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Number of representations of integers by binary forms

By DIVYUM SHARMA (Mumbai) and N. SARADHA (Mumbai)

Abstract. We give improved upper bounds for the number of solutions of the
Thue equation F'(z,y) = h where F is an irreducible binary form of degree > 3.

1. Introduction

Throughout this paper, let F(z,y) = aox” + a12" 'y + -+ + a,y" be an
irreducible binary form of degree r > 3, with integer coefficients. We assume
without loss of generality that the content of F, i.e. ged(ag,...,a,) is 1. Let h
be a nonzero integer. In a seminal work in 1909, Thue proved that the equation

F(z,y) =h (1)

has only finitely many solutions in integers x and y. For this purpose, he developed
a method based on Diophantine approximation of algebraic numbers by rationals.
Since then, these equations are known as Thue equations. Thue’s method does
not give any bound for the size of solutions, thus it is ineffective. Nevertheless, it
can be used to give bounds for the number of solutions. Let Ng(r, h) denote the
number of primitive solutions of (1), i.e., solutions (z,y) with ged(z,y) = 1. In
1929, SIEGEL proposed that Ng(r,h) can be bounded by a function depending
only on r and h, otherwise independent of F', i.e., there exists a positive number
Z(r,h) depending on r and h such that

Np(r,h) < Z(r,h)

Mathematics Subject Classification: Primary: 11D45; Secondary: 11J68.
Key words and phrases: binary forms, Thue—Siegel principle, approximation of algebraic num-
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for any form F' of degree r. In 1983, EVERTSE [5] showed that Z(r,h) can be
taken as

715((§)+1)2 46 x 72(6)@m+D)

where w(h) denotes the number of distinct prime factors of h. A closely related
equation is
|F'(z,y)| = h. (2)

If (z,y) is a solution of (2), then (—x, —y) is also a solution of (2). Let N}l)(r, h)
denote the number of primitive solutions of (2) with (x,y) and (-x,-y) identified
as one solution. Clearly, Np(r,h) + Np(r,—h) = 2N1(T1)(7", h). Suppose

N (r,n) < 20, b). (3)

Then Ng(r, h)+N_p(r,h) < 2ZM(r, h). Thus we may take Z(r, h) = 2Z1(r, h).
In 1987, BOMBIERI and SCHMIDT [2] proved that there is an absolute constant ¢;
such that

NI(,l)(r, h) < cyriteth)

for any form F' of degree r. Further they showed that ¢; = 215 if r is large. In
1991, STEWART [12] showed that

1
Np(r, h) = 2800 (1 + 8@) pitels) (4)

for all » > 3 with € any positive real number and g is a divisor of h satisfying
some conditions (see (7) below or Theorem 1 of [12]). This is a refinement of the
result of Bombieri and Schmidt. In the above results, the method is based on
counting large and small solutions for certain forms equivalent to F' and having
large discriminant. In [13], ZHANG and YUAN obtained

N (r,h) < 21+ ®

if D(F) > 197("=1) and r > 24. They gave similar bounds for 4 < r < 23. On the
other hand, using linear forms in logarithms and geometry of numbers, AKHTARI
[1] has shown that

N (r h) < (119 — 2)r2)

if the discriminant of F' is larger than some effectively computable constant which
depends only on r. In the results of [1], [2], and [13], the exponent of r is 14+ w(h).
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In fact, following [2], in these papers, it was enough to find an upper bound for
ng,l)(r7 1) and then
NP (r,n) < M ND (r,1).

Upper bounds for IV l(ml)(r, h) were also considered by GYORY in [6] and [7].
One may easily see from the result of GYORY in [6, Corollary 3] that

Ng)(r7 h) < 25r + (r + 2)794;;8

if
2(r—1)

|D(F)| > r"(3.5"h?) =0

for any 6 with 0 < # < 1. In [7, Theorem 1.G(ii)], by fixing 6 = 1/3, he showed
that

NP (rh) < 32r 411
if

ID(F)| = (3"h)° Y.
We improve the results mentioned above from the papers [1], [2], [6], [7] and [13]
as follows.

Theorem 1. We have

Nz(rl)(rv h) < coriteh)
where
{210 if > 23
Co =

236 if 14 <r <22

For 3 < r <13, the values of ¢y are given in Table 1. Further

N (r,h) < cyrt ™ it |D(F)| > pp"
where
(10,29) if r>24

(ch,po) = { (10,53)  if 18 <r <23 (6)
(10.88,53) if 14 <r <17.
For 3 < r <13, the values of (¢}, py) are given in Table 1.

