Without loss of generality, we assume the
diameter
Vol = 1.

If 0 = 0y -+ - 0, then every V, is similar to |Vy| with ratio ¢1,4,¢2.0, * - * Ck.0), and

Vol = C1,61C2,05 """ Ck,o- (2.1)
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2.1. Construction of measure. Fix s > 0. As in [2] by DAI et al., we can
define a probability measure supported on F' depending on s.
Let (V) = 1, where () is the empty word.
By induction, for every k > 1 and V,, of rank (k — 1), we define
c; .
ki = .
—u(Vy) for 1 <i<mny.

‘_/o'*i - <N <
1(Vorsi ) ST

In fact, if 0 = oy - - - 0, then

_ V|
M(Vo) a— | |

. 2.2
[Ticy (22;1 Cf,j) 22

More and more, we get a probability measure supported on F. In fact, we use
the condition (1.1) during the above construction of measure, as in the way by
HUTCHINSON [7] for the open set condition.

2.2. Disconnectedness and quasi-Lipschitz equivalence. As above, we int-
roduce the Moran set on the analogy of the self-similar sets satisfying the open set
condition. Now, we will give some property of disconnectedness on the analogy
of the self-similar sets satisfying the strong separation condition (SSC in short),
here SSC holds for E = U2, S;(E), if

mind(Si(E). $,(E)) > 0,

where d(A, B) is the distance between A and B.

Definition 1 ([15]). We say that a subset K of Euclidean space is quasi uni-

formly disconnected if there is a function 7 : (0, +00) —(0, +00) with }in(l) % =1
—
such that for any z € K and r > 0, there is a subset B C K such that
KnB(x,n(r)) C BC B(z,r) and d(B,K\ B) > n(r). (2.3)

We notice that if E is a self-similar set satisfying SSC, then F is quasi
uniformly disconnected. In fact, we can take

2 = (min ) Rk ASi(E), $;(E))
n(r) = (minr;) | :

The following two lemmas come from [15] by WANG and XI.
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Lemma 1. Suppose that compact and quasi uniformly disconnected subsets
E4 and E5 of Euclidean spaces are quasi Ahlfors—David s -regular. Then E; and
E5 are quasi Lipschitz equivalent.

Lemma 2. If E is quasi Ahlfors—David s-regular with s € (0,1), then F is
quasi uniformly disconnected.

In fact, MATTILA and SAARANEN [12] proved that if E is Ahlfors-David s-
regular with s € (0, 1), then E is uniformly disconnected.

3. Quasi Ahlfors—David Regularity
In this section, we will prove Theorem 1. Now, fix

s = lim sg,
k: k— o0
ng Sk

where [T, (Zj:l Ci,’}) =1
3.1. Measure of V.. We will estimate the measure of V.

Lemma 3. There is a non-increasing function § : N — R™ such that
limg 00 6(k) = 0 and for any basic interval I,

|Va|5+‘5(|"|) < u(V,) < |f/0|875(\6|).
PROOF. Suppose |o| = k. By (2.2), we only need to show

log Hf:l ( Y i)

— —0as k — oo. 3.1
log | V5| s > (3:-1)

In fact, using (2.1) and Dy, = max; ¢k 4, we have
|log |V,|| > [log(D1 - - Dy)|. (3.2)

On the other hand, since Hle (Z;;l cf’;) =1, we have

k n;
<fl(e)
i=1 \j=1
k n; k n;
logH ( cf,j> —logH (Zcf’;)
i 1

i=1 N j= i=1 “j=1

= 1g(s) — g(su)l,
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where

Zlog(ic’j>

By Mean value theorem, there exists & lying in the interval with endpoints s and
s, such that

k n;
Ej 1 'leogclJ

l9(s) = g(si)| = (sk = )Y v (3.3)
i=1 Zj:l Cij
cgk
Write ¢;; = — S then > ¢i; =1 and
ZJ ‘ 165 7=
i Z;Lll zglOng 7 i i Z?’l ”logc
i=1 E;'lél cfkg Sk i=1 Z;‘hﬂ Cf’}
(Z S ei log el +Zlogz ) (3.4
i=1 j=1
Using the convexity of function f(z) = —zlogx on [0,1], we have
‘Zc”logc” <logn; and HD&‘ <HZC€" <Hnl (3.5)
i=1 j=1
Then it follows from assumption (A2) and (3.3)-(3.5) that
hm |logH’L 1(2] 1Cf,J)| :0 (36)
k—o0 log(D1 Dk) ’ ’
Therefore, we get (3.1) by (3.2) and (3.6). O

