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Introduction to generalized topological groups

By ZHAOWEN LI (Nanning) and SHIJIE LI (Nanning)

Abstract. In this paper, we introduce the concept of generalized topological gro-
ups as a generalization of topological groups and give their properties. Moreover, we
prove that every generalized topological group is a homogeneity space.

1. Introduction

Topological groups have the algebraic structure of groups and the topological
structure of topological spaces, which are linked by the requirement that the
multiplication and the inverse mappings are both generalized continuous. The
concept of topological groups is due to LEJA (see [16]).

The theory of generalized topological spaces, which was founded by CSASZAR
in recent years, is one of the most important development of general topology (see
10, (21, (3], 41, [6], 7).

The purpose of this paper is to consider generalized topological spaces com-
bining groups. We introduce the concept of generalized topological groups and
study their properties.
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2. Overview of groups and GTS’s

2.1. On groups. Let (X,-) be a group. Let X x X be the cartesian product.
We denote two mappings p: X x X — X and A: X — X by

plx,y) = zy for any z,y € X,
Mz)=2"' for any z € X.
Let A, B C X and z,y € X. We denote the identity of X by e and denote
zA={za:ac A}, Az = {ax :a € A}, xAy = {zay : a € A},
AB={ab:a€ Aand b€ B}, At ={a"t:ac A}

Obviously, AB = {,c4 2B =, Az.

Let H C X. H is called a subgroup of X, which is denoted by H < X,
if (H,-) is a group. H is called a normal subgroup of X, which is denoted by
H<X,it H<X and Ha = aH for any z € X.

Let H < X and a € X. Ha (resp. aH) is called a right (resp. left) coset of
H in X and a is the representative element of Ha (resp. aH). Define a relation
Ry on X by

tRyy < axy ' € H forany z,y € X.

Then Ry is an equivalent relation on X and [x]g, = Hz for any x € X. {Hz :

x € X} is called a quotient set of X with respect to Ry. We denote it by X/H.

2.2. On GTS’s. Let X be a set and let 7 be a family of subsets of X. 7 is called a
ic1 Gi € 7. The
pair (X, 7) is called a generalized topological space (briefly GTS). The elements

generalized topology on X, if ) € 7 and G; € 7 for ¢ € I implies | J

of 7 are called g-open subsets of X and the complements are called g-closed
subsets of X.

Let X be a GTS and let H C X. The family of all g-open subsets of X
and the family of all g-closed subsets of X are denoted by 7(X) and F(X),
respectively. For ¢ € X and H C X, we denote 7(X,z) ={U € 7(X) : z € U},
F(X,z)={FeF(X):ze€F}and 7y ={UNH :U € 7}. Obviously, 7y is a
generalized topology of H with respect to X. Then the pair (H,7(H)) is called
a generalized topological subspace of X.

Let (X, 7) be a generalized topological spaces. For A C X, the closure and
the interior of A are defined as the following:

cl(A)=n{F:F e F(X)and AC F},
int(A) =U{V:V er(X)and V C A}.
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Definition 2.1 ([3]). Let X and Y be two GTS’s and let f : X — Y be a

mapping. Then

(1) f is called generalized continuous, if f=1(V) € 7(X) for any V € 7(Y).

(2) f is called generalized continuous at z € X, if for any V € 7(Y, f(x)), there
exists U € 7(X, x) such that f(U) C V.

(3) f is called open (resp. closed), if f(A) € 7(Y) (resp. f(A4) € F(Y)) for any
A e 7(X) (resp. A € F(X)).

(4) f is called homeomorphism, if f is bijection and f, f~! are both generalized
continuous.

Let f: X — Y be generalized continuous and let H C X. It is easy to prove
that f|g : H — Y is generalized continuous.

Proposition 2.2 ([3]). Let X, Y be two GTS’s. Then a mapping f : X —»Y
is generalized continuous if and only if f is generalized continuous at x for any
rzeX.

Proposition 2.3. Every homeomorphism mapping is open and closed.

PrROOF. Let X, Y be two GTS’s and let f : X — Y be homeomorphism.
Since f~! is generalized continuous, f(A4) = (f~1)71(A4) € 7(Y) for any A €
7(X). Thus f is open.