Note.

(i) The value of ¢y in (5) corresponds to ¢; = 215 in the result of Bombieri and
Schmidt mentioned earlier. Thus Theorem 1 is explicit and gives a better
estimate for all » > 23.



236 Divyum Sharma and N. Saradha

(ii) The value of ¢ in (6) is better than that of [1] for r > 11. We do not use
linear forms in logarithms and geometry of numbers as in [1]. For all values
of r > 4, the value of ¢ is better than those obtained in [13].

(iii) We choose pg large to make ¢} small. On the other hand, since it is known
that cg = ¢{(po + 1), it is calculated by choosing that pg for which ¢f(po + 1)
is small.

In 1938, ERDOs and MAHLER [4] had shown that if F' has nonzero discrimi-
nant, h > ¢ and g a divisor of h with g > h%/7 then

Np(r,h) < cgritel@)

where ¢y and ¢3 are positive numbers depending only on F'. STEWART [12] imp-
roved this result as follows. For any prime p and integers » > 2,k and D # 0,
g # 0, define

d, D j
T(r,k,p,D)min{T k, min < - o P + ,‘] k>}
r o<i<r—2\(J+1(G+2) j+2

Let
Glg,r. D(F)) = [ rts 50,
plg

Then (4) holds provided

g D)D) > Glg,r, D(F) B, e > 0, (7)

Remark 1. Since r > 3, the power of |h| in (7) is less than 6/7, thus sharpe-
ning the result of Erdds and Mahler.

Remark 2. Suppose g = |h|. From the definition of T, we get

d, D(F -2
T(r,ord, g,p, D(F)) < ordy D(F) 4+ ord, g.
r

~— r(r—1)

Hence
r—2 r—2

G(g,m, D(F)) < g7 |[D(F)[""=Y < || = |D(F)|""= Y.

So (7) holds with g replaced by h.

Remark 8. It is well known that w(h) has normal order loglogh. Suppose
¥(X,Y) denotes the Dickman function which counts the number of integers < X
having all its prime factors < Y. These are Y —smooth numbers which are very
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well studied. See [8] for a survey of smooth numbers. The following estimate is
due to RANKIN, see [3].

logs Y log, Y
XY)<X — log X +log, Y + O
V(XY) < eXp{ gy 108X +log ¥ + <log3y
Taking X = h, we find that the number of integers not exceeding h and having
very small prime factors are few in number. Hence for a positive proportion of h,
we may take g to be a prime satisfying (7). Then w(g) = 1 and we get

1
Z(r, h) = 2800 (1 + Ser)r?.

clog h
loglog h
constant while w(g) = 1. Hence the above estimate is much better. We improve

with ¢ an absolute

There are values of h for which w(h) is as large as

the result of Stewart in the following theorem.

Theorem 2. Suppose g is a divisor of h such that

e O

with u = py(r — 1), say. Let ¢y, ¢, po be as in Theorem 1. Then
(i) Ng(r,h) < 2cor' @) if u; = 2.83.
(il) Np(r,h) < 2¢yr1 @ if [D(F)| > pi"" and

 [3.066 if r>24
M7 362 ifu<r<23

and as in Table 1 for 3 <r < 13.

Remark 4. Assume G(g,r, D(F)) > ¢g*~2/". On comparing the condition for
|D(F)| in (8) with that of (7) due to Stewart, we find that (8) is better whenever
2+ er > pp. Thus (8) is better for e > .28 if (i) holds and € > .045 for r > 24;
€ > .116 for 14 < r < 23 if (ii) holds. Similar remark holds for 4 < r < 13 by
using Table 1.

Our method is based on the Thue-Siegel principle as enunciated in [2] and
Diophantine approximation methods. We divide the primitive solutions (z,y)
according as 0 < y < Yy, Yy <y < M(F)? and y > M(F)? where Y and ¢ are
chosen judiciously depending on r. In fact, for the calculation of ¢y we find that
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Yo = 3 gives a better value and for computing ¢j, Yy = 2 for r > 11 and Yy =1
for 4 < r < 10 yield better bounds. This is a simple analogue of small, medium
and large solutions considered by MUELLER and SCHMIDT [11]. The parameter
q is taken as 2 in all earlier works. Here we find that it is more economical to
take ¢ smaller than 2 for large values of r. For instance for r» > 24, ¢ is taken as
1.54 for computing c{(see the proof of Theorem 1). These choices result in the
improved bounds given in Theorems 1 and 2.