3.2. Proof of Theorem 1. For z € F and r small enough, now we shall estimate

log u(B(z,7))
log r '

Let N, =min{k : dy---di, <r} — oo asr — 0. Let 0~ be the father of o, that
I8 0 =07 * i) for some letter i,
(1) Lower bound:

Using assumption (A1) limg_ m =0, we have

log |V |
jo| o0 log [V,—|
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then there exists a non-increasing function a : N — (0, 00) with limg_ (k) =0

such that
Voo | = [V | > [V | He(loD.

Take a word o such that
[V, <r and |V,-|>r,
Then by Lemma 3, we have
W(B(z,1) > (V) > |V, [+30D),
It follows from (3.8), (3.9) and (3.10) that
W(B(2,7)) > |V |+0aD)AFaah) 5 (60N A+a(N,)
where
(s +6(N;))1+ a(N,)) = sasr — 0.

(2) Upper bound:
Let
Qpr={0:Bla,r) NV, #2 and |V,|<r|V,-|>r},

and I, 1= mingeq, , |V, | = mingeq, . |Vs|.
It follows from Lemma 3 that for o € € ,,

n(Vo) < rsm 0N,
By (3.8), we have

lgr > PN with a(N,) =0 as r—0.

(3.10)

(3.11)

(3.12)

(3.13)

Denote by L™ the Lebesgue measure on R™. Since V, is a disjoint
g 0'691,7‘

union contained in B(z,2r), we have

L'B(x,2r) > L ] Vo)= > £"(Vo)

€0, o€y,
Vo™ L™V,
- % o> Sl g,
UEQz,r 0 0
This means the cardinality o
#wa = C(1
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for some constant Cy > 0.
For any y € FNB(z,r), we can find a word o with y € V,, such that |V, | < r
and |V,-| > r. That means

FnBrc |J V. (3.15)
c€Qy
By (3.12)—(3.15), we have

p(B(w,r) = w(F N B,r) <p( | Vo) < #,- Jmax (Vo)
cEQy » o

,rn

max (V) < Oy - 30O mnalNe),

<
- Cl (lmm)n o€y

where

s —0(Ny) —na(Ny) -s as r—0.

Then Theorem 1 follows from the estimates of lower and upper bounds.

4. Quasi-Lipschitz equivalence

In this section, we will prove Theorem 2.

For Ei, Ey € Ag, Theorem 1 implies that they are quasi Ahlfors—David s-
regular.

By Lemmas 1 and 2, we only need to show that for s > 1 any set in F' € A,
is quasi uniformly disconnected by using assumption (A4).

In fact, given F € A, with [V = 1, the assumption (A4) shows that for

any V., - -
logd(V,, F\V,))

lim k —1. (4.1)
|o|—o00 lOg |Va*‘
Using assumption (A1) limg_eo m =0, we have
|o|—o0 IOg |V0'_ ‘

By (4.1) and (4.2), we can take a non-increasing function ¢ : N — (0, 00) with
limg 00 €(k) = 0 such that

Vo] = d(Vo, F\V5)) > [V,- [ +e(oD (4.3)

and
Vo | = [V | = [V, | FeloD, (4.4)
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Take

(r) = rtee

)

where N,, = min{k : dy - --d, <1} — 00 as r — 0 which implies

i 108 n(r)

r—0 logr

For B(x,r) with z € F and r small enough, take a word o such that

V| <r and |V,-|>r.

Then by (4.3)—(4.4), we have

and

FnB(z,n(r)) CV, C B(z,r)

d(Vo, F\Vg) > n(r).

Hence F' is quasi uniformly disconnected.

(1]
2]
(3]
(4]
(5]
[6]

[7]
(8]

(9]
(10]

11]

Applying Lemma 1, we obtain Theorem 2.
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