Similarly, we can prove that f is closed. O

Definition 2.4 ([3]). Let X be a GTS and let B C X and z € X. B is called
a neighborhood of z, if there exists U € 7(X) such that z € U C B.

Definition 2.5 ([3]). Let X be a GTS, let € X and let B C 7 with z € B
for any B € B. B is called a open neighborhood basic of x in X, if for any
U € 7(X,x), there exists B € B such that B C U.

Let B C 2% satisfy () € B. Then all unions of some elements of B constitute
a GT, we denote it by 7(B). B is said to be a base for 7(B) (see [5]).
Let (X, 7) be a GTS, the union of all elements of 7 is denoted by M.

Definition 2.6 ([17]). Let {(X;,7;) : ¢ € '} be a family of GT'S’s and let
X = [Lier Xi be the Cartesian product. Let us consider all sets form [, . B,
where B; € 7;, and with the exception of a finite number of indices i, B; = M.
We denote B be the collection of all these sets. 7 = 7(B) is called having B as
a base of the product of {r; : ¢« € I'}. Then (X, 7) is called the product space of
{(Xi,7) i€}
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Let f be a surjection from a GTS X to a set Y. It is easy to show that
7(Y)={BCY:fYB)er(X)}is a generalized topology on Y.

Definition 2.7 ([10]). Let f be a surjection from a GTS X to a set Y. Then
7(Y) is called the quotient topology on Y with respect to f and (Y, 7(Y)) is called
the quotient space of (X, 7(X)) with respect to f.

Definition 2.8 ([10]). Let X and Y be two GTS’s, and let f: X — Y be a
surjection. f is called a quotient mapping, if 7(Y") is the quotient topology on Y’
with respect to f.

Definition 2.9 ([4]). Let X be a GTS and let A, B C X. A and B are called
separated in X, if ANcl(B) = BNcl(4) = 0.
Definition 2.10 ([4]). Let X be a GTS and let Y C X.

(1) X is called a connected space, if there exist two separated sets A, B C X
such that X = AU B, then A= or B = 0.

(2) Y is called a connected subset of X, if the subspace Y is a connected space.

Theorem 2.11 ([4]). Let X be a GTS. The following are equivalent:
(1) X is connected.
(2) There exist A, B € 7(X) — {0} such that ANB =0 and AUB = X.

Lemma 2.12 ([4]). Let X be a GTS and let A, B be separated in X. If H
is connected and H C AU B, then either H C A or H C B.

Theorem 2.13 ([4]). Let f be a generalized continuous mapping from a
connected space X to a GTGY . Then f(X) is a connected subset of Y.

3. The concept of GTG’s

Definition 3.1 ([16]). Let (X,-) be a group and let (X,7) be a topological
space. Let X X X be the cartesian product. The pair (X, -, 7) is called a topological
group, if p, A are both continuous.

Definition 3.2. Let (X,-) be a group and let (X, 7) be a GTS. Let X x X be
the cartesian product. The pair (X, -, 7) is called a generalized topological group
(briefly GTG), if p, A are both generalized continuous.

Ezample 3.3. Let X = (—o00,+00) and let “-” be the ordinary addition. The
identity of (X,-) is 0 and 27! = —z for any € (—o0,+00). Then (X,-) is a
group.
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Let B = {[a,b] : —00 < a < b < 400} and let 7(X) = {4 : A =
UB’ for some B’ C B} U {0}, where [a,b] is the general closed interval. Then
(X,7(X)) is a GTS.

Let [a,b] € 7(X). Then A~([a,b]) = [-b, —a] € T7(X). Thus ) is generalized
continuous.

Let [a,b] € 7(X). For any (z9,%0) € p~*([a,b]), we have zo+yo = p((z0,¥0))E
[a,b]. Put

A =min{zg + yo — a,b — (o + yo)}-

Pick 21 = 29 — %A, To = X9 + iA, T3 = Yo — iA, Ty = Yo + iA. Then
21 <xp < a9, 23 <yo<axganda < zi+zs < oty < xotw4 < b S0 (20,Y0) €
[x1,22] X [r3,24]. For any w € [x1, 2] X [z3,24], there exist wy € [r1,x2] and
wg € [x3,x4] such that w = (w1, ws). Then a < x4+ 23 <wi+ws < zog+2x4 < b.
So p(w) € [a,b]. This implies that w € p~!([a,b]). Thus [z1, 73] X [x3,24] C
p~([a,b)]). Since [z1, z2], [r3, 4] € T(X), then p~1([a,b]) € 7(X x X). Thus p is
generalized continuous.