2. Lemma on discriminant

Suppose 71, . .., denote the roots of the equation F(x,1) = 0. Denote by

D(F) =ag" [ [ (v —)”
i<j
and

M(F) = |ao| [ [ max(1, |l),
i=1
the discriminant and Mahler height of F', respectively. We begin with an ele-

mentary result which describes the change in the discriminant of a form when an
element of GL(2,Z) acts on it.

Lemma 3. Let A = (2Y) € GL(2,Z) and let Fa(z,y) denote the form
F(ax + by, cx + dy). Then D(F,) = (det A)""=V D(F).

PRrROOF. The coefficient of =" in Fu(x,y) is Fa(1,0) = F(a,c). Therefore
D(Fa) = F(a,c)* > [ (8: = 8)*.
i<j
where f31,..., [, denote the roots of the equation Fu(x,1) = 0. Let 1 < i < r.

Since Fa(fi,1) = 0, we have

F(af; +b,cf; +d) = 0.
Hence

i +0 . .
(cl,gi——li—_d:% for some j with 1 < j <r

which gives
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By changing the indices, if necessary, we may assume that

id—b )
51:7 , 1<i<nr
a — yic

For i # j, we have

vd—b yd—b_ (detA)(yi—7y)
a—vyc a—vic  (a=7c)la—;c)

Bi— B =

Observe that

(F(a, )" = [(a—=nie)(a—0).

i<j
Therefore
2
D(FA) ach 2H< detA 7])))

a_ a_ iC
i< ’Yz Vi

= (det A)"" Va2 [ (i = 75)* = (det A)" "~V D(F). 0

i<j

3. Equation (2) when h has a large divisor g

STEWART [12] expanded the p— adic technique of BOMBIERI and SCHMIDT
[2] to reduce the problem of solving (2) to a set of equalities where the forms have
large discriminant and h is reduced to h/g where g is a divisor of h satisfying
some conditions. The following lemma is an adaptation of ([12], Theorem 1).

Lemma 4. Let g be a divisor of h such that

d"=20DD(F) _ (h\"
G(g.r D(F)) o Z<g> | ®)

Then, there is a set W of at most 9 binary forms with the property that
distinct primitive solutions (x,y) of (2) correspond to distinct triples (F, 2’ y")
where F is in W and (2/,y’) is a pair of co-prime integers for which

[P,y =~

Further, if F isin W, then

C(F)=1 and |D(ﬁ)|>(z>u.
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PROOF. We follow the arguments of the proof of Theorem 1 in [12]. Suppose
(z,y) is a primitive solution of (2). Let p be a prime divisor of h and let k denote
the highest power of p dividing h. Then

F(z,y) =0 (mod p").
Let pty. Then
F(zy 1, 1)=0 (mod p").

Let €2, be the completion of the algebraic closure of the field Q, of p-adic numbers.
We denote the p-adic value in Q, and its extension to €, by | |,. Consider the
ring R, of elements in {2, whose p-adic value is < 1. Let s be the number of zeros
of F(z,1) in R,.

By Theorem 2 of [12], there is an integer ¢ = ¢(k), 0 < ¢t < s and integers
bi, ..., b, ur, .. up with 0 <wu; <T =T(r, k,p, D(F)) such that

zy ' =0b; (mod p for some 14

i.e., there is an integer A such that

z=pF A+ by.
For 1 <i <t, put
Fi(X,Y)=F(p" %X +bY,Y).

By Theorem 2 of [12], p* divides C(F;). Since
|Fi(A, )l = [F" " A+ by, )| = |F(z,y)| = h

and k is the highest power of p dividing h, k is also the highest power of p dividing
C(F;). Let q # p be a prime dividing C(F;). Let P = p*~% and Q = b;. Then
F(X,Y)=F(PX +QY,Y). So

Fi(X,Y)=aoP"X" + (aprP"'Q + a1 P" " H)X" 'V + ... +a,Y".
Since ¢ divides each of the coefficients and is co-prime to P, we obtain that ¢

divides C/(F), which is 1. Thus C(F;) = p*. Put F;(X,Y) = p *F;(X,Y). Then

~ p_k/r 0 X
e ({26
pkfui bz pfk/r 0 X
() 6)
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Therefore by Lemma 3,

D(Fl) _ p72k(r71)p(k7ui)r(r71)D(F).
Also
ﬁi(A,y) =p FF(z,y) =hp* for 1<i<t.

Let now ply. Then z is invertible modulo p* since ged(x,y) = 1. In this case,
F(l,yz~%) =0 (mod p").

By Theorem 2 of [12] there exist integers w = w(k), bei1, -y Duw, Uttty .- s Unp
with 0 <w; <T =T(r, k,p, D(F)) such that

yr~ ' =b; (mod p*~%) for some i with t +1 <14 < w.

Let s1 be the number of zeros « of F(1, z) with ||, < 1. Then w—¢ < s;. Every
non zero root of F'(1,z) is the inverse of a non zero root of F(z,1). Hence s is
the number of non zero roots v of F'(z,1) with |y|, > 1. Therefore

w<t+s1<s+s5 =1
We argue as before, with the roles of z and y interchanged to obtain

Y= pk_uiA/ + bil',
and a form

F/(X,Y)=p *F(X,b;X 4 p"~Y)

such that

D(F/) _ p72k(r71)p(k7ui)r(rfl)D(F)

K2

and
|F/(x, A =p~"h for t+1<i<w.

By repeating this process for each prime factor of g, we get a set W of at most
7(9) binary forms with the property that distinct primitive solutions (z,y) of (2)
correspond to distinct triples (ﬁ, 2',y") where Fis in W and (2',y') is a pair of
co-prime integers for which

Pl =
Further,
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Suppose g = p]fl .. .pé”. Then

. klful kl—'LLl T(T*l)
()| = Bt T
(pllcl .“pfl)Qr—Q
r(r—1) (r—1)(r-2)
g —u —ur\r(r— g |D(F)|
=T 0 ) ID) 2 T(riordy 9. D(F))) D
(legp sordy, g,p, )

since u; < T'(r,ord, g,p, D(F)) for 1 <4 <. Thus
B (r—1)(r—2) u
‘D(F)‘z g D) (h
G(g,r, D(F))r=1 = \g
by (9). O

4. Forms with discriminant larger than a power of a prime

By Lemma 4 and the discussions in the Introduction it is enough to consider
forms F' satisfying

|F'(z,y)] =n with C(F) =1 and |D(F)| >n" (10)

where (1 is as given in (9). Let N 1(52) (r,m) denote the number of primitive solutions
of (10). We give an upper bound for Ng) (r,n) in terms of the number of solutions
of forms having even larger discriminant. Let p be a prime number and G an
irreducible form of degree r satisfying

|G(z,y)| = n with C(G) =1 and |D(G)| > p" "~ YnH. (11)
Let A € SL(2,7Z). Then G4 has C(G4) =1 and |D(G )| > p""~Ynk. Also
|GA(5L',y)| =n

has the same number of solutions as |G(z,y)| = n. Hence it is enough to consider
(11) with G having smallest Mahler height among all forms SL(2, Z)—equivalent
to it. Let N (r,n;p) denote the maximum number of solutions of (11) for all
forms G.

Lemma 5. We have
NE (r.m) < (p + DN (i),
Further for any form G with D(G) satisfying the condition in (11) we have
M(G) > p//2nh! @r=2)p=r/(2r=2) (12)
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PROOF. Let (z,y) be a primitive solution of (10). Suppose

Ay = p 0 and A; = 0 _‘1 for 1 <j<np.
0 1 pj

Then (y) = A; (zj) for some j € {0,1,...,p} and some integers z’, y’. For, if =
is divisible by p, we can take j =0, 2’ = x/p and 3y’ = y. If z and p are co-prime,
there exist integers a and b such that ax + bp = 1. Now,

y = z(ay) + p(by) = z(pg — j) + p(by) for some integers ¢ and j with 1 < j <p

= (=j) + p(zq + by).
Taking 2’ = zq + by and y' = —z, we get ged(2’,y’) = 1 and () = A4; (ii)
Since = and y satisfy
|F(z,y)| = n,
' and 1y’ satisfy
(Fa, ()] = .
Thus, for every primitive solution of |F(z, y)| = n, there exists a primitive solution

of |[Fa,;(2',y")| = n for some j with 0 < j < p. So, if n; denotes the number of
solutions of |Fa,(z,y)| = n with 0 < j <p, we get

Ng)(r,n) <ng+ni+...+n,
Also note that

D(Fa))| = pr D,
Hence

N}l)(r, n) <(p+ 1)N(1)(r,n;p).