Hence X is a GTG.

But 7(X) is not keeping intersection, so X is not a topological space. Thus X
is not a topological group.

Obviously, every group is a GTG when equipped with the discrete topology.
The following theorem gives the decision conditions of GTS’s.

Theorem 3.4. Let (X,-) be a group and let (X,7) be a GTS. Then the
following are equivalent.

(1) X isa GTG;
1.

)

(2) The mapping p: X x X — X is generalized continuous where p(x,y) = xy~

(3) For any z,y € X and any W € 7(X,zy™ 1), there exist U € 7(X,x) and
V € 7(X,y) such that UV~ C W;

(4) (i) For any z,y € X and any W € 7(X, zy), there exist U € 7(X,z) and
V e 7(X,y) such that UV C W,

(ii) For any W € 7(X,z~1), there exists U € 7(X,z) such that U=1 C W.

PrOOF. (1) = (4) (i) Let z,y € X and W € 7(X, xy). Since p is generalized
continuous, there exists L € 7(X x X, (x,y)) such that p(L) C W. Since (z,y) €
L € 7(X x X), there exist U,V € 7(X) such that (z,y) € UxV C L. This implies
that U € 7(X,2), V € 7(X,y) and p(U x V) C W. Note that p(U x V) =UV.
Thus UV C W.
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(i) Let W € 7(X,z~1). Since ) is generalized continuous, A=1(W) € 7(X).
Put U = A"Y(W). Then U € 7(X,x) and A(U) = W. Note that A(U) = UL
Thus U~! Cc W.

(4) = (3) Let z,y € X and W € 7(X,zy~1). By (4)(i), there exist U €
7(X,z) and V; € T(X y~ 1) such that UV C W. By (4)(ii), there exists V €
7(X,y) such that V—' C V4. Note that UV~! c UV;. Thus UV~! Cc W.

(3) = (2) Let (z,y) € X x X and W € T(X,:Uy_l). By (3), there exist

Uer(X,z) and V € 7(X,y) such that UV~ Cc W. Put L = U x V. Then
L € 7(X x X,(z,y)). Note that u(L) = UV, Thus u(L) C W. Hence u is

generalized continuous.

(2) = (1) Since p is generalized continuous, p|c}xx is generalized continu-
ous. Note that A = pu|rey»x. Thus X is generalized continuous.

Denote g : X x X — X x X by (z,y) = (z,y~'). Then we have p = pog.
Since p is generalized continuous. To prove that p is generalized continuous, it is
suffice to show that g is generalized continuous.

Let W € 7(X x X). For any (z,y) € g *(W), g(z,y) = (z,y~ 1) € W.
Since W € 7(X x X), there exist U,V € 7(X) such that (z,y™!) e U x V C W.
This implies that 2 € U and A(y) =y~ € V. Since \ is generalized continuous,
AN V) € 7(X). Put Uy = U and Vi = A"Y(V). Then Uy, Vi € 7(X) and
(x,y) € Uy x V4.

For any (s,t) € Uy x Vi, s € Uy and t € V;. t € V; implies t~! € V. Then
g(s,t) = (s,t71) € U x V.C W. Thus (s,t) € g~} (W). So Uy x Vi C g~} (W).
By (z,y) € Uy x Vi C g7} (W), g7} (W) € 7(X x X). Thus g is generalized
continuous.

Hence X is a GTG. [

4. Some properties of GTG’s

In this section, we give some properties of GTG’s.

4.1. GTG’s and homogeneous spaces. In [9], ARHANGEL'SKII considered the
homogeneity on topological spaces. Similarly, we can define the homogeneity on
GTS’s as follows.

Definition 4.1. A GTS X is called a homogeneous space, if for any a,b € X,
there exists a homeomorphism mapping f : X — X such that f(a) = 0.
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Let X be a GTG. For a € X, we denote respectively the right multiplication
re : X — X and the left multiplication [, : X — X by

ro(z) = za for any x € X,

lo(x) = ax for any z € X.