It is a well-known result of MAHLER [10] that

|D(F)| <r" M(F)?"2,

Therefore the Mahler height of such forms satisfies

M(F) > pr/2nu/(2r—2)r—r/(2r—2). 0
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5. Lemma of Lewis and Mahler

The following lemma is a refinement, due to STEWART [12, Lemma 3], of an
estimate of LEwWIS and MAHLER [9].

Lemma 6. Let G(z,y) be an irreducible form of degree r. For any (x,y)
with y # 0, we have

2r=1p(r=D/2(\[(G))2|G(z, y)|
|D(G)|V/2|y|" ’

T
o — —

Y

min
«

<

where the minimum on the left is over the roots of G(z, 1).

As an immediate consequence of the above lemma, we get the following
corollary.

Corollary 1. Let G be an irreducible form of degree r satistying (11). Sup-
pose i > 2 and p > 3. Then

M(G)r—2

g — —
2yl

(13)

6. Thue—Siegel principle

For the purpose of stating Thue—Siegel principle as given in ([2], p. 74), we
introduce some notations. Let ¢, 7 be positive numbers such that

t<2/r, V2—rt2<T<Ht.

Put

and

A (1ogM(G)+f).

2 — rt? 2
Suppose that A < r. We say that a rational number z/y is a very good approzi-
mation to an algebraic number « of degree r if

< (4eM H(z,y))

o — —

Y

where H(z,y) = max(|z|, |y|).
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Lemma 7. If « is of degree r and x/y, «'/y’ are two very good approxima-
tions to «, then

log(4e™) +log H(z',y') < 6" {log(4e™) + log H(x,y)}
where
2472 -2

0= r—1

For application we choose
t=+v2/(r+a?, T=0t

with 0 < a < b < 1. Then

N TR
AR TR A g 14
A = % <logM(G) + g) and 0= (7"2—(171)(_1"3—112)' (15)

7. Large solutions

In this section we estimate the number of primitive solutions (z,y) of (11)
when y is large.

Lemma 8. Let G be a form satisfying (11). Supposey > M(G)? with g > 1.
Let B be a number satisfying

. 3
1 =2
B:(”f) 1. (16)
2 Pz
Then
2| < BM(G)lyl- (17)
ProoOF. By (13),
x| M(G) 2 1 1
R U - T Tz S 2°
y 2|yl 2M(G)t 2M(G)
This implies that
T 1 1
- < — < M —_
| < leul+ g7 < M09+ 3377
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by the definition of M (G). From (12) and (16) we get

. 3
1 [ro= 1

B-1>-|—"~] > .
2<p2 ) = 2M(G)?

Thus
g < M(G) + (B — 1)M(G) = BM(G)
This proves the lemma. (Il

Let a; be a root of G(x,1) = 0. In the next lemma we count all those large
primitive solutions (z,y) of (11) which are closest to «;.

Lemma 9. Let G be a form satisfying (11). For 1 <14 <, set

[e3

= {(w:

ai—x‘:min a—g andyZM(G)q}.

Let a, b, \,§ and B be as given in sections 6 and 7 with r > \. Let

L log(4B) + (r/2a?) and = (v+2+ 5)x- 2 as)

rlogp _ rlogr r—\
2 2r—2

Then

<2+ [+ [y s (5(<(Z++22++i>)122)ﬂ '

PROOF. Enumerate the primitive solutions in I; as (z1,y1), (22,¥2), ... with
Y1 <yo <---. Puty; = M(G)*%. Then 1+6§; > ¢ > 1. Hence §; > 0 for j > 1.
Further
M(G)T_2
Yj

Ti+1 %5
Yj+1 Yj

Tj41
Yi+1

Ti
Yi

1
<
YiYji+1

<

i o — <

by (13). Thus,
y; < M(G) Py

ie.,

M(G)(1+6j)(r71) < M(G)r72M(G)1+6]‘+1 )

Hence
Gj+1 = (r —1);.
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It follows by induction that

d; > (r— 1)j*151 for j > 1.
This also shows that

§;>(r—17"Yg—1) forj>1. (19)
Similarly,
g1 > (r—1)' 6. (20)

By the choice of v and (12) we have

M(G)” > 4Be™/?0"
and by (15) and (17),

(4e H(zj,;)) < (4 BM(G) |y, ) = M(G)Z+otdA (a1
By Corollary 1 with g = «;, we have

Y

o < M(G)~27m%,
Yi

Thus by (21), z;/y; is a very good approximation to «; if

1
T5J+2Z<V+2+5]+(12>)\ (22)
Let | |
Joo 14 |logn—loglg—1)
log(r — 1)
Then by (19), we have ¢; > n for j > J. Thus by (22) and the definition of 7, we
find that z;/y; is a very good approximation to «; for j > J + 1. O

Claim. The number of very good approximations to «a; is at most

(v+2+ 5)r—2 ﬂ (23)

1
t [mg(r— ) 8 <6<<u+2+ -2

We prove the claim. As seen above, x41/ys+1 and xj1;/y s with I > 1 are
very good approximations to «;. Then by the Thue—Siegel principle,

log(4e™t) +log H(w s 11, ys+1) < 0~ {log(4e™) +log H (w41, y541)}-
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This implies that
log g4 < 5~ {log(4e4") + log(BM (G)ys+1)}-

Since 4Bet < M(G)"*az,

1

MG vty
logysp < 5_1{ log ((;) + log(BM(G)yJH)}.
By the definition of §;’s we get
1
(1+8741)log M(G) <5t (1/ + o +2+ 5J+1> log M (G).

Thus by (20),

) L+2 L+2
(T—1)171§ J+ZS61<1_|_V+¢12+ >S51<1+V+a2+ )
0741 7

J+1
B (v+2+L)r—2
(424 Ha-2)

Taking logarithm of both sides, we obtain (23) since the number of very good
approximations is [. Thus
|| < J+1

which gives the assertion of the lemma. O

8. Small solutions

In this section we estimate the number of primitive solutions of (11) with
Yo <y < M(G)? where Y} is a positive integer. Let x = (z,y) and set

Lix)=x—ay forl<i<r.
For x = (z,y) and x¢ = (x0, o), let
D(X7X0) = ZYo — Toy-

We use the following estimate from ([2], Lemma 3 and (4.2)).
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Lemma 10. Let x = (z,y) be a solution of (11). Then there exists a number
Bi = Bi(x) and an integer m = m(x) such that

1 1
> |m—Bi|—>|y|—1 for1 <i<r. (24)
|Li(x)] < 2

Here, 31, ..., 0, are such that the form
J(v,w) =n(v— Grw)...(v— Fw)
is equivalent to G.

Put

1
Xi = {x: |G(z,y)] =n,Yy <y < M(G)? and |L;(x)] < 2y} for1<i<r.

Lemma 11. Suppose x # x with y < y belong to x;. Then

vy 2%
= > 1 — B 25

where 3; = B;(x) and m = m(x).

PROOF. Since

r—oy Yy

Ty
y| |Z—aiy vy

Ty

D(x,X) =2y —xy =

we have
~ ~ - Y 1
1< |D(x,%)| < ylLi(X)| + y[Li(x)] < % +ylLi(x)] < 5 +ylLi(x)]-
By (24),

Therefore,

7.1 11\ 1 Yo + 2
s _ B3l _= > - _ Bl — )
y = 2<m Bil =3 y> Z 5\ Im = Ail 2Y,

This together with iy > y shows that

y 1 Yo+2
y>max{1,<m—5i_ ot )}
Yy 2 2Yy

It is easy to see that the right hand side exceeds

2,
5Yp + 2

which implies the assertion. (|

max{1, |m — §;|}
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The following lemma is an immediate consequence of (24).

Lemma 12. Suppose x is a solution of (11) with y > Yy and |L;(x)| >
1/(2y). Then

m =Gl < 5+ 5
where 8; = f;(x) and m = m(x).
ProOF. This follows immediately from (24). O
Lemma 13. Let (r 1)logp

log (5Y0+2)

The number of primitive solutions of (11) with Yy <y < M(G)? does not exceed

qr
log ( 5y0+2)

3 logp—5t5logr

T+

1-—

provided the denominator in the expression above is positive.

Proor. Fix 1 < ¢ < r. For each set x; which is not empty, let x(li), . ,xg)

denote the elements of x; ordered so that y; < ... < y,. Put x(i) = x. Let X
be the set of solutions of (11) with Yy <y, except x(1),...,x(r). By (25),

H (5}/2,0}32max(1,|m( ) — ) < 1:[ Yitl g A <M(G)

xXeXNX;

For x € x \ xi, using Lemma 12, we get

5;0}3)_ 5 max(1, |m(x) — 5;(x)| < 1.
Therefore
TT (522 max(1, ) - B:)D) ) < M(G)?
5Yy + 2 ' ! - '
XEX
Note that