Proposition 4.2. Let X be a GTG and let a € X. Then r, and l, are both
homeomorphism.

PROOF. (1) For any z,y € X with « # y. Suppose rq(z) = r.(y). Then
xra = ya. So (za)(a™!) = (ya)(a™!). This implies that x = y, a contradiction.
Thus 7, is a injection. For any y € X, pick z = ya~! € X, we have r,(z) = y.
Then r, is a surjection. Hence 7, is bijection.

Define a mapping ¢ : X — X x X by ¢(x) = (z, a).

Obviously, 7, = pop and r; ' =r,-1.

For any x € X and any g-open neighborhood W of ¢(x), there exist U,V €
7(X) such that p(x) e U xV C W. Then z € U and a € V. Now p(U) C W.
Thus ¢ is generalized continuous.

Since X is a GTG, p is generalized continuous. By r, = poy, r, is generalized
continuous.

1_

Now r, rq-1. Similarly, we can prove that ;! is generalized continuous.

Therefore r, is homeomorphism.

(2) Similarly, we can prove that [, is homeomorphism. a
The following Theorem 4.3 is similar to Proposition 1.2 in [19].
Theorem 4.3. Every GTG is a homogeneous space.

PrOOF. Let X be a GTG and let a,b € X. By Proposition 4.2, r,-1; is
homeomorphism. Obviously, 7,-1,(a) = b. Thus X is a homogeneous space. [

4.2. Open or closed subsets of GTG’s.

Lemma 4.4. Let X be a group. Let A, B,C C X and x € X. Then
(1) If A C B, then xA C B and Az C Bx.
(2) If A C B, then AC C BC and CA C CB.
(3) (Az)~t=2714 and (zA)~! = Az—1L.

ProoOF. This is obvious. O

Proposition 4.5. Let X be a GTG. Let A,B C X and z € X. Then



8 Zhaowen Li and Shijie Li

(1) IfA e 7(X) (resp. A€ F(X)), then Azx,zA € 7(X) (resp. Ax,zA € F(X)).
(2) If A € 7(X), then AB,BA € 7(X).

Proor. This is straightforward. O

Let X be a topological group and let A,B C X. If A € F(X) and B is a
finite set, then AB, BA € F(X). In GTG, this conclusion does not hold (See
Example 4.6).

Ezample 4.6. Let X be a GTG in Example 3.3. Pick A = (1,2) € F(X
and B = {0,1}. Then AB = BA = (1,2) U (2,3). Since X — AB =X — BA =
(—o0,1)U{2} U (3,+00) & 7, Thus AB, BA ¢ F(X).

Definition 4.7. Let (X,-,7) be a GTG and let B C 7 and z € X. B is called
a open neighborhood basic of x in (X, -, 7), if B is a open neighborhood basic of x
in (X, 7).

Proposition 4.8. Let X be a GTG and let B be a open neighborhood basic
of e in X. Then

(1) Ifx € U € B, then there exists B € B such that Bx C U.
(2) IfU € B and x € X, then there exists B € B such that x~'Bx C U.

PRrROOF. (1) Since U € 7(X), by Proposition 4.5, we have Uz~! € 7(X).
z € U means e € Uz~!. Thus there exists B € B such that B ¢ Uz~!. Hence
Bx CU.

(2) Define f : X — X by a — z~tax. Then f is generalized continuous.
By U € B, f~}(U) € 7(X). Since f(e) =e € U, e € f~1(U). Then there exists
B € B such that B € f~}(U). This implies that = !Bz C U. O

4.3. GTG’s and subgroups.

Proposition 4.9. Let (X,-,7) be a GTG and let H < X. Then (H,-,Tg)
is a GTG.

PROOF. Let f=plgxy : HxH — H and g=\g: H— H.

We only need to prove that f and g are both generalized continuous.

For any V' € 7(H), then there exists V; € 7(X) such that V = Vi N H. Since
H<X,HxHCp '(H)and HC \"'(H).

Note that p and A are both generalized continuous. Then f~1(V) = (H x
H) = (V) = (H x H) 0 p~ (V) N p~ (H) = (H x H) O p~ (V) € 7(H x H)
and g7t (V)= HNA Y V) =HnNA Y WV)NA Y H)=HNXYW) er(H).