T] max(t, m(x) — 6:0))) = 20

; n
1<i<r

where J = n(v — (81 — m)w)... (v — (B, —m)w) and J is equivalent to J and
hence to G. Thus we get

[T max(m() — 5i(x))) >

1<i<lr

M(G)
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Hence
2Y0 rIx| 2Y0
M(G Ix| < 1 —B
(mm) @) mN< T T 5y ma(L m(x) = 8:0))
xex 1<i<r
Thus
| < grlog M(Q)
X= log M(G) — logn—Tlog(E’g(;%Q)
Using (12), we get
x| < £
XM= 1 10gn+7’10g(5y0+2)

’Elogn+ log p— 572 log T

Since &8 < max(a/c,b/d),

|X| S il 5Yp+2 :
min (1— 22,1 — o (5%)
w0 3 logp—5t5logr
Hence by the definition of u we get
qr
IXI < .
tog (*542°)

1-—

3 logp—5t5logr

251

< M(G)™

So the number of solutions with Yy < y < M(G)? is at most |x| + r which gives

the assertion of the lemma.

9. Parametric estimate for N (r, n, p)

]

Let G satisfy (11). Number of solutions of (11) with y < Y, — 1, including

(1,0) is at most
(YO — 1)7" + 1.

We now combine Lemmas 9 and 13 to get

NO(r,n,p) <r(S+L)

where {
q
S=Yy—1+4-+
0 r 1 log (—Lsgyzz)
- %logpfﬁ logr
and

1ogn—log(q—1)} [ 1 ( (v+2+ L)
L = 2 1 a
+ log(r — 1) + log(r — 1) 8 S(v+2+ %)X

with A, 0 given by (14) and (15); v,n given by (18).

5]
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10. Proof of Theorems 1 and 2

PROOF OF THEOREM 1. As noted in the Introduction, we have
NP (e h) < r*®ND (1),

Thus it is enough to find an upper bound for NI(,l)(r7 1). Note that Nl(rl)(r, 1) =
N}(,?) (r,1). Hence by (11) and Lemma 4,

N(l)(r, Lp) whenever |D(F)| > pr(f‘—l)

27
(p+1)ND(r,1,p) otherwise. @)

NP(r,1) < {
For any given r, we choose a, b, p and Yy so that » > A and the right hand side
of (26) is as small as possible. Let r > 24. Take a = .5, b = .54, p = 29 and
Yo = 2. Then n < 12.21. Taking ¢ = 1.54 > 1+ n/(r — 1) we find that L < 4 and
S < 5.8608. Thus the right hand side of (26) is at most 9.8608r which gives the
assertion of Theorem 1, by (27).

Let 14 < r < 23. In these cases take a = 4, b = 48, p = 53 and Yy = 2.
Further take g = 2.04 for 18 < r < 23 and ¢ = 2 for 14 < r < 17. Then the right
hand side of (26) is at most 107 if 18 < r < 23 and 10.88r if 14 < r < 17 proving
the assertion of Theorem 1.

Let 3 <r < 13. In these cases take ¢ = 2. Also take Yy = 2 for 11 <r <13
& 3and Yy =1 for 4 <r < 10. Further take a = .4, b= .48 if 9 <r < 13; a = .3,
b=36ifr=6,7,8a=.2,b=24ifr=45anda=.1,0b=.15if r = 3. The
choice of p and the resulting ¢{, is given in Table 1. Note that the values of a,b,p
are as in [13] but the values of ¢, obtained are always better than those given in
[13]. By choosing different values for a, b, p it is possible to get slightly improved
bounds, but the improvement is not significant.

To obtain ¢y, we choose Yy = 3; p = 17 for r > 4 and p = 19 for r = 3.
Further let

(4,.48,1.04) if r>12
(4,.48,1.1) if r=10,11
(a,b,q) = ¢ (.3,.36,1.1
(2
(1,

) if6< r<9
24,1.1)  if r=4,5
15,1.1)  if r=3.

Then
Np(r,h) < CoTler(h)

where ¢y = 210,236 if » > 23,14 < r < 22, respectively and for 3 < r < 13, ¢ is
listed in Table 1. This completes the proof of Theorem 1. (|
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Note. Let ¢ and pg be as in the statement of Theorem 1. In the above proof,

we showed that
Nl(wl)(r, h) < cyr if |D(F)| > pg(rfl)hM

Further, as can be seen through Sections 5-10, these estimates hold not only for
Thue equations but also for the Thue inequality

|F(x,y)| < h. (28)

Since po < 101 and g < 4.21(r — 1), our lower bound for | D(G)| and upper bound
for the number of primitive solutions of (28) are both better than those in [7,
Theorem 1.G (ii)].