Hence f and g are generalized continuous. (|
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By Proposition 3.6, we can give the following definition.

Definition 4.10. Let (X,-,7) be a GTG and let H C X.

(1) H is called a subgroup of (X,-,7), if H < X.

(2) H is called a g-open (resp. g-closed) subgroup of (X,-,7), if H < X and
H e 7 (resp. H € F(X)).

Theorem 4.11. Let (X,-,7) be a GTG. Then
(1) Every g-open subgroup of X is g-closed in X.

(2) Every subgroup which contains some neighborhood of e is g-open in X.

PrOOF. (1) Let H be a g-open subgroup of X.
Claim. X — H = Ubng bH.

For any y € X — H. Since y =yeand e € H, y € yH C UbgHbH- Thus
X — H CUpgp bH. For any y € g bH, there exists b ¢ H such that y € bH.
Then y = bz for some x € H. Thus b = yz~'. Suppose y € H. Since H is a
group and x,y € H, b € H. This is a contradiction. Hence X — H D UbgH bH.
Then X — H = UbéH bH.

Since H € 7(X), by Proposition 4.5, bH € 7(X) for any b ¢ H. Thus
X — H € 7(X). Hence H € F(X).

(2) Let H be a subgroup of X with H contain some neighborhood of e. Then
there exists U € 7(X,e) such that U C H. By Lemma 4.1, UH C HH = H.
Sincee € U C H, H = eH C U,cyall = UH. Then H C UH. This implies
H = UH. By Proposition 4.5, H € 7(X). O

Let (X,-,7(X)) be a GTG and H < X. Let X/H be the quotient set of X
with respect to Ry where

tRyy < axy ' € H forany x,y € X.
Put
§: X —X/Hbyx— Hz.
Then, we obtain the quotient space of X with respect to £&. We denote it by
(X/H,7(X/H)) or X/H where 7(X/H) is the quotient topology of X/H with
respect to &, that is
7(X/H)={BC X/H : £ '(B) e 7(X)}.

In this case, £ is a quotient mapping.
For convenience, X/H is called the coset space of X with respect to H.

Proposition 4.12. Let X be a GTG and let H < X. Let X/H be the coset
space of X with respect to H. Then £ is open.
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PROOF. Let A € 7(X). By Proposition 4.5, £(A) = HA € 7(X/H). Thus &
is open. O

Let H <1 X and let X/H be a quotient set of X with respect to Ry. Define
a binary operation on X/H by

Hx+ Hy = Hxy, forany Hx,Hy € X/H.

Tt is easy to prove that (X/H,«) is a group, which is called a quotient group
of X with respect to H.

Theorem 4.13. Let (X,-,7(X)) be a GTG and let H < X. Then
(X/H,*,7(X/H)) is a GTG.

PROOF. Define three mappings p1 : X/HxX/H — X/H, Ay : X/H — X/H
and & : X x X — X/H x X/H by

p1(Hz, Hy) = Hxy for any Hx,Hy € X/H,
M (Hz) = (Hz)™"  for any Hx € X/H,
&i(z,y) = (Hz,Hy) for any z,y € X.

We only need to prove that p; and A\; are both generalized continuous.

It is easy to prove that p;j o0& = £op and A\ o0& = £o \. Since p, &, \ are
generalized continuous, we obtain that £ o p and £ o A are generalized continuous.
Claim 1. £ (U x V) € 7(X/H x X/H) for any U,V € 7(X).

Let (21, 22) € & (U x V). Then there exists (z,y) € U XV such that (21, 22) =
&1(z,y). This implies that 21 = Hz, 20 = Hy. Sincex € U and y € V, 2 € {(U)
and zo € (V). Thus (21, 22) € &(U)x&(V). Suppose E(U)xE(V)—&(UX V) #£ 0.
Pick (wy,wz) € E(U) x E(V) =& (U x V). Since wy € £(U) and wq € £(V), there
exist a € U and b € V such that wy = &(a) and we = £(b). (w1, w2) = (Ha, Hb) =
€1(a,b) € & (U x V), a contradiction. Thus £(U) x £(V) € & (U x V).

By Proposition 4.12, € is open, then &(U),&(V) € 7(X/H). Note that
(21,22) € E(U) x E(V) C &1 (U x V). Hence & (U x V) € 7(X/H x X/H).

Claim 2. & is open.

Let W € 7(X x X). Then there exist {U, : « € T} J{V, : a €T} C 7(X),
such that W = J,cp(Ua X V).

Now £&1 (W) = Uper §(Ua x Va). By Claim 1, §1(Ua x Vo) € 7(X/H x X/H)
for any a € T'. Thus & (W) € 7(X/H x X/H). Hence & is open.

Let U € 7(X/H). Now p; 0& = £ o p. Since £ o p is generalized continuous,
(6 0 pr)U) = (pr 0 &1) " (U) = (€0 p)" (U) € 7(X x X). By Claim 2 &
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is open. Then p; ' (U) = & (&7 o prH)(U)) € 7(X/H x X/H). Thus p; is
generalized continuous.

Let V € 7(X/H). Now A\ o & = £ o A. Since £ o A is generalized continuous,
EToXTH(V) = A loe ) (V) = (€0t € 7(X). By Claim 2, & is open.
Then A\ 1(V) = £((¢ 1o AT)(V)) € 7(X/H). Thus A, is generalized continuous.

Hence X/H is a GTG. O

4.4. Connectedness on GTG’s.

Theorem 4.14. Let (X,-,7(X)) be a GTG and let H < X.
(1) If (X, 7(X)) is connected, then (X/H,T(X/H)) is connected.
(2) If (H,7g) and (X/H,7(X/H)) are connected, then (X, 7(X)) is connected.

PROOF. (1) Since ¢ is generalized continuous, by Theorem 2.13, X/H is
connected.

(2) Suppose that X is not connected. Then there exist two separated subsets
A,B € 7(X) such that X = AU B.

Claim 1. A=\J{Ha: Ha C Aand a € X}.

To prove A = [J{Ha : Ha C A and a € X}, we only need to show that
{Ha:HaC Aanda€ X} ={Ha: HaNA#(and a € X}.

Obviously, {Ha: Hao C A, a€ X} C{Ha: HaiNA#0, a€ X}.

Conversely. Let F' € {Ha: HaNA # () and a € X}. Then F = Ha with
HanA # () and a € X. Since r, is generalized continuous, 7, | is also generalized
continuous. Note that H is connected. By Theorem 2.13, Ha = r,(H) = ro|n (H)
is also connected. Now Ha C X = AUB and A , B are separated. Then Ha C A
or Ha C B.

Suppose Ha C B. By HanN A # 0. Pick x € HaN A. Then x € B and so
2 € AN B. This implies that AN B # ), a contradiction.

Then F = Ha C A. This implies that F' € {Ha: Ha C A and a € X}. Thus
{Ha:HaCA, ae X} D{Ha: HiNA#0, a€ X}

Hence {Ha: Ha C Aand a € X} ={Ha: HaoNA#( and a € X}.
Claim 2. B=|J{Ha: Ha C Band a € X}.

This is similar to the proof of Claim 1.
Claim 3. £(A)NE(B) = 0.

Suppose £(A) NE(B) # 0. Pick W e £(4) NE(B).

W € £(A) implies W = £(x) for some z € A. Since z € A and A = |J{Ha :
Ha C A and a € X}, there exists a € X with Ha C A such that x € Ha. So
x = hyia for some hy € H. Obviously, Hhy = H. Then W = Hxz = Hhia = Ha.
Thus W C A. Similarly. W € ¢(B) implies W C B.
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Now W C AN B. Thus AN B # (), a contradiction.
Hence £(4) NE(B) = 0.
Now X = AU B. Then X/H = &(X) = &(A) U&(B). Since £ is open,

§(A), £(B) € T(X/H).

By £(A)N¢&(B) =0, X/H is not connected. This is a contradiction.
Hence X is connected. O

Ezample 4.15. Let X be a GTG in Example 3.3. Pick A = (— € fty,0] and

B = (0,+00). Then cl(A) = (—o00,0] and cl(B) = (0,400). So A and B are
separated. Note that AU B = X and A, B # ). Thus X is not connected.
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