PROOF OF THEOREM 2. Asnoted in the Introduction, Ng(r, h)§2NI(,1) (r,h)
and by Lemmas 4 and 5 we get
Nl(rl)(r, h) < rw(g)Nl(f)(r, h/g)
- {rw<g)<p+1>N<1><r, hig:p) it [D(F)| > (h/g)"

r*@WNW (1, h/g; p) it [D(F)|>p =1 (h/g)".
Recall from Lemma 13 that u = %. We make the same choices for a, b,
o8l 2y,

Po, Yo and ¢ as in the proof of Theorem 1 for each r. It follows that

Jg)rat=h
r(r

2cor' T if |D(F)
(T h) -1) 1
(h/g)ir=1

| = (h
2chri*@ @) if | D(F)| > pg

with ¢, ¢{ given by Theorem 1. Further while calculating ¢y, take p1 = 2.83 for
r > 3 and when ¢ is calculated take p} = 3.066,3.62 for r > 24, 14 < r < 23,
respectively. Also for 3 < r < 13, we record p) in Table 1. This completes the
proof of Theorem 2. O
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T Do 1 <o Co
13 53 3.62 10.896 237
12 59 3.72 10.74 239
11 61 3.75 10.717 247
10 67 3.36 11.572 268
9 71 3.41 12.492 271
8 73 343 12.493 294
7 79 349 12398 300
6 83 3.53 13.39 327
5
4
3

89 3.59 14.38 376
97  3.66 17.369 456
101 3.684 25.546 696

Table 1

ACKNOWLEDGEMENT. We thank the referee for bringing to our attention
the two papers [6] and [7] of K. GYORY.

References

[1] S. AKHTARI, Representations of unity by binary forms, Trans. Amer. Math. Soc. 364
(2012), 2129-2155.

[2] E. BoMBIERI and W. M. SCHMIDT, On Thue’s equation, Invent. Math. 88 (1987), 69-81.

[3] N. G. pE BRULN, On the number of positive integers < z and free of prime factors > vy,
Nederl. Akad. Wetensch. Proc. Ser. A 54 (1951), 50-60.

[4] P. ErDSs and K. MAHLER, On the number of integers which can be represented by a binary
form, J. London Math. Soc. 13 (1938), 134-139.

[5] J. H. EVERTSE, Upper bounds for the number of solutions of diophantine equations, Math.
Centrum. Amsterdam (1983), 1-127.

[6] K. GYORy, Thue inequalities with a small number of primitive solutions, Periodica Math.
Hungar. 42 (2001), 199-209.

[7] K. GY6Ry, On the number of primitive solutions of Thue equations and Thue inequalities,
Paul Erdds and his Mathematics. I, Bolyai Soc. Math.Studies. 11 (2002), 279-294.

[8] A. HILDEBRAND and G.TENNENBAUM, Integers without large prime factors, J. Théor.
Nombres Bordeauz 5 (1993), 411-484.

[9] D. Lewis and K. MAHLER, Representation of integers by binary forms, Acta Arith. 6
(1961), 333-363.

[10] K. MAHLER, An inequality for the discriminant of a polynomial, Michigan Math. J. 11
(1964), 257-262.

[11] J. MUELLER and W. M. ScHMIDT, Thue’s equation and a conjecture of Siegel, Acta Math.
160 (1988), 207-247.



Number of representations of integers by binary forms 255

[12] C. L. STEWART, On the number of solutions of polynomial congruences and Thue equations,
J. Amer. Math. Soc. 4 (1991), 793-835.

[13] P. YUuAN and Z. ZHANG, On the number of solutions of Thue equations, AIP Conf. Proc.
1385 (2011), 124-131.

DIVYUM SHARMA

SCHOOL OF MATHEMATICS
TATA INSTITUTE

OF FUNDAMENTAL RESEARCH
HOMI BHABHA ROAD
MUMBAI-400 005

INDIA

E-mail: divyum@math.tifr.res.in

N. SARADHA

SCHOOL OF MATHEMATICS
TATA INSTITUTE

OF FUNDAMENTAL RESEARCH
HOMI BHABHA ROAD
MUMBAI-400 005

INDIA

E-mail: saradha@math.tifr.res.in

(Received July 29, 2013; revised October 31, 20183)



